ON THE p-ADIC THEORY OF LOCAL MODELS
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ABSTRACT. We prove the Scholze-Weinstein conjecture on the existence and uniqueness of local models of
local Shimura varieties and the test function conjecture of Haines—Kottwitz in this setting. In order to achieve
this, we establish the specialization principle for well-behaved p-adic kimberlites, show that these include the
v-sheaf local models, determine their special fibers using hyperbolic localization for the étale cohomology of
small v-stacks and analyze the resulting specialization morphism using convolution.
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1. INTRODUCTION

The general theory of Shimura varieties has been developed by Deligne [Del71, Del79] in the seventies. It
generalizes classical objects such as modular curves, moduli spaces of principally polarized abelian varieties or
Hilbert modular varieties. Shimura varieties naturally occur in the search for higher reciprocity laws within the
Langlands program [Lan79]. Their arithmetic properties are encoded in the reduction to positive characteristic
p > 0 and have contributed to spectacular developments in number theory and arithmetic geometry in the past
decades.

Local models are flat projective schemes over complete discrete valuation rings of characteristic (0, p) that
are designed to model the singularities in the reduction modulo p of Shimura varieties with parahoric level
structure. Starting from the pioneering works [DR73, Rap90, CN90, dJ93, DP94], the theory is formalized
to some extent in the book of Rapoport—Zink [RZ96] for those Shimura varieties arising as moduli problems
of abelian varieties with extra structures. The recent works of Kisin—Pappas [KP18] and Kisin—Pappas—Zhou
[KPZ24] construct natural integral models for all Shimura varieties of abelian type with parahoric level structure
when p > 2. The geometric properties of the corresponding local models are studied in a series of works notably
by Faltings, Gortz, Pappas and Rapoport [Fal97, Fal01, Pap00, Gor01, Gor03, Fal03, PR03, PR05, PR0O8, PR09],
see the survey article [PRS13] for details and further references. A breakthrough is due to Pappas and Zhu
[PZ13, Zhul4], who gave a purely group-theoretic construction of (flat) local models, later refined by Levin
[Lev16] and the third named author [Lou23a]. Roughly, the local models in this approach are constructed as
flat, closed subschemes in a power series affine Grassmannian, which depends on certain auxiliary choices, see
Section 7.3. A more functorial approach (without ad hoc choices) was initiated by Scholze—Weinstein [SW20],
using p-adic geometry. Unfortunately, the approach has the drawback of not producing schemes, at least a
priori.

The aim of the present manuscript is to connect the scheme-theoretic local models to Scholze—Weinstein’s
p-adic approach. More precisely, we prove the Scholze-Weinstein conjecture [SW20, Conjecture 21.4.1] on the
existence and uniqueness of (weakly normal) local models, representing minuscule portions of the parahoric
Beilinson—Drinfeld Grassmannian. Our methods allow us to prove, furthermore, the test function conjecture
of Haines—Kottwitz [Hail4, Conjecture 6.1.1] for these local models in full generality, expressing the trace of
Frobenius function on the nearby cycles sheaf in terms of spectral data.

These local models are intimately related with moduli spaces of p-adic shtukas by [SW20, Lecture XXV].
Recently, Pappas—Rapoport [PR24] made progress in the study of moduli spaces of p-adic shtukas and their
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relation to Shimura varieties, partially relying on a positive solution of the Scholze—Weinstein conjecture as
given here. Let us now discuss our results in more detail.

1.1. Main results. Fix a prime number p. Denote by Q, the field of p-adic numbers. (In the main body of
the text, we allow more general p-adic base fields.) Let G be a connected reductive Q,-group and G a parahoric
Z,-model in the sense of Bruhat-Tits [BT84]. Let u be a conjugacy class of geometric cocharacters in G. Denote
by E/Q, its reflex field with ring of integers Op and finite residue field k.

For a brief explanation on the following terminology the reader is referred to Section 1.2. Scholze-Weinstein
[SW20, Section 20.3] introduce the v-sheaf Beilinson-Drinfeld Grassmannian Grg — Spd Z,. Its generic fiber is
the B:{R—afﬁne Grassmannian Grg and its special fiber is the v-sheaf ]-'28 associated to the Witt vector partial
affine flag variety defined by Zhu [Zhul7a] and further studied by Bhatt—Scholze [BS17]. Attached to the pair
(G, ) is the v-sheaf local model

Mg C Grglspaor (1.1)
defined as the v-closure (Definition 2.2) of the affine Schubert variety Grg,,, in analogy to the local models
from [PZ13]. If p is minuscule (that is, (u,a) € {0,£1} for every root a of Gc,), then the generic fiber
./\/lg’,,|spd g = Grg,, is canonically isomorphic to .7-'8) W the v-sheaf associated with the homogenous space Fg,,
of parabolic subgroups of type p. Scholze-Weinstein state the following conjecture [SW20, Conjecture 21.4.1]
on the existence of local models:

Conjecture 1.1 (Scholze-Weinstein). There is a flat projective Og-scheme ./\/lSCh with reduced special fiber and
with a closed immersion
./\/ISCh<> — Grg|spdoE (1.2)

whose generic fiber is ]:gu = Grg,p.

Note that the schematic local model MEC};, whenever it exists, is normal and uniquely characterized by

MSCh ¢~ = Mg, under the closed immersion (1.2), see [SW20, Remark 21.4.2] and the text thereafter. In the
thesm of the third named author, Conjecture 1.1 is separated in a “representability part” and a “geometry
part”. More precisely, [Lou20, Conjecture IV.4.18] states the existence of a unique flat, projective and weakly
normal (Definition 2.12) Og-scheme MSCh together with a closed immersion as in (1.2) whose generic fiber is

fgﬂ = Grg,, whereas [Lou20, ConJecture IV.4.19] states that the special fiber of MSCh is reduced. The main
result of the present work proves the representability part in full generality and the geometry part for all G
with the exception of two non-split groups for p = 2, 3:

Theorem 1.2 (Theorem 7.21, Theorem 7.23). Let u be minuscule. Then, the following hold:

(1) Representability: There is a unique (up to unique isomorphism) flat, projective and weakly normal
Opg-scheme MSCh with a closed immersion

./\/lSCh<> — Grg|spdoE (13)

whose generic fiber is }'g# = Grg,,. In addition, M“h admits a unique Go,-action such that the

isomorphism MSCh 0 o = Mg, induced from (1.3) is QOE—equifuam'ant,

(2) Geometry: Assume that the adjoint group Gaq satisfies the following conditions over the completion of
the mazimal unramified extension Qp /Qp:
(a) If p=2, then Gaq has no odd unitary Qs -factors.
(b) If p =3, then Gaq has no triality Qs-factors.
Then, the special fiber of MSCh is reduced and equal to AZ7,, the canonical deperfection of the -
admissible locus inside Flg. Moreover, it is Cohen-Macaulay, weakly normal and Frobenius split.

Our result provides a functorial and group-theoretic framework for the theory of local models that goes beyond
the previous results [SW20, HPR20, Lou20] for certain pairs (G, i) of abelian type using Hodge embeddings.
The scheme /\/lsgd; agrees with the local models defined in [PZ13, Lev16, Lou23a] whenever p 1 |m1(Gaer)| and
otherwise with their weak normalization (weak normalization is necessary, in general, due to the existence of
non-normal Schubert varieties [HLR24]). The works [PZ13, Lev16, Lou23a] are complemented by the results
of Fakhruddin—-Haines-L.-R. [FHLR22] which handles new cases for wildly ramified groups and leads to the
conditions in Theorem 1.2(2). Invoking the results from [Lou20], the conditions can be relaxed with our methods:
for p = 2 one excludes odd unitary groups defined by a ramified, quadratic root-of-unit extension; for p = 3
one excludes trialities defined by a ramified, cubic non-(root-of-a-prime) extension. In particular, our result is
complete for all primes p > 5 and, up to the two non-split examples, also for p = 2,3. We remark that, after
the first version of this paper was written, the remaining cases were handled in [GL24]. Hence, Conjecture 1.1
is proven in all cases, but besides reducedness of the special fiber the additional geometric properties stated
in Theorem 1.2(2) are not addressed in the odd unitary case in [G1.24]. This will be done in upcoming work
of Cass and the third named author [CL24] which implies Theorem 1.2(2) without restrictions except that
Cohen—Macaulayness is not proven for p = 2 and odd unitary groups defined by ramified, quadratic root-of-unit
extensions, see Remarks 3.17 and 7.24. In particular, these works settle our Conjecture 7.25 stating that the
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special fiber of MZP}L is equal to AZ", in all cases. Furthermore, we conjecture that the singularities of MZ;C};L
are pseudo-rational (hence, Cohen—Macaulay) in all cases, see Conjecture 7.27. In addition, let us remark that
finding useful moduli interpretations of Msgd/; is an interesting and difficult problem that maybe does not have a
uniform solution. There are however many interesting special cases [Pap00, Gor01, Gor03, PR03, PR05, PR09].

As a cohomological application, we prove the test function conjecture for Mg ,,, all primes p and all pairs
(G, ) as above (for general p which are not necessarily minuscule), see Section 8. Namely, fix an auxiliary prime
¢ # p, a square root ,/q of the residue cardinality of E' and an embedding £ — @p. Put A = Q(,/g) which
we will use as sheaf coefficients. Let I" be the absolute Galois group of E with inertia subgroup I, and fix a lift
® € T of geometric Frobenius. Let Ey = W(k)[%] be the maximal unramified subextension of £/Q,. Let IC, be
the intersection complex on Grg,, with A-coefficients constructed in [FFS21, Chapter VI| and normalized to be
of weight zero as in (8.1). (We remark that IC,, exists due to the orbit stratification on Grg . So, its existence
is a feature of the particular geometry at hand, not a general sheaf-theoretic construction for diamonds.) The
function TSM: G(Ey)/G(Og,) — A is defined, up to sign, by the alternating trace of ® on the nearby cycle
stalks

78 (@) = (=1)PP1 3 " (1) trace (@ | R'W g, (IC,)z), (1.4)
i€Z
if x € Mg ,(Spd k) and 0 else. Here Mg ,(Spdk) is viewed as a subset of Fg(k) = G(Ey)/G(OE,), and the
trace is well-defined by Theorem 1.8, proving that the nearby cycles are constructible in this setting. Also, the
function 7'5 . depends on the choice of the geometric Frobenius lift @, that is, we do not take semi-simplified
traces by passing to inertia invariants, compare with [HR20, Section 6.2]. However, one recovers the semi-simple
trace function as in [[IR20, Appendix] by “averaging over geometric Frobenius lifts ®”. The function Tg L 18
left-G(Og, )-invariant and supported on finitely many orbits, hence 7, € H(G(Ey),G(Og,))a naturally lies in
the parahoric Hecke algebra of A-valued functions.

Theorem 1.3 (Lemma 8.4). The function 73# lies in the center of H(G(Ey),G(Og,))a- It is characterized as
the unique function in the center that acts on any G(Og,)-spherical smooth irreducible A-representation m by
the scalar

trace(sq)(ﬂ') ; v“), (1.5)

where s® () € [@1 b @]SS/GI is the Satake parameter for m and V,, the representation of the L-group GxT of
highest weight p. Moreover, (\/6)@’)’”)7'5” takes values in Z and is independent of £ # p, \/q and E — Q-

The theorem is a solution to the test function conjecture of Haines—Kottwitz [Hail4, Conjecture 6.1.1] for
v-sheaf local models. This is new when p is non-minuscule: then Mg , is not representable by a scheme
due to the theory of Banach—Colmez spaces and, hence, not related to their schematic counterparts defined
in [PZ13, Lev16, Lou23a, FHLR22]. If p is minuscule, then the analogue of Theorem 1.3 holds for ./\/lsgd,: as
well, using Theorem 1.2. In this case, we can work purely algebraically and replace IC, by the constant sheaf
Q¢ on the smooth E-scheme Fg,,. Here, our result is new for the wildly ramified groups that were excluded
in previous work [PZ13, HR20, HR21]. With a view towards applications, say, to point counting formulas in
the context of the Langlands—Kottwitz method, we have an analogous result where E is replaced by a finite
unramified extension, and correspondingly Fy by its unramified subextension. Also, Theorem 1.3 implies the
analogous version for the semi-simple traces following [HR20, Appendix].

1.2. Explanation on perfectoid spaces, diamonds and v-sheaves. The present manuscript relies on the
p-adic geometric methods notably developed by Scholze [Sch12, SW20, Sch17]. For the reader’s convenience we
give a brief overview of some basic terminology including references.

Perfectoid spaces are the full subcategory of Huber’s adic spaces X which can be covered by affinoid adic
spaces Spa(R, RT) with R a perfectoid Tate ring, see [Sch17, Definitions 3.1, 3.19]. Let Perfg, be the category of
perfectoid spaces in characteristic p equipped with the v-topology generated by surjective maps subject to some
finiteness conditions analogous to the definition of the fpgc topology for schemes, see [Sch17, Definition 8.1(iii)]
(here, the “v” in v-topology stands for valuation). So, Perfr, is a site (here, we choose some cut-off cardinal)
which is subcanonical by [Sch17, Theorem 8.7]. We have the following inclusions of full subcategories of the
category of v-sheaves on Perfp,:

{perfectoid spaces} C {diamonds} C {small v-sheaves}

By definition, a diamond (respectively, small v-sheaf) admits a pro-étale cover (respectively, v-cover) by a
perfectoid space, see [Sch17, Definition 11.1, Proposition 11.9, Definition 12.1]. In particular, every small v-
sheaf X has an underlying topological space |X| given by the topological space of a perfectoid cover modulo
the equivalence relation, see [Sch17, Definition 12.8]. The notion of small v-sheaves can be generalized to stacks
leading to the notion of small v-stacks. It comes with a theory of derived categories of étale sheaves that satisfy
a 6-functor formalism, see [Sch17, Introduction].

One has a functor X + X from pre-adic spaces (see [SW20, Appendix to Lecture 3]) over Z, to small v-
sheaves on Perfy,, see [SW20, Lemma 18.1.1] and [Gle24, Proposition 1.20]. There is a surjective map |X¢| —
| X | of topological spaces, see [SW20, Proposition 18.2.2]. Every pre-adic space X admits a decomposition X"
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X" into an open locus of analytic points and a closed locus of non-analytic points, see [Gle24, Proposition 1.19,
Proposition 1.21(6)] for precise statements.

If X = X*" is analytic, then X< is a (locally spatial) diamond and |X®| 2 | X|, see [Sch17, Lemma 15.6].
Schemes X in characteristic p can be considered as discrete (hence, non-analytic) adic spaces via SpecR +—
Spa(R, Fp) (here, Fp is the integral closure of F,, in R), and we get an associated small v-sheaf X ¢ characterized
as the sheafification of the functor Spa(R, R") — X (SpecR) on affinoid perfectoid spaces, see Section 2.2.
More generally, one can extend this construction for schemes X over Z,. Moreover, there is a second way of
associating small v-sheaves to schemes. The second construction is characterized as the sheafification of the
functor Spa(R, RT) — X (SpecR™), for proper schemes over Z, the two constructions agree. The reader is
referred to Section 2.2 for a more detailed discussion.

For an affinoid adic space Spa(R, RT) we denote by Spd(R, R*), or simply by Spd R whenever R" is under-
stood, the associated small v-sheaf Spa(R, RT)?. A basic example is Spd Z,, = Spa(Z,, Z,)® which is stratified
by SpdQ, = Spa(Q,,Z,)® and SpdF, = Spa(F,,F,)?, corresponding to the decomposition into the analytic
and non-analytic locus. The diamond Spd Q,, is studied in [SW20, Section 8.4]. Note that SpdF, is the terminal
object in the category of v-sheaves on Perfr, (that is, the functor sending any S to a point), which however is
not a diamond.

Our main example is the v-sheaf Beilinson-Drinfeld Grassmannian Grg — SpdZ, associated with G over
Z, as in Section 1.1, see [SW20, Definition 20.3.1]. The map Grg — SpdZ, is relatively representable by an
ind-(proper, spatial diamond), that is, for every spatial diamond mapping to SpdZ, the base change is an
increasing union of proper, spatial diamonds with closed immersions as transition maps, see Theorem 4.9 and
the references cited there. Whereas its generic fiber Grg := Grg|spaq, is itself an ind-(proper spatial diamond),
its special fiber Grg|spar, = ]-Yg is the v-sheaf associated with an ind-(perfectly proper F,-scheme), see [SW20,
Lectures 19 and 21]. The manuscript at hand studies Grg with the geometric and cohomological techniques
outlined in the present subsection.

1.3. Strategy of proof. The proofs of Theorem 1.2 and Theorem 1.3 are purely group-theoretic and do not
rely on the classification of reductive groups over local fields. Our method is inspired by a conjecture of
He-Pappas—Rapoport [HPR20, Conjecture 2.13] of which we prove a variant, see Theorem 7.12. Following a
suggestion in [Lou20, Introduction], we approach Mg ,, by studying its associated specialization triple, that is,
its generic fiber, its special fiber and the specialization map between them. The basic idea is that Mg , should
be uniquely determined by its specialization triple, making the comparison with the to-be-constructed M“Ch
possible. Once there is enough progress towards Theorem 1.2, the proof of Theorem 1.3 roughly follows the
method from [HR21], and the reader is referred to Section 8 for details. Along the way, we address further
questions and conjectures in the field, notably Zhu’s conjecture [Zhul7a, Appendix B, Conjecture III] on the
geometry of deperfections of affine Schubert varieties in the Witt vector affine flag variety.
The proof of Theorem 1.2 proceeds in the following three steps outlined in the next subsections:

(1) Establish a theory of specialization triples for suitable v-sheaves including local models, see Section 1.3.1.
(2) Determine the special fibers of v-sheaf and schematic local models, see Sections 1.3.2 and 1.3.3.
(3) Study the specialization map for local models, see Section 1.3.4.

Section 1.3.5 concludes the outline of the proof with a more detailed version of Theorem 1.2, see Theorem 1.14.

1.3.1. Kimberlites and specialization triples. Recall from (1.1) that the v-sheaf local model Mg, C Grg|spd o,
is defined as the v-closure of Grg,,, that is, the smallest closed sub-v-sheaf in Grglspd 0, containing Grg,,, see
Definition 2.2. A basic difficulty is the determination of the underlying topological space |[Mg |, that is, to
show the density of |Grg | inside |[Mg ,|. (We warn the reader that such density results fail in general, see
Example 2.5.) The following theorem, in particular, shows that the density still holds true in the case of v-sheaf
local models:

Theorem 1.4 (Theorem 2.37, Proposition 4.14). The v-sheaf local model Mg, is a quasi-compact, separated,
flat p-adic kimberlite over Spd O that satisfies the properties of Definition 2.36. In addition, the functor
sending such kimberlites over Spd Of to their specialization triples

X = (X, X" spy ) (1.6)
18 fully faithful.

Kimberlites are introduced by the second named author in [Gle24] and are a certain class of v-sheaves
(containing the v-sheaves associated to flat, projective Og-schemes) that admit a well-behaved theory of spe-
cialization maps, see Section 2.3 for details. In the above result, X, = X|spa g is the generic fiber, X red §g g
perfect k-scheme that plays the role of the special fiber (see Definitions 2.19 and 2.25) and sp ¢ : [ X — |X,£ed|
is a continuous map on the underlying topological spaces after base change to Spd O. For v-sheaf local mod-
els, ./\/lrg‘i‘}t is a union of Schubert perfect k-varieties in F¢g such that its associated v-sheaf is the special fiber
Mg u|spa k- Since the generic fiber of Mg , is Grg,, by definition, it remains to determine the special fiber and
the specialization map which we outline in Sections 1.3.2 and 1.3.4.
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Moreover, a similar fully faithfulness result for the functor X +— X< from weakly normal flat projective Op-
schemes to v-sheaves over Spd O is shown by the third named author in [Lou20]. So, Theorem 1.4 shows that

the to-be-constructed schematic local model Mbgd,i is uniquely determined by the specialization triple associated

to MSgC}L’Q. Again, its generic fiber is Grg,,, by definition and it remains to determine the special fiber and the
specialization map which we outline in Sections 1.3.3 and 1.3.4.

1.3.2. Special fibers of v-sheaf local models. The Witt vector partial affine flag variety F¢g is the increasing union
of perfect projective varieties g ,, indexed by the double coset of the Iwahori-Weyl group, see [Zl’ll}l7il, BS17].
The p-admissible locus Ag ,, in the sense of Kottwitz—Rapoport is defined as the k-descent of the [F,-union

Ag s, =\ PG 5,000 (1.7)
A
where A runs over all absolute Weyl conjugates of 1 and A\;(p) denotes the associated translation in the Iwahori—
Weyl group of GQP, see Definition 3.11.

Theorem 1.5 (Theorem 6.16). The special fiber of Mg, is the v-sheaf Agﬁ associated with the p-admissible
locus inside ]-'ég.

The difficulty in determining the special fiber lies in the rather abstract definition of Mg , via closure
operations inside Grg. In a different context, [HR21, Theorem 6.12] determines such special fibers based on
cohomological considerations by calculating the support of the nearby cycles W, ,IC,, appearing in (1.4). A
key input is the study of G,,-actions on Grg coming from the choice of a cocharacter \: G,, — G. Let M,
respectively P the closed subgroup scheme of G with Lie algebra the subspace of LieG with weights A =0,
respectively A > 0. This induces maps M < P — G of Z,-group schemes and, by functoriality, also of the
associated Beilinson—Drinfeld Grassmannians. The geometric input towards Theorem 1.5 is the following result
which extends [F'S21, Chapter VI.3] beyond the case where G is reductive:

Theorem 1.6 (Theorem 5.2). The G -action on Grg via X induces a commutative diagram of v-sheaves

GrM GI‘p

GI‘g
N 09

(Grg)O — (Grg)+ — Grg,

such that the vertical arrows are open and closed immersions that induce isomorphisms over Spd Q. If, in
addition, G is special parahoric (for example, reductive) over Z,, then the vertical arrows are also isomorphisms
over SpdF,.

Here, (Grg)? is the fixed points locus for the G -action and (Grg)* its attractor locus, which is loosely
speaking the union of the strata of points flowing into the fixed points, see also [F'S21, Discussion above
Theorem 1.6.5]. Both v-sheaves are representable by increasing unions of spatial diamonds relative over Spd Z,
in the sense of [Sch17, Definition 13.3], see Lemma 5.1.

If A is regular, then the special fiber of (Grg)™' consists of the v-sheaves associated to the semi-infinite orbits
S inside Flg indexed by certain cosets of the Iwahori-Weyl group, see (5.12). By comparison, Grp corresponds
to those semi-infinite orbits attached to translation elements. The following proposition generalizes the closure
relation of semi-infinite orbits and the equi-dimensionality of Mirkovié—Vilonen cycles [MV07, Theorem 3.2]
from split groups to twisted groups, questions left open in the context of the ramified Satake equivalence
[Zhulb, Ricl6]:

Proposition 1.7 (Proposition 5.4, Lemma 5.5). For a regular coweight A and the induced semi-infinite orbits,
there is an equality inside Flg:

wa: USU; (19)

where v runs through all elements less than or equal to w in Lusztig’s semi-infinite Bruhat order. If G is special
parahoric (for example, reductive) over Z,, then the non-empty intersections S,; N Flg,,, are equi-dimensional
of dimension {p,v + p).

Here, v <% w holds in Lusztig’s semi-infinite Bruhat if and only if v < w holds in the Bruhat order after
translation by a sufficiently dominant cocharacter, see (5.13).

Let us now explain the cohomological results going into Theorem 1.5. As there is no general theory of nearby
cycles for v-sheaves, we develop the foundational results for the Hecke stack. Fix a prime number ¢ # p and
let A be one of the rings Z/¢", Zy or Qy for some n > 0. For a small v-stack X, let D(X,A) be the derived
category of étale A-sheaves on X as defined in [Sch17], where for A = Q; we additionally invert ¢ in the adic
formalism developed in [Sch17, Section 26]. We consider the inclusion of the geometric generic, respectively
geometric special fiber into the integral Hecke stack

Hkglspac, = Hkglspaoe, ¢~ Hkglspar, - (1.10)
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see Section 4 for the definition of Hecke stacks. The following result is inspired by work of Hansen—Scholze
[[1S23] for schemes and proves constructibility of nearby cycles in our context:

Theorem 1.8 (Proposition 6.7, Proposition 6.12). The pullback functor
j*: D(Hkg|sdeCP,A) —)D(Hkg|spd(cp,A) (111)

induces an equivalence on the full subcategories of universally locally acyclic sheaves with bounded support, with
inverse given by the derived push forward Rj.. Consequently, the nearby cycles functor ¥g := i* o Rj, restricts
to a functor

D(Hke|spac,, A)""™™ = D(Hkg|gpar,, A) "™ (1.12)

Furthermore, the target category is equivalent to the derived category on the schematic Witt vector Hecke stack

Dcons (HkSgCh|Sp6CFp, A) bd of perfect-constructible sheaves with bounded support (see Section A).

The intersection complex IC,, descends along Grg — Hkg and defines an object in D(Hkg|gpg CP,A)bd’ula.

So Theorem 1.8 implies constructibility of a4, IC,. To compute the support, we use that nearby cycles
commute with the constant term functors defined by the generic and special fibers of diagram (1.8):

CTP O\I’g = \Ij./\/l o CTP, (113)

see Proposition 6.13 for details. If A is regular, then M is the connected Néron model of a torus so that the right
hand side of (1.13) can be computed in representation theoretic terms using the geometric Satake equivalence
for the B:R—afﬁne Grassmannian [FS21, Chapter VI]. In down to earth terms, we are able to determine the
compactly supported cohomology of Wy, IC, on the stratification given by the semi-infinite orbits. For
carefully chosen A\ (see Lemma 5.3), this is enough together with the density of generic fibers (Section 1.3.1) to
deduce Theorem 1.5, see Theorem 6.16.

1.3.3. Special fibers of schematic local models. In this subsection, we assume that u is minuscule. The construc-
tion of schematic local models [PZ13, Lev16, Lou20, FHLR22] relies on lifting G to a group scheme G over Z,[t]
equipped with isomorphisms

G @4 sp Lo 2 G®Ly,  GRQ[t —p] ~ G Qft 1] (1.14)

Let us temporarily denote by ./\@CE the weak normalization of the closure of ]:G»u|sp oc o inside the schematic
Beilinson-Drinfeld Grassmannian Grg|spec 0, attached to G, a weakly normal, flat, projective O z-scheme. As
we explain in Section 1.3.4, this is isomorphic to the base changed local model Msgcmspec 0, appearing in
Theorem 1.2, in virtually all cases in the above sense. The most general group lifts G are constructed in
[FHLR22], based on [Lou20], under the following assumption:

Assumption 1.9. If p = 2, then G4 has no odd unitary Qo-factors.

The reason for its appearance is the difficult structure of the integral root groups inside G ® Zp in the wildly
ramified, odd unitary case for p = 2. More precisely, quadratic field extensions of Qs fall into two classes: square
roots of uniformizers and of units. The first class is handled in [Lou20], leading to the milder assumption for
p = 2 as discussed in the text after the statement of Theorem 1.2. It is the second class that appears most
difficult.

The determination of the special fiber of NSCE relies on the coherence conjecture of Pappas—Rapoport proved
by Zhu [Zhul4]. The following result is the version in our context, and moreover, confirms [Zhul7a, Appendix
B, Conjecture III] for the Schubert varieties in the p-admissible locus:

Theorem 1.10 (Theorem 3.16). Under Assumption 1.9, the canonical deperfection A‘éaz of the p-admissible
locus is Cohen—Macaulay and its components are compatibly Frobenius-split. Moreover, for every ample line
bundle L on Acgfz, there is an equality

dim, H° (A%, £) = dimg H(Fa,., O(c)), (1.15)
where ¢ € Z denotes the central charge of L and O(c) the c-th multiple of the ample generator of Pic(Fa ).

The canonical deperfection of Ag ,, is induced from the Greenberg realization of the Witt vector loop groups,
see Section 3.3. The proof of Theorem 1.10 proceeds by comparing the p-adic admissible loci to their analogues
in the equicharacteristic situation, and ultimately relies on the normality of Schubert varieties [Fal03, PROS]
where we use [FHLR22] for wildly ramified groups. We first compare the perfect(ed) Demazure resolutions
and then apply Bhatt—Scholze’s h-descent results [BS17] to the ample line bundles on the resolutions. A key
ingredient is He-Zhou’s calculation [HZ20] of the Picard group of Fg as the free Z[p~!]-module dual to the
lines stable under a fixed Iwahori dilated from G.

Theorem 1.11 (Lemma 3.15, [FHLR22]). Under Assumption 1.9, there is an isomorphism of F,-schemes
N&?E'Spec]ﬁp = Ag?ms;)ec]?p' (116)

Hence, Nécﬁ is normal, Cohen—Macaulay and has reduced special fiber.
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The theorem holds, more generally, under the milder assumption explained above when p = 2 by [Lou20].
The reader is referred to [FHLR22] for a finer study of the singularities of the local models.

1.3.4. Specialization maps. We continue to assume that p is minuscule and focus on the v-sheaf local models
Mg, .. The study of specialization maps for Mg , is challenging. A basic problem is that, beyond rare
exceptions, the set of G(Oc, )-orbits in Fg ,(C,) is infinite. However, we understand relatively well the reduction
of Spd Oc,-valued points lying in a certain cohomologically smooth sub-v-sheaf

MG C Mgy, (1.17)

defined in Definition 7.5. Unfortunately, Mg  alone does not afford sufficiently many integral points. Here
we resort to variants of the splitting models of Pappas—Rapoport [PR05] in our situation, that is, we use

convolutions to partially desingularize the local models. For a sequence e = (pt1, - . ., f4) of minuscule coweights
with pairwise disjoint supports, we consider the sub-v-sheaf

Mg Lo CGI‘g)?...;(GI‘g, (118)
defined as the v-closure of F¢ <> }'G " ><]-"G 4, inside the convolution Beilinson-Drinfeld Grassmannian,

see Section 7.1. Most of the notlons dlscussed before have their convolution counterparts. In particular, the
convolution v-sheaf local models support specialization maps just like the v-sheaf local models do. Then,
functoriality in (G, ue) is enough to control the specialization map:

Theorem 1.12 (Theorem 7.12). The specialization maps
SPG et FGipte (Cp) = Ag s (Fp) (1.19)

for all pairs (G, e) as above are the only functorial collection of continuous maps whose restrictions to the sets
6.1, (Spd Oc, ) agree with the natural reduction maps.

The theorem is a result of our reflections on the He-Pappas—Rapoport conjecture [HPR20, Conjecture 2.12],
which states that the local model Mg ,, should be uniquely recovered from its fibers equipped with the G-action.
The key calculation concerns the case where G is a restriction of scalars along E/Q, of a split group and where
all non-zero components of e have support lying in disjoint irreducible components of the Dynkin diagram
of G. Applying the Iwasawa decomposition and an induction on the number of non-zero components, we see
Faue(E) = Mg , (SpdOp), that is, all rational points of the flag variety extend to integral points of Mg
Then functoriality forces uniqueness for all remaining cases.

1.3.5. Conclusion. The formulation of Theorem 1.12 requires functoriality of local models in (G, ). This is
clear for Mg, but, a priori, problematic for its schematic version NSCE We need to impose the following

assumption which relates to functoriality problems with the association G +— G of group lifts:
Assumption 1.13. If p = 3, then G,4 has no triality Qs-factors.
The following result confirms Conjecture 1.1, except for the two non-split examples for p = 2, 3:

Theorem 1.14. There is a unique flat, projective and weakly normal Og-model MZC}L of the E-scheme Fg
with an isomorphism of v-sheaves

h & ~o
(ME")® = Mg i, (1.20)
prolonging ‘Fgw = Mg ulspa 5. Under Assumption 1.9 and Assumption 1.13, there is a unique isomorphism
MZC,};L‘SPQCOE‘? = N§?2|SpecOE (1.21)

inducing the identity on generic fibers. So (Theorem 1.11), M“g‘:}; is normal, Cohen—Macaulay and has reduced

special fiber equal to AGY,. Furthermore, the isomorphisms (1.20) and (1.21) are equivariant for Q<O>E and Go,,
respectively.

The unique scheme M“C}; satisfying the Scholze—~Weinstein conjecture is the weak normalization of the closure
of Fg . inside the Beilinson-Drinfeld Grassmannian attached to a group lift of Resp,. ,z,M, where K is the
splitting field of G and H the parahoric Og-model of the split Chevalley form. By a careful analysis, we get an
isomorphism between the specialization triples associated with Mg , and Mwh < , which is enough to conclude
by Theorem 1.4.
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2. V-SHEAF THEORY

Our main reference for the theory of diamonds, v-sheaves and v-stacks is [Sch17]. Here we gather some
complementary results in the geometry of these objects that we will need later on.

2.1. Closures. In this subsection, we discuss closures of small v-stacks. Let Perfr, be the v-site of perfectoid
spaces of characteristic p. All the small v-stacks in the following will be stacks on Perfy,.

Let X be a small v-stack and let Y C X be a sub-v-stack, by which we mean a monomorphism of small
v-stacks Y — X, that is, a morphism whose diagonal

Y &Y xxY (2.1)

is an isomorphism. Just as in [Sch17, Definition 10.7], we say that Y is a locally closed sub-v-stack if, for every
totally disconnected perfectoid space S — X, the pullback Y xx S — S is representable by an immersion of
perfectoid spaces, see [Sch17, Definition 5.6]. It is called a closed, respectively open immersion, if so are the
respective pullbacks.

This admits a simpler description for closed sub-v-stacks. For a small v-stack X denote by | X| its underlying
topological space, see [Sch17, Definition 12.8].

Lemma 2.1. A morphism Y — X of small v-stacks is a closed immersion if and only if Y — X is a quasi-
compact monomorphism and the induced map |Y| C | X| is a closed embedding.

Proof. Assume Y — X is a closed immersion and let f: .S — X be a surjection from a disjoint union of totally
disconnected perfectoid spaces. By assumption Z :=Y X x S is representable and Z — S is a closed immersion,
in particular it is quasi-compact. By [Sch17, Proposition 10.11 (0)], the map ¥ — X is then quasi-compact as

well. We may check that Y 2y x x Y is an isomorphism after base change to .S. This amounts to verifying that

75 Zx s Z is an isomorphism which follows from the fact that closed immersions are monomorphisms [Sch17,
Definition 5.6]. The inclusion |Z| C |S] is a closed subset and equal to |f|~*(]Y]). Indeed, if s € |S|\|Z], y € |Y]
and we let §: Spa(Cy,CF) — S and y: Spa(Cy, CJ) — Y represent s and y respectively, then § x x 7 = 0. So
s and y map to different points in |X|. As |f| is a quotient map [Sch17, Proposition 12.9], this implies that
Y| C |X] is a closed embedding.

Conversely, assume that ¥ C X is a quasi-compact monomorphism and induces a closed embedding of
underlying topological spaces. Let f: S — X be a map from a totally disconnected space S. The base change
Y xx S — S is still a quasi-compact monomorphism of v-sheaves. By [Sch17, Corollary 10.6, Lemma 7.6] the
v-sheal Y X x S is representable by a pro-constructible generalizing affinoid subset of S, and |Y x x S| carries
the subspace topology of |S|. Arguing as above, the image of [Y xx S| in |S] is |f|7}(]Y]) which is closed
by assumption. This implies that the morphism Y xx S — S is a closed immersion in the sense of [Sch17,
Definition 5.6]. O

We now define the v-sheaf closure, or v-closure, of a sub-v-sheaf.

Definition 2.2. Let X be a small v-stack and Y C X a sub-v-stack Y € X. We define the v-closure Y in X
as the limit (in the 2-category of v-stacks) of all closed sub-v-stacks of X containing Y.

The sub-v-stack Y! ¢ X is a closed sub-v-stack. Indeed, we can verify this after base change by a totally
disconnected perfectoid space and use [Sch17, Proposition 6.4 (0)] to conclude.

Next, we discuss the relation between the topological space |Y!| of the v-closure Y! and the topological
closure |Y|? of the image of |Y| in |X]|.

Definition 2.3. Let S C |X| be a subset.

(1) We call S weakly generalizing if, for any perfectoid field C' with open and bounded valuation subring
C* C C, and every morphism Spa(C,CT) — X, the induced morphism |Spa(C,C")| — | X| factors
over S if and only if the closed point of | Spa(C, C™)| maps into S.

(2) The weakly generalizing closure S*&¢ of S is defined as the intersection of all closed, weakly generalizing
subsets S’ C | X| containing S.
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We note that if X is (the v-sheaf associated to) a perfectoid space, then a subset S C X is weakly generalizing
if and only if it is generalizing. Indeed, for each analytic adic space specializations happen only at the same
residue field.

The images of morphisms of small v-stacks are weakly generalizing as the next lemma shows.

Lemma 2.4. For every morphism f: X — X' of small v-stacks, the image of |f|: |X| — |X'| is weakly
generalizing in | X'|.
Proof. Let C be a perfectoid field with open and bounded valuation subring C* C C. Assume that the
morphism

Spa(C,CT) — X' (2.2)
sends the closed point of Spa(C, C™") into f(|X|). This means that the above morphism factors through X after

possibly enlarging (C,CT), see [Sch17, Proposition 12.7]. But then the full image of | Spa(C,CT)| in |X’| will
factor through f(|X|) and this shows that f(|X|) is weakly generalizing. O

In particular, the topological space of the v-closure Y of some sub-v-stack Y C X is always weakly gener-
alizing. Thus, the topological space of the v-closure does not coincide, in general, with the topological closure.

Example 2.5. As a concrete example, consider the inclusion
Dg — BE := Spd(C(T), Oc(T)) (2:3)

of the open unit ball into the closed unit ball over a perfectoid base field C. Here (—)¢ denotes the functor
from analytic pre-adic spaces to diamonds from [SW20, Lecture 10]. Then |]D)g|Cl is the complement of the torus
|T8| = Spd(C(T*1), Oc(T*')), hence not weakly generalizing, as it misses the Gauipoint but contains a rank
2 specialization thereof.

The weakly generalizing closure |]D)g|""gc is given in turn by the complement of every open unit ball Dic

centered around z € T¢(C). This will give rise to the v-closure of Dg inside Bg, see Proposition 2.8.
Let us recall that, for every small v-stack X, there is the canonical morphism
X = |X[, (f: T = X) = (If: [T = X)) (2.4)

of v-stacks where |X| denotes the v-sheaf represented by the topological space |X|, that is, it is given by
|X[(T") = Homes (|T'], | X]) for each T' € Perfp,.

Remark 2.6. We warn the reader that |X| is not small whenever | X| fails to satisfy the separation axiom 7'1.

Indeed, if |X| is a trait, then |X|(R, R") is the set of closed subsets of | Spa(R, R*), and for each fixed cut-off
cardinal &, there is | Spa(R, RT)| large enough so that not all closed subsets come from pullback of x-small ones.

Lemma 2.7. Let X be a small v-stack, and S C |X| be a weakly generalizing closed subset. ThenY := S x| x| X
is a small closed sub-v-stack satisfying |Y| =S and, moreover, every closed sub-v-stack is of this form. o

Proof. By [Sch17, Proposition 10.11], we may check that Y C X is a closed sub-v-stack after pullback along a v-
cover f: Z — X with Z a disjoint union of totally disconnected perfectoid spaces. Then Y x x Z = | f|~1(S) x 1214
and note that |f|~1(S) C |Z] is closed as | f| is continuous. Moreover, |f|~1(S) is weakly generalizing, and thus
generalizing because Z is a perfectoid space. Consequently, |f|~1(S) is representable by a perfectoid space by
[Sch17, Lemma 7.6]. Its v-sheaf coincides with Y x x Z by [Sch17, Lemma 12.5], so Y C X is a closed immersion
by Lemma 2.1. Clearly, we also have |Y| =S as |f| is surjective.

Now assume that Y C X is a closed sub-v-stack and let Y’ = X x| x| |Y|. The identity Y =Y xx Y is easy
to verify (by base change to totally disconnected S and [Sch17, Proposition 5.3.(iv)]), so the map Y — Y is a
closed sub-v-stack with the same underlying topological space. By [Sch17, Lemma 12.11], Y — Y” is a surjetive
map of v-stacks and consequently an isomorphism. O

Lemma 2.4 and Lemma 2.7 characterize closed weakly generalizing subsets S C | X| as exactly those closed
subsets S C | X| for which the inclusion

’§X|X‘X‘CS (25)
is an equality. Note that the v-sheaf Y := § x|x| X may even be empty if S is not weakly generalizing. For

example, this happens if S = {s} for s € Spa(C, C™T) the closed point of a perfectoid field C with C*+ C O¢c C C
an open and bounded valuation subring of rank > 1.

Proposition 2.8. Let X be a small v-stack, and let Y C X be a sub-v-stack. Let Y' C X be the v-closure of
Y in X. Then

Yy = |y |vee X x| X (2.6)

as sub-v-stacks of X. Hence, |Y'| C |X| is the weakly generalizing closure |Y|"& of |Y| in | X]|.
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Proof. Set Y' := |Y|V& x| x| X. Then Y is a closed sub-v-stack of X containing Y and [Y'| = [Y["& by
Lemma 2.7. Therefore, the v-closure Y is contained in Y. But conversely, the topological space |Y!| must
contain |[Y[¥&® by Lemma 2.4. Since Y = |Y!| x|x| X again by Lemma 2.7, we conclude that Y’ C V! and
thus they coincide as desired. o (I

The next result will turn out to be a useful tool later on when computing v-closures.

Corollary 2.9. The formation of v-closures commutes with base change by partially proper morphisms that are
also open maps.

Proof. In the following, we identify open substacks of small v-stacks with open subsets of their topological
space, see [Sch17, Proposition 12.9]. By Proposition 2.8, we need to verify the corresponding assertion at the
topological level. Let f: Z — X be an open and partially proper morphism between small v-stacks and set
g:=|f|. Let S C |X]| be a subset, clearly g=*(S)"& C g~!(S"e). Let T := g~ (S)"& C |Z|. Its complement
V is an open subset of |Z]|, and the map V' — Z is partially proper because T is weakly generalizing. Since the
map Z — X is open, the subset U := ¢g(V) is also open. Since V' — Z is partially proper, the map U — X
is partially proper as well. The complement F C |X| of U is closed and g~ '(F) C T. Also, F is weakly
generalizing since U is partially proper. This implies S¥&¢ C F and consequently g~1(SV&°) C T, as we wanted
to show. O

2.2. The two different diamond functors. Let O be a complete discrete valuation ring with perfect residue

field k of characteristic p, and assume that O is flat over Z,, that is, p-torsion free. Let m € O be a uniformizer.
If X is a pre-adic space over O, we can attach to it a v-sheaf X< over Spd O as in [SW20, Lecture 18].

(Whenever RT = R, we simply write Spd(R) for Spd(R, R) following [SW20].) Namely, if S € Perfr , then

X9(8) = {(S%,¢, )} /isom. (2.7)

with (S%, ) an untilt of S and f: S* — X a morphism of pre-adic spaces (and the obvious notion of isomorphism
between these triples). On the other hand, given an algebra A over O there are two different ways to associate
a v-sheaf to Spec(A).

Definition 2.10. Let A be an O-algebra.
(1) We let Spec(A)® denote the functor

(R,R*) — {(R*, 1, f)}/isom. (2.8)

where (R* 1) is an untilt over O and f: A — R%* is an O-algebra homomorphism.
(2) We let Spec(A)® denote the functor

(R,RY) — {(R, 1, f)}/isom. (2.9)
where (RF, () is an untilt over O and f: A — R* is an O-algebra homomorphism.

Both of these constructions are compatible with localization and glue to functors from the category of schemes
over O to the category of v-sheaves over Spd O. Indeed, given g € A, the open subscheme Spec(A[1/g]) is sent to
the open subfunctors of Spec(A)°, respectively Spec(A4)¢ defined by the conditions f(g) € (Rf)*, respectively
f(g) € (R%*)* | that is, by the open loci {|g| # 0} C Spa(Rf, R**), respectively {|g| = 1} C Spa(Rf, R»*). We
still denote these functors on Schp by ¢ and <.

For schemes locally of finite type over O both functors admit a two step construction following [Gle24,
Section 5.1]. Let Ogjsc denote the ring O equipped with the discrete topology. The forgetful functor from the
category of discrete Ogjsc-adic spaces DiscAdSpy,,.  towards the category of O-schemes Schp admits a left and
right adjoint:

(_)ad
Schp <—— DiscAdSpg,
(-)2d/0
On affinoids, respectively affines the functors are characterized by the formulas
Spa(A, At) — Spec(4), Spec(4)*? = Spa(A4, A), Spec(4)*¥/© = Spa(4,0),
where O is the integral closure of O in A. If X is a scheme locally of finite type over O, then the fiber products
X = xd XSpaOgre SP20 and X2 := X2V/0 o 5 SpaO

along the identity Ogise — O exist in the category of adic spaces by Huber [Hub94, Proposition 3.7] and the
structure map to Spa O is adic. In fact, if X = Spec(A), then X = Spa(g, A) where A is the 7-adic completion
of A whereas X®" is in general not affinoid. The following lemma is immediate from the construction and
Definition 2.10:

Lemma 2.11. The diamond functor (—)° on pre-adic spaces induces isomorphisms of functors X9 = X° and
(X2)® = X from the category of schemes X locally of finite type over O towards the category of v-sheaves
over Spd O.
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For any O-scheme X there is an evident natural transformation X¢ — X <. If X is separated over O, this
map is a monomorphism of small v-sheaves, and an open immersion if X is also locally of finite type over O. If
X is proper over O, then the open immersion X¢ — X< is an isomorphism because it is surjective on points by
the valuative criterion for properness. In the following, let X< denote the common value X° = X< whenever
X is proper over O.

The two diamond functors play different roles in the following sections: the “analytic” functor (-)¢ is the
most natural to study G,,-actions and nearby cycles while the “formal” functor (-)® carries a specialization map
which we will use to determine specialization triples.

A natural question is to what extent the associated v-sheaves X° and X< reflect the geometry of X. In
general, neither of the functors is full or faithful. For example, if A is any O-algebra and A its 7-adic completion,
then the natural morphism

Spec(A)® — Spec(A)° (2.10)

is an isomorphism (because R** is m-complete by uniformity of affinoid perfectoid spaces). In particular, if F
is the fraction field of O, and A an F-algebra, then Spec(A4)® = . If A = F[t], then

Spec(F[t])® = (AL")0 (2.11)

is the rigid-analytic affine line over F'; which has many non-algebraic automorphisms.

When we restrict to schemes over O for which m = 0, the situation is more clear. Both ¢ and < are fully
faithful on perfect schemes and if we let Y denote the perfection of X, then X°® = Y° and X< = Y [SW20),
Proposition 18.3.1], [Gle24, Theorem 2.32]. That is, up to a fully faithful embedding, both functors are the
perfection functor. Nevertheless, we stress again that the essential images of the functors (-)°, (-)¢ on (perfect)
schemes over k are different.

To prove the Scholze-Weinstein conjecture we need to work with schemes that are proper and flat over O,
and their associated small v-sheaves. Therefore, we have to relate these two notions.

The functor X ~ X°(= X< if X is proper) from the category schemes over O to small v-sheaves over Spd O
factors as the composition of the functor

—

(-),.: Scho — Schp, Y+ Yy (2.12)

of m-adic completion, the functor sending (locally) a formal scheme Spf(A) over Spf(O) (with locally finitely
generated ideal of definition) to the (pre-)adic space Spa(A), and then the functor (-)¢ on pre-adic spaces over
Spa(0). We also denote for a formal scheme Y (admitting locally a finite ideal of definition) by Y'¢ the v-sheaf
for the pre-adic space associated with Y. .

On the category of schemes which are proper over O, the functor (-)_ of m-adic completion is fully faithful
by Grothendieck’s existence theorem [Sta21, Tag 08BF] or [Gro61, Théoréme 5.4.1]. Let us note that m-adic
completion maps schemes, which are flat over O, to formal schemes, which are flat over O.

Let us recall the following notions.

Definition 2.12 ([Sta21, Tag OEUL]). A ring A is called semi-normal if for all a,b € A with a® = b? there
exists a unique ¢ € A with a = ¢? and b = ¢3. Similarly, A is called absolutely weakly normal if it is semi-normal
and if, for any prime ¢ and elements a,b € A with ¢‘a = b%, there exists a unique ¢ € A with a = ¢ and b = fc.
Further, a ring A whose spectrum has finitely many irreducible components is called weakly normal if it is

semi-normal and if, for any prime ¢ and elements a,b € A such that a is a nonzerodivisor, fa | £b and a | £b, one
has a | b.

Note that the last two properties are automatic for any prime ¢, which is invertible in A, and that each
semi-normal ring is reduced.

Since ring localizations preserve semi-normality, absolute weak normality or weak normality, they can be
generalized to schemes (having locally finitely many irreducible components for the last property), see [Sta2l,
Tags OEUN, OH3I]. Moreover, given any scheme X, there exists a morphism X — X (respectively, X*"® — X)
from a semi-normal (respectively, absolutely weakly normal) scheme, which is called the semi-normalization
(respectively, absolutely weak normalization) of X, and which is also the initial morphism ¥ — X, which is a
universal homeomorphism inducing isomorphisms on each residue field (respectively, universal homeomorphism),
see [Sta2l, Tags OEUS]. In comparison, when X has locally finitely many irreducible components, then the
normalization X™ — X factors uniquely through the weak normalization X*™ — X, which is also the initial
homeomorphism Y — X admitting a factorization X — Y — X see [Sta2l, Tags OH3N].

If A is an [F,-algebra, then A is absolutely weakly normal if and only if A is perfect [Sta21, 0EVV], and thus
the absolute weak normalization agrees with the perfection of schemes over FF,,. From the universal property of
X and the fact that universal homeomorphisms are integral, radicial and surjective [Sta21, Tag 04DF], it is
clear that normal, integral schemes X with perfect function field are absolutely weakly normal. In comparison,
note that any normal scheme is weakly normal, without any condition on its function fields at generic points.

Lemma 2.13. Let Y = Spf(A) be an affine formal scheme over O, and let I C A be a finitely generated ideal of
definition. Let B := A®1 | be the I-adic completion of the absolute weak normalization of A. Then the natural
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map
Spf(B)¥ — Spf(A)® (2.13)

s an isomorphism.

Proof. Let Spa(R,R") — Spa(A) be a morphism from some affinoid perfectoid space over O. Then R' is
automatically I-adically complete. By the universal property of the absolute weak normalization and the fact
that Spf(B)®,Spf(A)® are v-sheaves it suffices to see that every affinoid perfectoid space admits a v-cover
by one of the form Spa(R, RT) with Rt absolutely weakly normal. We can always choose (R, RT) so that
RT equals a product of perfectoid valuation rings with algebraically closed fraction fields. In this case, R is
absolutely weakly normal because the conditions in Definition 2.12 can be checked in each factor. Indeed, it is

clear that any such factor is a normal, integral domain with algebraically closed, in particular perfect, fraction
field. O

Definition 2.14. A formal scheme X topologically of finite type and flat over O is called weakly normal if it
is locally of the form Spf(A) where A is a weakly normal, flat and m-adically complete topological algebra of
the form O(Ty,...,T,)/I for some ideal I C O(Ty,...,T}).

To justify Definition 2.14, we need to prove that “weak normality” glues and localizes for the formal schemes
that we work with. This is the content of the next statement.

Proposition 2.15. Assume that A is flat and topologically of finite type over O. Let §) # Uy, C Spf(A) with
i€ {l...,n} be an open cover by distinguished open subsets with U; = Spf(B;). Then A is weakly normal if
and only if all of the B; are weakly normal.

Proof. Since weak normality is compatible with localization A is weakly normal if and only if all of the A[ f;l]
are weakly normal. Now, B; is the m-adic completion of A[ fi_l], in particular flat over it. We claim that
A[f7!] — B, is a regular map [Sta21, Tag 07BZ] and that A — [, B; is regular and faithfully flat. Given these,
the statement follows directly from [Man80, Proposition III.3] since a regular map is a reduced and normal map.
Let us prove the claim. Observe that all of the rings are Noetherian and excellent because they are obtained
from O by adding variables, taking quotient by ideals, completing or localizing. By [Sta21, Tag 07C0], we may
check regularity after localizing at a maximal ideal m C B;. Consider the following maps of rings:

—

Agmy = (Bi)m) = (Am))r = (Am (2.14)

They are all faithfully flat. Since A is excellent, the map Ay — (74)\,\1 is regular. By [Sta2l, Tag 07QI], we
conclude Ay — (B;)(m) is so as well. O

Variants of the following result appear in [SW20, Proposition 18.4.1] and [Lou20, IV, Theorem 4.6]:

Theorem 2.16. The functor X — X< from the category of absolute weakly normal formal schemes flat,
separated and topologically of finite type over O, to v-sheaves over Spd O s fully faithful.

Proof. We begin by proving the case in which X and Y are affine formal schemes. Confusing a formal scheme
with its associated adic space we may assume that X = Spa(A),Y = Spa(B) with A, B absolutely weakly
normal flat and topologically of finite type over O. Faithfulness follows from the fact that B admits an injection
(as it is reduced) into a product of perfectoid valuation rings. For fullness, let f: X¢ — Y be a morphism of
small v-sheaves. We are seeking a morphism 1: X — Y such that ¢® = f. Let K = O[r~!] be the fraction field
of O. As A, B are -adic the generic fibers X, Y, are given by Spa(A[r~—'], 4’), Spa(B[r~!], B') with A’, B the
integral closure of A, B in A[r~!], B[r~!]. The localizations A[r~!] and B[r~!] are absolutely weakly normal
by [Sta21, Tag OEUM], and thus semi-normal. By [SW20, Proposition 10.2.3], we get a morphism ¢, : ¥; — X,
so that 1/}7? = f,. Because A, B are topologically of finite type over O and reduced, the rings A’, B’ are finite
over A, B, and thus in particular the subspace topology coming from A[r~!], B[r~!] is m-adic on A, B’. In
particular, A’, B" are Huber. By definition the map v, : Y, = X,, induces a morphism ¢': Y’ := Spa(B’) - X
over O, so that 1;, = 1),). Denoting by B” C B’ the (automatically closed as B is noetherian and B’ finite over
B) image of A®oB in B[r~'], we even get ¢ : Y := Spa(B”) — X such that the morphism Y — X xo Y
is a closed embedding of formal schemes. It is easy to see that (Y”)¢ — (X Xgpa0) Y)¢ = X© Xgpao Y is
a closed immersion of v-sheaves. Inside X< XSpd O Y®, we then have two closed sub-v-sheaves, namely Y”<
induced by ¥"® and Y ~ T ¢ induced by the graph of f. In both of these closed sub-v-sheaves, the generic fiber
is dense by Lemma 2.17 below (applied to B and B”), and they carry the same generic fiber. Therefore, the
finite birational morphism Y” — Y induced by the inclusion B C B” becomes an isomorphism in the category
of v-sheaves. Passing to special fibers, this implies that Spec(B”/7)P*"f — Spec(B/m)P*! is an isomorphism
[SW20, Proposition 18.3.1]. As B”[r~!] = B[r~!] we can conclude that Spec(B”) — Spec(B) is a universal
homeomorphism. Indeed, B — B” is integral, radicial (as can be checked on each fiber over Spec(O)) and
surjective. Since B is absolutely weakly normal, we get B” = B and thus (¢")¢ = f.

We now extend the argument to the general case. To verify faithfulness one can easily argue locally on X and
Y because if X = U;c;X; is an open cover by formal schemes, then U;¢ IXf> is an open cover of X<. Proving
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fullness is more subtle since one has to justify that for a map f: X¢ — Y and an open subset U C Y with
U = Spf(A), the pullback f~1(U®) C X? is “classical”. In other words,

Uy =ve (2.15)
for some open immersion of formal schemes V' C X. Now, by [SW20, Proposition 18.3.1] the special fiber map
f Xspao Spdk is induced by a map of perfect schemes frea: X2 — Y2 Identifying |X|, |Y] with | X2

and |Y£§rf|, we can construct V as f..j(Urea). That the identity in Equation (2.15) holds will follow from
functoriality of the specialization map considered in [Gle24]. Indeed, U® = sp;,l> (Ured)- O

We used the following lemma. Here, for a Huber pair (A, AT) over O the notation Spd(A4, A*) is a shorthand
for Spa(A, AT)<.

Lemma 2.17. Suppose that B is a w-adically complete flat and topologically of finite type O-algebra, let B’
denote the integral closure of B in B[r~t]. Then the generic fiber Spd(B[r~1], B) is a dense open subset of

Spd(B).

Proof. Let X = Spa(B) with B given the m-adic topology. Let Y be the punctured open unit ball over X. That
is, Y = {y € Spa(B[t]) | |t|, # 0}, where B[t] is endowed with the (,t)-adic topology. The map Y — X ¢
is a v-cover so it is enough to prove |Yn<>| is dense in |[Y¥|. Now, Y is the diamond associated to an analytic
adic space so |Y| = |Y¢| by [SW20, Proposition 10.3.7]. Let Spa(R, Rt) C Y be a non-empty affinoid rational
subset (with (R, RT) a complete Huber pair). Since B[t] is noetherian, flat over B, and rational localizations
are flat for Huber pairs admitting a noetherian ring of definition, we can conclude that R is flat over O. Now
Spa(R, RT) is a pseudorigid space over Spa(O) in the sense of [Loul7], and thus in particular R is a Jacobson
ring [Loul7, Proposition 3.3.(3), 4.6]. By flatness of R over O we get that 7 is not nilpotent in R. There is
a maximal ideal m C R with 7 ¢ m as R is a Jacobson ring. By [Hub94, Lemma 1.4] there is an element
x € Spa(R, RT) whose support ideal is m. In particular, this point lies in Spa(R, R*) NY, # 0, which finishes
the proof. O

The following consequence is the main statement we need from this chapter.

Proposition 2.18. (1) Let X be a proper, flat scheme over O. Then the absolute weak normalization
X — Spec(O) is proper and flat, and the canonical morphism
(X0 — X© (2.16)

is an isomorphism
(2) The functor X + X< is fully faithul when restricted to proper, flat and absolutely weakly normal
schemes over O.

Proof. Using Theorem 2.16 and Grothendieck’s existence theorem as explained before there remain two state-
ments to check: firstly that X®¥® — Spec(O) is locally of finite type, and secondly that m-adic completion
preserves absolute weak normality of O-algebras of finite type. The first follows from the fact that X is excel-
lent (implying finiteness of the normalization of the reduction of X), and that the absolute weak normalization
of an integral domain with field of fraction of characteristic 0 embeds into its normalization. The second follows
by stability of absolute weak normality under regular ring homomorphisms, see [GT80, Proposition 5.1] and
[Man80, Proposition ITI.3]. O

2.3. m-adic kimberlites. As in Section 2.2, we let O be a complete discrete valuation ring, which is flat over
Z,, with perfect residue field k (of characteristic p) and uniformizer m € O. Let F' denote its fraction field and
C' a completed algebraic closure of F.. We denote by F C C the maximal unramified complete subextension
with ring of integers O and algebraically closed residue field k/k.

In [Gle24], the second named author introduced a set of axioms for a v-sheaf to have a well behaved special-
ization map to its reduced locus. The v-sheaves satisfying these axioms are called kimberlites [Gle24, Definition
4.35] and they mimic the behavior of formal schemes. Actually (under the very mild conditions of being sepa-
rated and locally admitting a finitely generated ideal of definition), the v-sheaves associated to a formal scheme
are always kimberlites [Gle24, Proposition 4.31]' and the specialization map of the kimberlite attached to the
formal scheme agrees with the traditional one.

On the other hand, in [Loul7] the third named author considers the functor from the category of formal
schemes X over O to the category C of specialization triples (Xn,X}serf7 spy) where X, is a rigid analytic
space over F, Xgerf is the perfection of the special fiber X}, and sp: |Xj| — | X[ is a continuous map on the
underlying topological spaces. Here, X5 and X denote the base changes to F and k respectively. This functor
turns out to be fully faithful when one restricts to X locally formally of finite type (that is, locally of the form
O[Ty,...,Th]{X1,..., X:m)/I for some ideal I), normal and flat over O, see [SW20, 18.4.2].

IThe reference provided here only shows that the v-sheaves associated to formal schemes are valuative prekimberlites, but the
additional axiom that the analytic locus is a spatial diamond is easily verified [Gle24, Remark 4.37].
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In this section we take this approach to study m-adic kimberlites. That is, to a m-adic kimberlite X over
Spd O we attach a specialization triple (X, Xred, spy) where now X, a diamond over Spd(F), Xred g perfect
scheme over Spec(k) and sp g : | Xj| — | X2d| a continuous map. Again, X; and X7° denote the base changes to

F and k respectively. More importantly, we discuss some conditions on X that make this functor fully faithful.

We start by giving a review of specializations for kimberlites. Set SchPerf) as the v-site of perfect schemes
over k (subject to the usual set-theoretic constraints of fixing some cut-off cardinal), and SchPerf}, the associated
topos.

Definition 2.19 ([Gle24, Definition 3.12]). Given a v-sheaf X on Perfg, over Spd O, one defines X™? as the
functor on SchPerf, given by Y — Hom(Y°, X).

Thus, if Y = Spec(A) is an affine perfect scheme, then X**4(Spec(A)) = X (Spd(A)). By [Gle24, Proposition
3.7], X**d is in fact a small v-sheaf on SchPerfy. The functor (-)°: Spec(A) ~ Spd(A) extends to small
scheme-theoretic v-sheaves and the pair (o, (-)™4) forms an adjunction, see [Gle24, Definition 3.12].

For formal schemes over O, the reduction functor is simply the functor that assigns the perfection of the
reduced locus [Gle24, Proposition 3.18]. More precisely, if (B, B) is a formal Huber pair over O, that is B is a
complete I-adic O-algebra (with I finitely generated), then Spd(B)™? = Spec(B/I )P,

Definition 2.20. (1) A map of v-sheaves X — Y is said to be formally adic if the following diagram is
Cartesian:

( Xred)o X
(Yred)o s Y
(2) A v-sheaf X over Spd O is w-adic if the structure morphism X — Spd O is formally adic.

If Spa(A4, A1) is an affinoid adic space, we let Spd(A, AT) denote the associated v-sheaf given by homomor-
phisms to untilts, see [SW20, Subsection 18.1]. If A = A", we abbreviate this by Spd(A).

Definition 2.21. Given a v-sheaf X, a map f: Spa(R, RT) — X from an affinoid perfectoid space formalizes if
it factors through a map g: Spd(R*) — X. Any such g is called a formalization of f. The map f v-formalizes
if there is a v-cover h: Spa(S,S*) — Spa(R, R") such that f o h formalizes.
Proposition 2.22. For a small v-sheaf X, the following are equivalent:
(1) There is a set I, a family of formal Huber pairs (B;, B;){iery and a v-cover
[Ispd(B;) — x. (2.17)
iel

2) There is a set J, a family of perfectoid Huber pairs (R;, RY)(icy and a v-cover
3o i J{jet}

[Ispd(B]) — x. (2.18)
jeJ
(3) For any perfectoid Huber pair (R, R*) all the maps f: Spa(R, RT) — X v-formalize.
Proof. This is [Gle24, Lemma 4.7]. O

Any v-sheaf satisfying the conditions in Proposition 2.22 is said to be wv-locally formal or alternatively wv-
formalizing.

Definition 2.23. A small v-sheaf X over Spd O is a w-adic prekimberlite if it is v-locally formal, the structure
map X — Spd O is separated and formally adic, and if X9 is represented on SchPerf; by a perfect scheme.

The more general definition of a prekimberlite is given in [Gle24, Definition 4.15], and we justify below
why m-adic prekimberlites are a special type of prekimberlite. For this reason, in our context, we can take
Definition 2.25 as our definition.

Proposition 2.24. A small v-sheaf X equipped with a separated morphism X — Spd O is a w-adic prekimberlite
if and only if X is a prekimberlite and the map X — Spd O is formally adic.

Proof. Formal adicness implies that X*" = X, and (Xred)<> = X Xgpdo Spdk. From this it is clear how one
definition translates to the other except that to prove X is a prekimberlite we need to justify why it is formally
separated. Now, the argument given in [Gle24, Proposition 3.29] applies with the role of Z, exchanged for
0. O

To any prekimberlite X, in particular to any m-adic prekimberlite, one attaches a topological specialization
map spy : |X| — |X*d| [Gle24, Definition 4.12], and a v-sheaf theoretic specialization map SPyx : X —
(Xred)o/ due to Heuer, see [Gle24, Section 4.4]. Here (X')°/° is as in [(lle24, Definition 4.23].
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Definition 2.25. A 7-adic prekimberlite is a m-adic kimberlite if X, is a locally spatial diamond, the restriction
of spy to |X,| C |X| is a quasi-compact map and SPx is partially proper.

Remark 2.26. The more general definition of a kimberlite is given in [Gle24, Definition 4.35]. Just as in
Proposition 2.24 and with the same argument one can see that a small v-sheaf X equipped with a separated
morphism X — Spd O is a m-adic kimberlite if and only if X is a kimberlite and the map X — Spd O is formally
adic.

If f: S — T is a map of locally spectral spaces, then we call f spectral if for any quasi-compact open
UcCS,V cT with f(U) CV the induced map f: U — V of spectral spaces is spectral, that is, quasi-compact.

In what follows we consider the restriction of the topological specialization map | X| — |X™4| to |X,| C |X]|.
By abuse of notation, we still use spy to denote the map spy : | X,| — | X™4].

Proposition 2.27. The following statements hold:

(1) The rule X ~ (X, X4 spy) is functorial when X wvaries along w-adic prekimberlites.

(2) If X is a m-adic prekimberlite, and X, is a locally spatial diamond then the specialization map spx : | X,| —
| Xred| 4s spectral.

(3) If X is a w-adic kimberlite the map spy is a closed map.

Proof. Functoriality is [Gle24, Proposition 4.14] specialized to the m-adic case considered here. The same
argument as in [Gle24, Theorem 4.40] shows that the map is spectral. The last statement is [Gle24, Theorem
4.40.(2)]. O

One of the main features of kimberlites is that, as with formal schemes, they come with a notion of tubular
neighborhoods (or completion at a point).

Definition 2.28 ([Gle24, 4.18]). Given a m-adic prekimberlite X and a locally closed subset S C |X*4|, one
defines X /g as the v-sheaf making the following diagram Cartesian:

S — X

|

@ N |Xred|

Here X /s is called the formal neighborhood of X around S, and ()A( /s )n the tubular neighborhood of X around
S.

Here, the right vertical arrow is the composition of the natural map X — |X| and the map |X| — |X red|

mentioned in Proposition 2.27. We will mostly use tubular neighborhoods when S = {z} is a closed (and
constructible) point in X*ed,

Example 2.29. For any 7-adic prekimberlite X and any locally closed subset S C |X*4|, one has inclusions
159 © |X /5] € spx'(S), (2.19)

which are strict in general. For example, let X = Spd(A) with A a perfect k-algebra and let S C Spec(4) = X*d
the Zariski closed subset defined by a finitely generated ideal I C A with generators aq,...,a,. Then, S° is
the locus in Spd(A) where a1 = -+ = a,, = 0, )?/S is the (open) locus in Spd(A, A) where ay,...,a, are all
topologically nilpotent and sp)_<1 (S) is the closed subset of points for which |a;| < 1. With this description it is
immediate to verify the containment of (2.19).

Now, the complement spy* () \ |)?/s| consists of those higher rank points (A4, A) — (C,C™T), for which at
least one of a; ' € C°\ C*. Note the associated point (A4, A) — (C,C°) is not in spy* (S). In particular,
sp}l(S ) is usually not weakly generalizing and does not define a closed subsheaf.

Proposition 2.30. If S C |X*4| is locally closed and constructible, then )A(/S — X is an open tmmersion.
Proof. This is proved in [Gle24, Proposition 4.22]. a
We now introduce a weak form of flatness over O for m-adic kimberlites.

Definition 2.31. A m-adic kimberlite X over Spd O is said to be flat if there is a set I, a family of F-perfectoid
Huber pairs {(Rg, RgH)}ie] and a v-cover over Spd O
[Ispd(ri") = X. (2.20)
iel
We now construct our first examples of flat m-adic kimberlites.
Proposition 2.32. Let f: A — B be a map of complete w-adic algebras that are flat over O. Suppose that A
is integrally closed in Alr~!] and that Spd(B[r~1], B) — Spd(A[r~!], A) is a v-cover. Then Spd(B) — Spd(A)
is also a v-cover. In particular, for any such A the v-sheaf Spd(A) is a flat w-adic kimberlite.
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Proof. By [Gle24, Lemma 2.26], the map Spd(B) — Spd(A) is quasi-compact, so it is enough to prove
|Spd(B)| — |Spd(A)] is surjective by [Sch17, Lemma 12.11]. Surjectivity on the generic fiber follows from
the hypothesis. On the special fiber, we use [Gle24, Lemma 3.5, Proposition 3.7] to prove instead that the map
Spa(B/m) — Spa(A/7) is surjective.

Let = € Spa(A4/7) and let Spa(k(x), k(z)*T) — Spa(A/7) the affinoid residue field map. Let p, € Spec(A4/)
denote the support ideal of x. Since A is integrally closed in A[r~!], the pair (A[r~1], A) is a complete
Tate Huber pair and we have a surjective specialization map sp,: Spa(A[r~1!], 4A) — Spec(4/7) by [Gle24,
Proposition 4.2], [Bhal7, Remark 7.4.12]. Let y € Spa(A[r~!], A) with sp,(y) = p,. We obtain a map
Spa(R[p~!], R) — Spa(A[r~!], A) with R := k(y)". The residue field of R is k(x) and we can consider R* C R
defined as R Xy k(z)*. This promotes to a map Spa(R") — Spa(A). As Spd(B[r~!], B) — Spd(A[r~'], A)
is a v-cover we can find a v-cover of Spa(C,CT) — Spa(R[r~!], R*) with (C,C7T) a perfectoid field and a
commutative diagram

Spa(C*t) —— Spa(R™)

| |

Spa(B) —— Spa(A).

The map Spa(CT) — Spa(RT) is easily seen to be surjective since it is an extension of valuation rings. So z
lies in the image of Spa(B/m) as we needed to show.

That Spd(A) is a valuative prekimberlite for A as above follows from [Gle24, Proposition 4.31]. To show
it is a kimberlite it suffices to know that Spd(A), is a spatial diamond, which follows from [Sch17, Lemma
15.6]. Indeed, in this case the specialization map is automatically quasi-compact [Gle24, Remark 4.37]. Now,
we may always find a cover by an affinoid perfectoid space Spd(P, PT) — Spd(A[p~!], 4) by [Sch17, Lemma
15.3]. What we have shown so far implies that Spd(P*) — Spd(A) is also a v-cover. This finishes the proof. [J

Proposition 2.33. If A is the w-adic completion of a flat and finite type algebra over O, then Spd(A) is a flat
m-adic kimberlite.

Proof. We may assume that A is reduced as passing to the absolute weak normalization does not change Spd(A)
by Theorem 2.16 and Proposition 2.18. As A is noetherian and quasi-excellent, the integral closure of A in its
total ring of fractions is therefore a finite A-module. In particular, the integral closure A’ of A in A[p~!] is finite
over A. Thus, we can conclude that Spd(A’) (with A’ given the m-adic topology) is flat by Proposition 2.32
and the map Spd(A’) — Spd(A) is a v-cover since it is isomorphism over Spd(F') (this uses that the m-adic
topology on A’ agrees with the subspace topology on A[r~!]) and the map Spec(A’/7) — Spec(A/7) is proper
and surjective (here we use again [Gle24, Lemma 3.5, Proposition 3.7] as in Proposition 2.32). (]

Remark 2.34. A careful inspection of the proof of Proposition 2.32 above allows us to conclude that a m-adic
formal Huber pair (A, A) will give rise to a flat m-adic kimberlite Spd(A) if and only if the specialization map

sp4: {x € Spa(A) | |r|, # 0} C Spd(A) — Spec(A/x) (2.21)

is surjective. The hypothesis taken in Proposition 2.32 are easy to verify assumptions that ensure this happens.
Without assuming flatness of A, this might not hold since for a discrete and perfect O-algebra A in characteristic
p, the v-sheaf Spd(A) is a m-adic kimberlite that is not flat.

We can relate flatness for m-adic kimberlites to surjectivity of the specialization map.

Proposition 2.35. Let X be a m-adic kimberlite over Spd O.
(1) If X is flat, then the specialization map sp: | X,| — | X | is surjective.
(2) Conversely, if X — Spd O is proper and sp: | X,| — |X*4| surjective, then X is flat over Spd O.

Proof. The first statement reduces to the case X = Spd(Rng) for (Rg, Ri“) a perfectoid Huber pair over F,
where it follows from [Gle24, Proposition 4.2]. Let us prove the second. It follows from the hypothesis that X,
is quasi-compact over Spd F', and thus we may find a v-cover Spa(R, R") — X,, by affinoid perfectoid. Refining
the cover if necessary we may assume this map factors through a map Spd(R*) — X because X is v-formalizing.
Since X is quasi-separated over Spd O and Spd(R™) is quasi-compact over Spd O (see [Gle24, Lemma 2.26]), we
may conclude that Spd(R™) is quasi-compact over X. To prove it is a v-cover, it is therefore enough to prove
that the map of topological spaces is surjective. On the generic fiber this is clear. Using [Gle24, Lemma 3.5,
Proposition 3.7], we need to show Spec((R*/m)Perf) — X*d is a scheme-theoretic v-cover, or equivalently that
the map of the associated adic spectra induced by the morphism of schemes is surjective.

The proof now follows a similar argument to the one given in Proposition 2.32. Given a point = € |(X*°?)
in the adic spectrum of X with affinoid residue field Spa(k(z), k(x)*) we consider the point in p, € |X*|
corresponding to the support of . By surjectivity of the specialization map there is a point y € |X,| with
spx (y) = ps. Represent y by a map Spa(C, C*) — X, with (C,C™") a perfectoid affinoid field over F. Replacing
Spd(C,CT) by a v-cover we may assume this map factors over a map Spd(Ct,C*) — X. In particular, it
promotes to a map Spd(CT) — X. The closed point of Spd(C, CT) specializes to a point with the same support

ad|
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as x. Let k(y) be the residue field of C*. Then r(y) is a field extension of k(x), and we can find a valuation ring
k(y)T C k(y) making k(y)™/k(x)T an extension of valuation rings. By pullback along the surjection C* — r(y)
we may construct from x(y)* an open and bounded valuation C;" € C*. Since X, is partially proper we may
extend Spd(C, CT) to a map Spd(C*,C{") — X,,. After possibly replacing Spa(C, C{") by a v-cover, we may
assume it factors through Spa(R, Rt). Then the map extends to Spd(C;") — Spd(R*) — X. The map of
adic spectra Spec((C; /m)Pe!)ad = Spa((C; /m)Pet, (O /m)Pert) — (XTed)ad has z in its image as we wanted to
show. ]

We now discuss some ad hoc hypothesis on m-adic kimberlites that allow us to recover them from their
specialization triple.

Definition 2.36. Let K be the full subcategory of v-sheaves over Spd O consisting of flat m-adic kimberlites X
that are quasi-compact and separated over Spd O and satisfy the following properties:

(1) The Spd C-valued points of X define a dense subset of | X¢|.
(2) The reduction X' is a perfect k-scheme perfectly of finite type.
(3) Every section Spd C' — X¢ formalizes to a map Spd Oc — Xo.-

Our main theorem about the category /C is the following.

Theorem 2.37. When restricted to the category K of Definition 2.36, the functor sending a w-adic kimberlite
to its generic fiber is faithful and the functor that sends it to its specialization triple

X (X, X spy) (2.22)

is fully faithful. Here, spy denotes the specialization map associated with the base change X =X X$pd(0)

Spd(0).
Proof. Let us prove faithfulness. Let f,g: X — Y be two maps such that f, = g,. Since X is flat and
quasi-compact we may replace it by a cover of the form Spd(R™). Since Y is separated and m-adic the map
A:Y - Y XgpaoY is formally adic and a closed immersion. The pullback of A by (f, g) is closed and formally
adic subsheaf of Spd(R") with the same generic fiber. We may finish by arguing as in the proof of [Gle24,
Proposition 4.9].

Let us prove the map is full. Fix a map f := (f,, f*9) of triples

I (Xn,Xr6d7st) — (Yn,Yred,spf,) (2.23)

and let W = X xgpao Y. Let g: Spa(R,RT) — X, be a formalizable v-cover which extends to a surjection
Spd(R*) — X and for which f o g is also formalizable (this is possible using Proposition 2.32). Let (g, f o
g): Spd(R*) — W be the induced map and define Z as the sheaf-theoretic image of (g, f o g) in W. We have
a projection map Z — X and we wish to prove that it is an isomorphism. Observe that the graph morphism
(id, f,): X,, = W, already identifies X, with Z,. In particular, Z(C) is dense inside |Z¢| by our assumption
on X.

By construction Z is v-locally formal since Spd(R™, RT) surjects onto it. Moreover, since Z C W and W is
separated over O, we see that Z is also separated over O. Let us prove that Z if formally 7-adic and that Z7ed
is isomorphic to X*ed,

We claim that Z, C W, = (Wr4)° factors through the graph of (f**4)°. Indeed, since Xo and Yo, formalize
C-sections, for any map q: SpdC — Z, we obtain maps ¢=*¢: Spec(k) — X*¢ and q;e‘i: Spec(k) — Yred
intertwinned under f¢. This holds because |f2*!| o spy = spy o | f;| by assumption and k-sections of Y7°¢ are
determined by the closed point in [Y*| that they induce. This shows that spy,(¢) € I'(f*?). In particular,

spw (1Z,]) € spw (Z(C)) C [W™d| is contained in I'(f*4). By [Gle24, Proposition 4.2], we know that the
specialization map Spd(R, R*) — Spec((R*/m)P°) is surjective. Because (g, f, 0 g): Spd(R, RT) — W has
image |Z,| (on topological spaces), this implies by naturality of the specialization map that the morphism
g*°d: Spec(R* /m)Pert — Wred factors through T'(f*4) as well. Consequently, Z, — Wy factors through I'(fred)°.
On the other hand, since Spd(R™) — X is surjective the projection map

(Spec(R™ /p)Pert)® — (XTe4)° (2.24)

is a surjection. This implies that the morphism Spec((RT/7)P°™) — Wyeq surjects onto I'(f*4), and this in
turn implies that Z, — I'(f™9)° is an isomorphism, as it is a monomorphism and surjective. In particular, we
get that Z, = (Z*4)°, that is, Z is formally m-adic.

As we have seen the map Z — X is an isomorphism on the generic fiber and on the special fiber. Since
Spd(RT) — Z is surjective Z is quasi-compact over Spd O, which is enough to conclude Z — X is an isomor-
phism (by [Sch17, Lemma 12.5], note that Z — X is quasi-compact, as X is qcgs over Spd O). O

It is also relevant to relate this to a notion of topological flatness that appears in [PR24].

Lemma 2.38. Let X be a proper m-adic prekimberlite over Spd O satisfying conditions (1)-(3) of Definition 2.36
and such that X, is a spatial diamond. Then the following hold.

(1) X is a w-adic kimberlite.



18 J. ANSCHUTZ, 1. GLEASON, J. LOURENCO, T. RICHARZ

(2) If |X,| is a dense open® subset of |X|, then X is flat, thus lies in K.

Proof. By [Gle24, Proposition 4.32] the map SPy : X — (X"9)°/° is partially proper. By Proposition 2.27.(2)
the specialization map sp : |X| — |X™| is a spectral map, but since both topological spaces are qcgs it is a
quasi-compact map. This shows that X is a m-adic kimberlite.

Now, by Proposition 2.27.(3) the specialization map sends closed subsets to closed subsets. Since X*d is
perfectly of finite type, it suffices to prove surjectivity of the map X (Spd C) — X™4(k) induced by sp.

For this, take the associated formal neighborhood X /2 over a closed point = of the reduction, which can
be represented by Speck — X" uniquely up to Galois automorphisms. It is a non-empty open by [Gle24,
Proposition 4.22]. Hence, it must have topologically dense generic fiber, which is in particular non-empty. By
hypothesis, we can find a C-valued point mapping to x. O

The following statement gives a v-sheaf theoretic criterion to determine when a weakly normal scheme is
already normal.

Proposition 2.39. Let A be a flat, weakly normal and topologically of finite type w-adically complete domain
over O. Suppose that A[m~1] is normal and that, for every closed point x € Spec(A/), the diamond (Spd(A) )y

—

(equivalently, the rigid analytic fiber of the formal affine scheme Spec(A)/w) is connected. Then A is normal.

—_—

Proof. First off, one has Spd(4),, = (Spec(A)/z)<> by [Gle24, Proposition 4.19]. Since taking generic fibers

commutes with {, we see that the connectedness of (S@) /z)n is equivalently to the connectedness of the
rigid analytic fiber of S@) Jz

Now, let B denote the integral closure of A in A[x~!]. Since A[x~!] is normal, B is also normal and B is a
finite A-algebra. We claim that f: Spd(B) — Spd(A) is an isomorphism, so that A = B by Theorem 2.16. By
quasi-compactness, it is enough to check this on the generic and special fibers. The generic case follows from
the definition of B. We need to prove Spec(B/m)Pf = Spec(A /)P which amounts to proving that the fibers
at closed points consists of singletons. Let x € Spec(A/m) denote a closed point. By [Gle24, Proposition 4.20],
we have an identification

(Spd(B)/ffl(z))n = (Spd(A)/r)Tl (2.25)
In turn we also have ]_[yef,l(m)(sﬁ(})/y)n = (Sm)/f,l(z))n. By Proposition 2.33 and Proposition 2.35 for
all y € f~1(x) the tubular neighborhood (S;l(\B)/yL7 is a non-empty open subset of (S@)/x)n. Since we
assumed this to be connected we can conclude f~!(x) contains a unique element. O

3. THE AFFINE FLAG VARIETY

In this section, we discuss some relevant material on perfect schemes and Witt vector affine flag varieties.
Namely, we review the calculation of the Picard group by He—Zhou [HZ20], the definition of canonical finite type
deperfections of Schubert perfect schemes and apply a Stein factorization argument to construct a comparison
isomorphism between the p-adic canonical deperfections of depth 0 Schubert perfect schemes with the corre-
sponding weakly normal Schubert schemes in the equicharacteristic situation. In particular, we prove [Zhul7b,
Conjecture III] on their singularities in this case.

3.1. Perfect schemes. Here, we present some facts on perfect schemes that we will need later. Let p be a
prime number. All our schemes in this subsection will be assumed to lie over .

The basic theory of perfect schemes is discussed in [Zhul7a, A.] and [BS17, Section 3]. In particular, we will
use the notions of a perfectly finitely presented map between qeqs perfect schemes [BS17, Proposition 3.11] and
of a perfectly proper morphism [BS17, Defintion 3.14], [Zhul7a, Appendix A.18]. If k is a perfect field, then we
occasionally call a separated, perfectly finitely presented scheme X over k a perfect k-variety [Zhul7a, Remark
A.14].

A morphism Y — X of perfect schemes is called perfectly smooth if, étale locally on Y, there exists étale
morphisms to the perfection of some relative affine space over X, see [Zhul7a, Definition A.25].

Given any normal finite type k-scheme Y, its perfection Yjer¢ is normal as it is a filtered colimit of normal
schemes along affine transition maps. Conversely, if X is a qcgs normal perfect scheme perfectly of finite type,
then using [Sta2l, Tag 01ZA] (and finiteness for integral closures of schemes of finite type over a field), then we
can write X as the filtered colimit of perfections of normal schemes Y;, 7 € I, which are of finite type over k.

The following result gives a topological criterion for normality of perfect schemes. We stress that perfectness
is crucial as one sees, for example, by looking at the normalization morphisms of the cuspidal curve.

2The converse, however, fails. Indeed, let O(t) C V be a higher rank valuation ring endowed with its m-adic topology. Then
Spd(V) is a flat m-adic kimberlite. As in [Gle24, Definition 2.1, Proposition 2.19], one can prove that the locus Ny«1 where ¢ is
topologically nilpotent is an open subset of | Spd(V')| that does not meet the generic fiber.
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Lemma 3.1. Let f: Y — X be a surjective, perfectly proper morphism between qcqs integral perfect schemes.
Assume that Y is normal and f birational. Then X is mormal if and only if the geometric fibers of f are
connected.

Proof. If all geometric fibers of f are connected, then the natural map Ox — f.Oy is an isomorphism, see
[BS17, Proposition 6.1], [Zhul7a, Lemma A.21]. Thus,

Ox(U) = Oy (f~H(U)),
for any open affine U C X. As Oy (V) is a normal ring for any open subset V C Y, the claim follows (here we
use that Y is integral [Sta21, Tag 0358]).

Conversely, we can write f as the perfection of a proper, finitely presented morphism fy: Yo — X by [BS17,
Proposition 3.13, Corollary 3.15]. Let go: Yo — Zo = Spec((fo)«(Oy,)) be the Stein factorization of fy, see
[Sta2l, Tag 03H2]. Perfecting again, we get a factorization f = ho g with g: Y — Z := (Zy)perr having
connected geometric fibers, and h: Z — X an integral, dominant morphism of integral schemes inducing an

isomorphism at generic points (because f is birational). As X is normal we obtain that X = Z, which implies
the claim. (]

~

We now turn to Picard groups of perfect schemes. Given any qcqs perfect k-scheme X, we have Pic(X)
Pic(Xo)[1/p] for any preferred choice of finite type deperfection Xy, cf. [BS17, Lemma 3.5]. In particular, the
Picard groups of perfect schemes are always uniquely p-divisible.

If X is perfectly finitely presented over some perfect field k and Xy — Spec(k) a finitely presented model for
X, then the localized Weil divisor class group Cl(Xy)[1/p] only depends on X and not on Xy, and we set

ClI(X) := Cl(X0)[1/p]. (3.1)
If X is normal, then by [Sta2l, OBES8] (and passage to the limit over Frobenius for some normal model) there
exists a natural, injective map
Pic(X) — CI(X). (3.2)
Let us recall that a line bundle on a (qcgs) scheme is semi-ample if some positive power of it is globally
generated.

Proposition 3.2. Let X be a perfectly proper perfect k-scheme and L be a semi-ample line bundle on X. There
s a unique perfectly proper surjection X — Y of perfect k-schemes with connected geometric fibers such that all
sufficiently divisible powers of L descend uniquely to ample line bundles on Y .

Proof. By semi-ampleness of £, we can take Xy to be a finite type deperfection of X over k, and let Ly be a
base point free line bundle on Xy whose pullback to X is a power of £. Let Yy be the Stein factorization of the
canonical morphism

Xo— Zy C P(F(Xo,ﬁo)), (33)
where Zj is the (scheme-theoretic) image of Xy. Clearly, £y descends by construction to an ample line bundle
on Yy, pulling back O(1) on the right side of (3.3). After taking perfections, we get X — Y with the desired
properties (see [BS17, Proposition 6.1] for unique descent of line bundles).

In order to prove uniqueness of Y, we proceed as in [BS17, Proof of Theorem 8.3]. The morphism X — Y is
a v-cover (by properness), hence Y is determined by the closed subscheme X xy X C X Xgpec(x) X. To identify
this closed (and necessarily reduced) subscheme it suffices to identify the geometric fibers of the map X — Y
in terms of £, and we only have to argue on k-valued points as these are dense inside X xy X. We claim that
two k-rational points of X lie in the same fiber over Y if and only if both points can be linked by a chain of
closed integral perfect k-curves C, such that the restriction £|¢ is torsion in Pic(C).

By connectedness of the fibers and the definition of X — Y, every two points in it can be linked by such a
chain of integral perfect k-curves C' on which L is torsion. Conversely, given an integral perfect k-curve C' C X
whose image in Y is not a point, all sufficiently large powers of L restrict to an ample line bundle on C'. Indeed,
after passing to a finitely presented deperfection of C' over k the morphism Cy — Y is finite and pullback of
ample line bundles along affine morphisms are ample. (Il

Next, we discuss finite type deperfections. Let k& be a perfect field and let X be a qcgs perfect k-scheme of
perfectly finite presentation. For each of the finitely many generic points n € X, fix a subfield k(ng) C k(n),
which is finitely generated over k and has perfection k(7). Then there exists a unique (up to unique isomorphism)
weakly normal finite type k-scheme X, such that (Xo)perr = X and for each generic point ny € |Xo| = |X]|
the function field of Xy at ng identifies with k(1n9), see [Zhul7a, Proposition A.15]. Note that X also reflects
normality of X, that is, X normal implies X, normal.

For group actions we can draw the following consequence.

Proposition 3.3. Let G be an affine perfect k-group of perfectly finite presentation and X a qcgs perfect
k-scheme of perfectly finite presentation equipped with a G-action with finitely many orbits.

(1) Any reduced deperfection Gy of G is a smooth affine k-group.

(2) For such Gy, there are unique weakly normal deperfections X with Go-action, whose fizers on the open
orbits are also smooth.
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Proof. The first item is [Zhul7a, Lemma A.26]. For the second item, we notice that X has a dense open subset
U consisting of the disjoint union of its maximal orbits, cf. [Zhul7a, Proposition A.32]. Having constructed
the unique deperfection Uy with the desired properties, it has a unique extension to a deperfection Xy of X by
[Zhul7a, Lemma A.15]. Furthermore, the action map G x X — X also deperfects, because it does so over a
dense open (and X is weakly normal).

Therefore, we may and do assume that X = G/H is a single orbit around a certain k-valued point z. But
then taking Hy C Gy to be the unique reduced closed subscheme whose perfection recovers H C G, we get a
Go-orbit Xo = Go/H, deperfecting X with smooth fixers. Uniqueness is clear. O

Proposition 3.3 will be useful for constructing finite type deperfections for Schubert varieties in Witt vector
affine Grassmannians, see Section 3.3.

3.2. Affine flag varieties. We now study the geometry of Witt vector affine flag varieties. Assume that k is a
perfect field of characteristic p > 0 and that F' is a complete discretely valued field with residue field k£ and ring
of integers O. Exceptionally, we allow F' = k(7)) to be a Laurent series field, since it is needed in Section 3.3.

We denote by Algﬁerf the category of perfect k-algebras. For R € Algﬁerf, we denote by W (R) the associated
ring of O-Witt vectors, see [FF'18, Section 1.2.1]: if O is p-adic, then Wo(R) = W(R) @w s O; if O = k[n],
then Wo(R) = R®,0 = R[r].

Moreover, we fix a (connected) reductive F-group G and a parahoric O-model G in the sense of Bruhat—Tits.
We note that, over the completion F' of the maximal unramified extension of F, the group G is automatically
quasi-split by Steinberg’s theorem, see [Ser94, Chapitre I111.2.3]. We let G, = G ®0 k be the special fiber of G.

Recall the definition of the Witt vector affine flag variety associated to G.

Definition 3.4. (1) The loop group of G is the functor
LyG: Algb™ — (Sets), R — G(Wo(R) ®o F). (3.4)
(2) The positive loop group of G is the functor
LEG: AlgP™ — (Sets), R — G(Wo(R)) (3.5)
(3) The affine flag variety for G is the quotient (for the étale topology)
Flg = Ly,G/L{G. (3.6)

Because any G-torsor on Wy (R) can be trivialized over Wo(R') for some with R — R’ étale, the affine
flag variety Fg is equivalently the functor on perfect k-algebras R that classifies G-torsors P on Spec(Wo(R))
together with a trivialization over Spec(Wo(R) ®o F).

We have the following crucial representability result, see [BS17, Corollary 9.6].

Theorem 3.5 (Bhatt-Scholze). The functor Flg is representable by an ind-(perfectly projective) ind-(perfect
k-scheme).

Representability as an ind-(perfect algebraic space) was previously proved by Zhu, [Zhul7a], but is not
sufficient for our purpose.

Fix an auxiliary maximal split F-torus A, a maximal F-split F-torus A C S C G whose connected Néron
O-model S is contained in G, see [BT84, Proposition 5.1.10]. Let T' C G be the centralizer of S, and let T be
the connected Néron O-model of T'. This yields the Iwahori—-Weyl group

W = Ng(T)(F)/T(0) (3.7)
associated with S, see [HRO8, Definition 7]. By [HR08, Lemma 14], there exists a short exact sequence
1= Way =W o m(G)—1 (3.8)

with Wos € W the affine Weyl group, I the absolute Galois group of F, and 71(G) Borovoi’s algebraic fun-
damental group of G. The choice of an alcove in the apartment for S yields a splitting Wy x 71(G) of the
sequence. By declaring the elements of 1 (G) to have length 0 and to be pairwise incomparable, we can further
extend the length function and the Bruhat partial order on the Coxeter group W to W.

By the Cartan decomposition, we may identify the double coclasses

GONG(F)/G(0) = Wg\W /Wg (3.9)

where Wg := (Ng(T)(F) N G(0))/T(O) is the Weyl O-group of G relative to its maximal O-torus S, see also
[HRO8, Proposition 8]. This double coset carries a natural action of the Galois group Gal(F/F).

Definition 3.6. Given a finite subset W C Wg\W /Wg with reflex field® ky,, one defines the associated
Schubert perfect ky-scheme Hg w C Flg as the closure of the Schubert perfect orbit F7g y;, the étale descent
to kw of the union of the Ll—jg—orbits of the maximal elements w € W.

3Concretely, the residue field defined by the Gal(£"/F)-stabilizer of W.
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If W = {w}, then these are perfect k,-varieties denoted by Fg .,, respectively F¢; ,,, which are usually
called the Schubert perfect variety, respectively Schubert perfect orbit associated with w. More generally, if we
fix an Iwahori 7 dilating G and containing S, then its L%'I—orbits are enumerated by W /Wg. Given some finite

subset W C W/Wg, we can define in the same manner
Flz.gw € Fiz.ow (3.10)

the finite disjoint union of the L;—:I-orbits corresponding to W and their closure inside F¢g. The latter is called
an Iwahori-Schubert perfect scheme. We observe that Schubert perfect schemes are always Iwahori-Schubert
(but the converse is false). Indeed, given w € Wg\W /Wg with lift w € W /Wg of maximal length, we have

Fz.6)0 = FlG .0 (3.11)

Here we recall that the length function and Bruhat partial order on T induces one on the cosets Wg\W/ Wg,
respectively W/ Wg compatibly with the dimensions and closure relations of Schubert varieties, respectively
Iwahori-Schubert varieties, see [Ric13, Section 1, Proposition 2.8] for details and proofs in the equicharacteristic
situation (the arguments translate literally).

Proposition 3.7. For each w € Wg\W /Wg, the Schubert perfect variety Flg ., is normal and FlG 15 @
perfectly smooth dense open with connected fixers.

Proof. Let #(G, F) be the Bruhat-Tits building of G, and let f C B(G, F) be the facet associated to G, see
[BT84]. Given w € W /Wg, the stabilizer of wL‘{Q € Flg is L;—:Q N nggw_l, which is the positive loop group
associated to the parahoric group scheme, which is the connected fixer of f Uw(f). In particular, this stabilizer
is pro-(perfectly smooth and connected). We deduce that }-@,w is perfectly smooth.

Fix an auxiliary Iwahori Z dilating G and containing S. This yields the subgroup functor L;I - ng and,
as explained before, we know that g ., = F(z g) .+ where wf is the maximal lift of w to W/Wg Let sw® be

the minimal lift to V~V7 write it as waeT with war € Wag, 7 € m1(G)1, and fix some reduced word @ in simple
reflections (along the alcove defined by 7) for was.
Now consider the Demazure variety

Dz = L{Pi KB Tt LIP;, /LI, (3.12)

n

where L]{I - Lgﬂ- ; are the minimal parahoric overgroups attached to the simple reflections. It follows by
induction that the geometric fibers of the birational resolution (induced by multiplication)

Tt Dz — Flgw (3.13)

are connected. As Dz, is perfectly smooth over k, normality becomes a consequence of Lemma 3.1. O

The Picard group of Schubert perfect schemes over k can be explicitly determined, see [HZ20, Theorem 3.1]
for the case when G = 7 is Iwahori and W = {w}.

Theorem 3.8 (He-Zhou). The homomorphism
Pic(F(z.g) rw) — Pic(F 2 g) ksy) = Zp~ ] (3.14)

is a bijection where Syy is the set of all length 1 elements in W C W /Wg. (Note that Fz,6) k5w = P%’perf if
Sw is a singleton.)

Proof. To reduce the question to Iwahori—Schubert perfect varieties, we contemplate the Mayer—Vietoris se-
quence

1= O;Z(I,g),k,wg - Oé@(z,g),z,wl ® Oé@(r,g),fc,wz - O]X:e(z,gm,% -1 (3.15)
where the subsets W, are closed for the Bruhat order Wy = W7 U Wy and W3 = W7 N W5, Since we may and
do assume all these Schubert perfect schemes to be contained in a single connected component of Fg i (which
implies H°(O*) = k* by perfectly properness), we get a natural isomorphism

Pic(Fl (7 g) kw,) = Pic(Flz ) kwy) XPic(F 1.6, 5w,) DI (T.6) 5w,)- (3.16)

By definition Sy = S1 Ug, S2, which implies that it suffices to show the claim for X = F 7 g 1., an Iwahori-
Schubert perfect variety.

Injectivity can be reduced to Demazure varieties, see [3S17, Theorem 6.1]. The Demazure varieties Dz, ,;
are Pé’perf-ﬁbrations and can be handled directly, see [HZ20, Proposition 3.4]. To treat surjectivity, it suffices
to descend certain line bundles on Dz  ,;, back to the Iwahori-Schubert varieties. By [BS17, Theorem 6.13], it
remains to check that restriction of £ to geometric fibers is trivial. For this, see [[1Z20, Proposition 3.9]. (]

The choice of a Z[p~']-basis in Pic(Flg f ) seems arbitrary, due to p-divisibility. However, using the

deperfection Z ®¢ k for the quotient R € Alggerf — Z(R) of L%‘I, the perfect curve F (7 g) 15, has a canonical
equivariant deperfection, see Proposition 3.3, yielding a natural Z-lattice.
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Remark 3.9. During the proof, we have also determined the Picard group of the Demazure varieties Dz j ,;,
or more generally those of the convolutions

‘/—-ZI,E,Wl )2 oo ;(‘FKI,TC,Wn_l iFZ(I,Q),E,W,, (3.17)

of Iwahori—Schubert perfect schemes, where at most the last one is not at full level.

Together with Proposition 3.2, this tells us how to recover, for instance, the perfect Schubert variety Fg j ,,
just from its Demazure resolution and the sub-Z[p~*]-module Pic(Fg  ,,) C Pic(Dz 1 ;): take any £ on Dz
which is the pullback of a line bundle on F¢; 1 ,, whose restriction to g i, ¢ has positive degree for each s € Sy .

We now turn to equivariant automorphisms of (connected) Schubert schemes.

Proposition 3.10. The group of L;—:Q-equivam’ant automorphisms of a connected Schubert perfect scheme
Flg jw is trivial. In particular, the stabilizers of k-valued points in Flg jw for the ng—action are self-
normalizing subgroups of L,{g, that s, they agree with their normalizers.

Proof. We prove the more general statement for Iwahori-Schubert perfect schemes. Consider the disjoint irre-
ducible components in the dense open FZ‘()LQ), rw C fg(I,g),E,W' These will be permuted under any equivariant

automorphism o. Moreover, o preserves the k-valued points of Fliz,6) 5w fixed under S(O). For the en-

tire flag variety, we claim that the S(O)-fixed points in G(F)/G(O) lie in the image of N(F). Indeed, let
[g] € G(F)/G(O) be a fixed point. Then gf is a S(O)-stable facet (with f the facet determined by G), hence
contained in <7 (G, S, F') by [BT84, Proposition 5.1.37]. Multiplying on the left by a suitable element of N(F),
we can trivialize [g], that is, [¢] € N(F)G(0)/G(O).

Now, observe that the LgI—ﬁxer of some w € W /Wg equals L;—:I N wL}:gw’l, and it suffices to recover w
from this subgroup alone. Indeed, then o must preserve w, and then fé(z’g)’ %,w bointwise by LEI—equivariance

as w € W/Wg N Fz1,g),k,w Was arbitrary. If a is the alcove fixed by Z(0) and @ € W the minimal lift of w,
then birationality of the Demazure resolution ,; implies

LITnwLliGw™ = LITnaLiTo~". (3.18)

Note that the right side is the Bruhat—Tits group attached to aUw(a). We need to recover w. Moreover, because
F1.6),k,w Was assumed to be connected, all @ considered here project to the same constant 7 € m(G), so it
is enough to get war € Wig if W = wagT.

By [BT84, Corollaire 5.1.39], the fixed point set of L,—jIﬂ?I}LEJFIzZJ’l inside B(G, F') equals the closed convex
hull of aUw(a). In turn, every alcove inside this closed convex hull lies in some minimal gallery connecting a to
w(a) by [BT72, Lemme 2.4.4]. Since a minimal gallery describes a unique word of simple reflections necessary
to move from one alcove to another, this gives back the affine transformation w,s. O

Among Schubert schemes, we are especially interested in the p-admissible locus. Recall that C' is a completed
algebraic closure of I and that I denotes the inertia group of F'. Moreover, let B C G be a Borel containing
Ti. Recall that the inverse of the Kottwitz morphism [[Kot97, Equation (7.2.1)] induces an isomorphism of the
coinvariants

X.(T); 2T(F)/T(0), v — vi(n), (3.19)

not depending on the choice of uniformizer 7 € O, under which we may regard the former as the subgroup of
W acting by translation on the standard apartment, see also [IR08, Proposition 13].

Definition 3.11. Let p be a geometric conjugacy class of cocharacters with reflex field E. The p-admissible
locus is the Schubert perfect kg-scheme

Ag. = Flg (x(x)}> (3.20)

where A € X, (T') runs over all representatives of p and A\; € X, (T'); denotes the associated coinvariant under
1.

Note that Ag , is geometrically connected because the finite Weyl group acts trivially on 71 (G);. It does
not depend on the choice of T'. By a result of Haines [Hail8, Theorem 4.2, we know that Ag = .7-'@7{)\1(,,)},
where A now runs over the rational conjugates of u, that is, all those which are contained in a closed Weyl
chamber attached to woBw ! for some wy € Wy, the finite Weyl group of G  with respect to Sj.

It will turn out that Agj , is functorial in (G, 1), as soon as we develop a theory of local models Mg,
see Definition 4.11, and calculate their special fibers, confer Theorem 6.16. The admissible locus also admits
the following representation-theoretic interpretation in terms of representations of the Langlands dual group G
(here, taken over any algebraically closed field) with dual torus T

Lemma 3.12. Let \! € X*(ff) >~ X, (T); be running through the set of restrictions of all weights X for T
occurring in a finite dimensional algebraic representation of G with fized highest weight i = . Then Ag, =

g 51 (m)y-
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Proof. Being a a—representation, V contains all the weights 2 conjugate to i under the absolute Weyl group with

~
~

the same non-zero multiplicity. Under X*(T) 2 X, (T), these correspond to the conjugates of  compatibly with
the projection to X*(T!) = X,(T);. Hence, the lemma follows from the definition of the admissible locus. [

Example 3.13. The basic example of the admissible locus occurs for G = GLy, 4 = (1,0) and G = T an
Iwahori. In this case, Ag,, is the union of two copies of ]P’,lc’perf intersecting transversally at a point. More
generally, one can enumerate the Iwahori—Schubert orbits of the translated to the neutral component admissible
locus Az, in terms of alcoves in the standard apartment <7 (G, S, F'). For pictures in the case of unitary groups
of split rank 2, the reader is referred to the introduction of [PR09]. For further examples, see the survey [PRS13].

3.3. Canonical deperfections. Now, we wish to introduce equivariant deperfections of the Schubert perfect
schemes Flg yw following Proposition 3.3 and discuss their geometry, at least for certain W. We are especially
interested in admissible loci Ag ,, for p minuscule.

First, recall that the congruence quotient L%”g of ng has a deperfection Gr, G, given by (n + 1)-truncated
Witt vectors and which is called the Greenberg realization. We denote by L;”g the kernel of L:g — LE”Q.
Definition 3.14. Let n be the smallest nonnegative integer such that LE”Q acts trivially on g iy and call
it the associated depth. The canonical deperfection* F ¢w of the perfect Schubert scheme Flg y is the finite
type kw-scheme with Gr,G-action determined by Proposition 3.3.

Assume the ng—action on Flg i w factors through LG = Qgerf. For V < W, we get a deperfection
FGhv — FGhw (3.21)
of the closed immersion of perfect Schubert schemes, because the image is a finite type deperfection with smaller

function fields, as it carries a Gg-action.

However, it is not clear that the finite type morphism is a closed immersion. To know more about the
geometry of ]—"ng’{}v, we exploit the picture in the equicharacteristic situation.

Assume G is adjoint, and also Assumption 1.9 for G over F, that is, if p = 2, then G has no odd unitary
factors over F. Then, for every parahoric O-group G attached to a facet in &7 (G, S, F’), we find smooth, affine,
fiberwise connected O[t]-lifts G in the sense of [FHLR22, Proposition 2.8]. Note that the k[¢]-reductions G’ are
parahoric models of some adjoint connected reductive k((t))-group G’ attached to a facet in some appartment
(G, S k(1) 2 (G, S, F), see [FHLR22, Lemma 2.7].

In particular, these come with isomorphisms

Gos k=G ks (3.22)
that are functorial as we vary G among parahoric models attached to a facet in & (G, S, F ), and which we now
exploit to compare their Schubert schemes. Let us note that the loop groups ng and its analogue Lg (g
in the equicharacteristic setting admit natural surjections on ggerf = Qgperf. Below, we use subscripts (-)" to

denote the perfections of the equicharacteristic loop groups and Schubert varieties for G’.
Lemma 3.15. Under the above constraints, there are unique equivariant isomorphisms

FG e w = G w (3.23)
for all connected Flg i,y of depth 0, that is, whose Ll—jg-action factors through gg‘”f.

Proof. As Gy = ,ig, it suffices by Proposition 3.3 to produce equivariant isomorphism Fg ; w = Flg j w of
the perfect Schubert schemes. During the proof, we fix an auxiliary Iwahori Z dilated from G and consider the
corresponding Iwahori-Schubert perfect scheme F¥(z g f -

First assume that W = {w}. The perfect variety J 7 gy 3., can be resolved via a Demazure variety Dz, ;.

If s is the first letter of the word w and © is the word obtained from deleting the first letter, we get
Dz iy = Fz5.s%D1 ks (3.24)
where LgI - Lg?’ is the minimal parahoric corresponding to s. We claim that the action of LI{I on Dz,
is trivial when restricted to the normal subgroup L%lp. Otherwise, let o be the negative simple affine root
corresponding to s and observe that Ll—jUaH acts non-trivially on Dz j ;. But conjugating by s yields that
L;{Z/l_aﬂ - L%I does not act trivially on Dz i, ;-
Arguing inductively on w, and exploting the above claim, we reach at an I]gerf—equivariant identification of

the Demazure perfect varieties
D1 ki = D1 fu (3.25)

bounded by 1 resp. 4’ and attached to Z, respectively the k((t)-reduction Z’ of the Iwahori O[¢]-lift. In the
case [(w) = 1, then we get the unique equivariant identification of one-dimensional Iwahori-Schubert perfect
varieties, which are perfected projective lines.

41n the equicharacteristic situation, one recovers the weak normalization of classical Schubert schemes, which turn out to be the
classical ones under Assumption 1.9 and also p t |71 (Gger)|, see [FHLR22, Section 4.1] and [HLR24].
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As the Picard group of the Demazure varieties have already been determined, see Theorem 3.8, respectively
[[1Z20, Section 3.2] for the equicharacteristic case, the previous isomorphism descends uniquely by Proposi-
tion 3.2 to an Igerf—equivariant identification

Fz,6)kw = FUz 0) (3.26)

of the perfect Schubert varieties, see Remark 3.9. If the left side is stable under Gz, then we need to show the
map is not only Z¢ °rf_equivariant, but furthermore ggerf-equivariant.

perf
L

Let Q C Gj denote the image of Z;. By assumption, the -action on both sides factors through the

perfection of Q. Using the convolution product
gperf Qrert FUG foos (3.27)

we get a perfect k-variety mapping chrf—equivariantly to Flg 1., and that can be identified with its equichar-

acteristic analogue in a gpcrf equivariant fashion. Since gg“f JQP C Flzy is a Schubert perfect variety at

Iwahori level, we know its Plcard group by Theorem 3.8 and Remark 3.9. Applying again Proposition 3.2, we
not only recover the original isomorphism, by Proposition 3.10, but also conclude it is ggerf—equivariant and the
unique such map.
For a general W as in the statement, we now can glue the above isomorphism to non-irreducible Schubert
perfect schemes
Flgrw = Flg fw (3.28)

appealing again to Proposition 3.10. [

From now on G is no longer assumed to be adjoint. We approach the canonical admissible locus Ag“; for
minuscule pu, that is, the canonical perfection of the admissible locus, with our comparison result, describing
its singularities (thereby confirming [Zhul7a, Conjecture III] for Schubert varieties in the admissible locus) and
computing its coherent cohomology.

an

Theorem 3.16. Let u be minuscule and assume Assumption 1.9. Then, AC is Cohen—Macaulay and Frobenius

split compatibly with its Gr-stable reduced k-subschemes.
Moreover, for every ample line bundle L on Flg i that descends to Acgag w0 there is an equality

dimy HO(AG} |, £) = dime H(Fa,0,, Oler)). (3.29)

Here, Fg , = Gg/P, is the classical flag variety attached to y, the central charge c. is given by Kac-Moody
coefficients, see [PR08, Section 10] and [BS17, Section10], and the line bundle O(c,) is the corresponding power
of the ample generator of Pic(Fg,c ).

Proof. We want to apply Lemma 3.15, in order to reduce the statements to the equicharacteristic situation,
where we refer to [FHLR22, Theorem 4.1, Theorem 4.25].

In order to do this, we first notice that there is an equivariant isomorphism A?E,u = Acg*:z,hLm via the natural
map. Here, u,q denotes the composition of p with Go — Gaqc. Indeed, this can be checked on perfections and
then at the level of geometric points, where it follows from the assertion that Fg ; — Fg_ | 1 is an open and
closed immersion.

We still have to show that Acan o has minimal depth, that is, L+Q acts via Gg. Since L 'G is a normal sub-
group, it suffices to check that 1t fixes each of the sections A deﬁmng the admissible locus. By the combinatorial
dictionary, see our proof of Proposition 3.10, it suffices to show that |a(A;)| < 1, that is, the translation Ay
moves every affine root to a parallel one at distance at most one. By definition, one has

aAr)=[K:FI70 Y oa(n), (3.30)

oeGal(K/F)

where K is a finite Galois extension of F' splitting Gz, and a is an absolute root restricting to a, so its absolute
value is at most 1, since A is minuscule. O

Remark 3.17. After the first version of this paper was written, Assumption 1.9 was removed from Theorem 3.16
in the equicharacteristic setting in [Lou23b]. These results will be extended to the mixed characteristic setting
in work in preparation of Cass and the third author [CL.24]. We remark that Cohen—Macaulayness would follow
from a positive solution of [FHLR22, Conjecture 3.6].

4. AFFINE GRASSMANNIANS AND LOCAL MODELS

In this section, we start by gathering several basic facts on the BJR-afﬁne Grassmannian over Spd C. Most of
them were established in [SW20, Lecture XIX] and [FFS21, Chapters V1.2, VL.5], but our approach is sufficiently
different and relevant to later sections that it merits some elaboration.

Then, we introduce the main objects of study of this article, to wit the local models

Mg, € Grgop (4.1)
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defined for every p € X, (T) via v-closures of Schubert diamonds in a Beilinson-Drinfeld Grassmannian. We
dedicate the rest of the section to showing that Mg , is an LgE G-stable flat, proper m-adic kimberlite with
good finiteness properties. In particular, its special fiber will be shown to be representable by some connected
Schubert perfect scheme Flg w .

4.1. The B(TR-aﬂ:ine Grassmannian. In this section, we fix a complete discretely valued field F/Q, with
perfect residue field k, ring of integers O and uniformizer 7, a complete algebraic closure C/F with ring of
integers O¢ and residue field k = kc. We denote by F C C the maximal unramified complete subextension
with ring of integers O and the same residue field k = k. Further, we fix a (connected) reductive F-group G
and a maximal F-split F-torus S C G containing a maximal F-split torus, see [BT84, Proposition 5.1.10]. As
G is quasi-split over F' by Steinberg’s theorem, the centralizer T of S is a maximal torus. Also, we fix a Borel
subgroup B C G containing T';.

For any affinoid perfectoid space Spa(R, RT) in characteristic p equipped with a map to Spd Z,,, let B;R(Rﬁ),
respectively Bar(R'), be the rings of de Rham periods formed using O-Witt vectors. For convenience, we set
B;fR = B(YR(C) and Bggr := Bqr(C). The B;{R—loop group of G is the group functor over Spd F' given by

LG: (R,R") — G(B4r(R")), (4.2)
and the positive loop group is the subgroup functor
LTG: (R,RY) = G(Bjr(RY). (4.3)
Their v-sheaf quotient
Grg := LG/LTG (4.4)

is called the BIR—afﬁne Grassmannian. Similarly to Section 3.2, Grg (R, RT) parametrizes G-torsors on the spec-
trum Spec(BJ, (R*)) with a trivialization over Spec(Bar (R*)). Here, we are primarily interested in the geometry
and work therefore over Spd C'. The base changes are denoted by LcoG, LJCCG and Grg,c, for convenience.

As an auxiliary first step, we study the affine flag variety and then translate the results to the affine Grass-
mannian. For this, the Iwahori group B:{R—model 7 is given as the dilatation of G ®p BQFR along the subscheme
Be C G of its special fiber. Define

LET: (R, RY) s Z(BJR (RY)) (4.5)
which is a subgroup v-sheaf of LTG. It gives rise to the BJR—afﬁne flag variety
Flr.c=LcG/LET, (4.6)
viewed as a v-sheaf over Spd C'.

We recall that Grg,c — Spd C' is an increasing union of proper, spatial diamonds by [SW20, Lecture XIX].
The same holds for ¢z ¢ — Spd C, as the projection

Hzc — Grg o (4.7)

is a proper, cohomologically smooth (G¢/Bg)®-fibration. The following discussion is parallel to parts of
Section 3.2 but simplified by the fact that we consider G ® g B,IR which is a (split) reductive group over BQ'R
(and not some parahoric group scheme). The geometry of the affine flag variety Flz ¢ or, better, the v-stack
quotient

HkI,C = LgI\»/—'ZI,C = LgI\LcG/LgI (48)
is reflected in the Iwahori-Weyl group of G(Bgr),
War := No(T)(Bar) /T(B{g); (4.9)

where Ng(T) denotes the normalizer of T in G. There is a canonical map Wygr — JFz,c because T(Bjy) C
I(B{p)-

Lemma 4.1. The map WdR — Flz ¢ induces a bijection
War = |Hkz ¢|. (4.10)

Proof. Every point of |Hkz | is represented by a map Spa(K,K') — LcG with K algebraically closed per-
fectoid. Two K-valued points have the same underlying element in [Hkz | if, v-locally, they lie in the same
double coset

I(Bir(K))\G(Bar(K")) /Z(Br (K*)). (4.11)

The identification now follows from the Bruhat decomposition which is independent of K*. O

Let a C &/(G,T, Bar) be the alcove defined by Z in the apartment for T' of the Bruhat—Tits building of
G(Bgr)- Let S C War be the set of simple reflections along the walls bounding a. The affine Weyl group
War,at C Wyr is the subgroup generated by the elements in S. Then, W, is a Coxeter group which only
depends on the Bruhat-Tits building of G(Bggr). As in (3.8) there is a canonical short exact sequence

1 — War.at = War — m(G) — 1, (4.12)
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which is naturally split by taking the stabilizer Q, C Wag of the alcove a. Thus, we can write each w € Wyg
uniquely as w = wueT with 7 € Q, and war € WaR at-
Lemma 4.2. Equip 71(G) with the discrete topology. The morphism

|Hkz | = m1(G) (4.13)

is locally constant, thus underlies a morphism Hkz ¢ — m1(G) of small v-stacks.

Proof. Here, we follow the argument behind the proof of [PR0O8, Theorem 5.1]. If G = Gy is simply connected,
then we see that, for every algebraically closed perfectoid field K/C, the group LoG(K) is generated by its
affine root subgroups LoU, (K).

But, since LoU, is connected (choose a pinning), we conclude that LoG, hence also Flz ¢ and Hkz ¢ are
connected. If G = T is a torus, then we see easily that Grp ¢ equals the v-sheaf X, (T') compatibly with the
map above.

Now, suppose that Gger = Ggs.. Then, m1(G) identifies with the fundamental group of the abelian quotient
G/Gger, so the claim is clear. Finally, for a general group G, consider the z-extension

15T —=G—=G—1, (4.14)

where G is given by the pushout of (G, xT) along the morphism ker(Ts. — T') — Ty, where Ty is the preimage
of the maximal torus T' C G under the map Gg. — G. Using the fact that Ty is an induced torus, we see that
the Hecke stacks and the 71’s lie in a similar exact sequence, which yields the claim. ([l

For 7 € m(G), we denote by F7 o the fiber over 7 of the morphism 7 ¢ — m1(G). We note that right
translation by a representative of 7 in LoG induces an isomorphism

Fly o~ F5 . (4.15)

Moreover, }"@70 is canonically isomorphic to the affine flag variety F¢z ¢ of the simply connected cover Gic.
Namely, the transition morphism 7, c — .7-"@70 is bijective by checking on geometric points ([Sch17, Lemma
12.5]) and using the Bruhat decomposition, hence must be an isomorphism as both Flz,, ¢, .7-"@’0 are ind-proper
over Spd C.

Definition 4.3. Let w € Wygr. The Schubert cell F7 0w C Flz,o is the v-sheaf-theoretic image of the orbit
map
LET — Fz e, i iw. (4.16)

The Schubert variety is the v-closure Flz ¢, = ff;’%’w in the sense of Section 2.1.

By Proposition 2.8, we know that the underlying topological space of F7; ,, is the weakly generalizing closure
of |F7 ¢, inside |Fz c|. But, Hz o, is possibly ill-behaved because L{T is not quasicompact. As we show
in Proposition 4.5 and Corollary 4.6 for the affine Grassmannian, our definition is equivalent to the pointwise
definition in [FS21, Definition VI.2.2]. We start with the case of simple reflections:

Lemma 4.4. Let s € S be a simple reflection. Then there is an isomorphism Flz c s = (]P’}J)<> that restricts to
]-"E%as ~ (A}J)O. In particular, }'@7078 is a topologically dense open subset of Flz c .

Proof. Let Ps be the parahoric group scheme over BOTR associated to the wall of a defining s. The maximal
reductive quotient H of its special fiber over C' has semisimple rank 1. Using [BT84, Théoréeme 4.6.33], we
see that LgI is the preimage of Q¢ under LTP, — H® for some Borel subgroup @ C H. Thus, there are
isomorphisms LEPs/LET ~ (H/Q)® ~ (PL)® which can be made explicit via the choice of a pinning. This
implies that the monomorphism

LEPS/LET € Flz e (4.17)
is a closed embedding, as Fz ¢ is separated and (P%) is proper over Spd C. The isomorphism FT o5 = (AL)®
is now clear, since this is the only non-trivial Q¢-orbit in (P%)?. O

In order to treat more general w = wafT € Wyr = WyR,af X 4, we invoke Demazure resolutions as follows.
Let @ = s ...5, be a reduced word for w,s = wr—! with s; € S and consider the Demazure variety

Do = LEPy xFeT o x BT LEP, LET (4.18)

which will also be denoted by Flz ¢ s, X ... XFlz c.s,- It is connected and cohomologically smooth over Spd C
(being an iterated P¢-fibration), and the twisted product

D%,’Lb = ]:é%’c’sl >~< e i]:»g:%,cysn (419)

of the open cells is topologically dense by induction on n, starting with Lemma 4.4 and using that LJCCI is
pro-(cohomologically smooth) over Spd C'. It carries, moreover, a natural morphism (induced by multiplication)

T - 'Dc,u', — ffzﬁc (4.20)
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which necessarily maps onto ¢z ¢ .., by properness, LgI—equivariance and the fact that @ maps to w. After
translation by 7, we may regard this as a resolution of ¢z ¢ ,,, which is thus in particular connected.

For the next result, we note that WdR, in analogy to the discussion following (3.8), is equipped with a length
function and Bruhat partial order induced from the quasi-Coxeter structure on War = WaRrat X Q.

Proposition 4.5. Let w € War. Then ]-'K%aw, respectively Flz c.,, agrees with the subfunctor of all maps
S — Flz.c such that for all geometric points S’ = Spa(K, K1) — S, the induced point S — Flz,c — Hkz ¢ is
given by w, respectively by v for some v < w. In particular, fﬁ%,aw C Hlz,cw 15 a topologically dense open.

Proof. Observe that the first assertion cannot be verified at geometric points because LJCCI is not quasicompact.
However, we see from Lemma 4.4 that the result holds for simple reflections. Indeed, we even have by Bruhat—
Tits combinatorics

LU, - s = Fg (4.21)
where a5 denotes the positive simple affine root associated to the simple reflection s, and U, , is the corresponding
B(YR—model of the affine root group. Pulling across the reflections s; appearing in the convolution product of
Dc iy, we see that f@,c,w surjects to the v-sheaf image of D¢ ,; along my;. This v-sheaf image identifies with
the pointwise description of }"E%aw by quasicompactness of 7, and bijectivity at geometric points.

Similarly, the v-sheaf image of D¢ 4, along 7y, is a proper closed sub-v-sheaf of /7 . By generalities of Tits
system, see [BT72, 1.2.6], this v-sheaf image coincides with the desired pointwise description of Fz ¢ ,. Pulling
back again via the quotient map m;, we see that ]-'E%)C)w C Fz,c.w is a topologically dense open of the closed
v-sheaf image of 7. O

As a corollary, we get that the bijection |Hkz o = War from Lemma 4.1 is a homeomorphism where Wyg is
endowed with order topology via its Bruhat order, and also that mo(F¢z,¢) = mo(Grg,c) = m1(G) via Lemma 4.2.
Now, we apply our results to the affine Grassmannian Grg. Note that there is the group isomorphism

X.(T) = T(Bar)/T(Big), x = x(£) (4.22)
which is independent of the choice of uniformizer £ € B:{R. Then the Cartan decomposition induces a bijection
[Hke,c| = X (T)+, (4.23)

where Hkg o = LEG\LeG/LEG denotes the Hecke stack. Therefore, we get a Schubert cell Grg ¢, € Gra,c
defined as the v-sheaf-theoretic image of the orbit map and the Schubert cell Grg,c,,, defined as its closure, for
each p € X, (T)4, compare with Definition 4.3.

Corollary 4.6. Let p € X.(T)y. Then Gr¢ o ,, respectively Grg,c,,. agrees with the subfunctor of all maps
S — Grg,c,p, such that for all geometric points S = Spa(K, K) — S, the induced point S" — Grg.c — Hkg o
is given by p, respectively by some A < p in the dominance order on X,.(T)1. In particular, Graau C Grg,o,p
s a topologically dense open.

Proof. This formally follows from Proposition 4.5 by using the projection F¢z ¢ — Grg,¢ from (4.7) and noting
that the dominance order on X, (T4 is induced by the Bruhat order, see [Ric13, Corollaries 1.8, 2.10] for similar
arguments. We leave the details to the reader. (I

We also have the following fact which says that the Spd C-valued points are dense in Grg,c,, even for the
constructible topology.

Corollary 4.7. Let p € X, (T)4. The spatial diamond Grg ¢, has enough C-facets in the sense of [Gle24,
Definition 4.50].

Proof. Taking the preimage under the projection Flz c — Grg,c from (4.7), this reduces to the analogous
assertion for Flz ¢ ,, for some w € WdR. Since the Demazure resolution is a v-cover, it is enough to prove that
Dc i has enough C-facets. This in turn can be proved inductively on the length of w. If w = s-? then D¢y is
a pro-étale (]P’lc)o—bundle over D¢ y. We may find a pro-étale cover

X = 'Dc_’{, (4'24)

with X Xp., Dow = X Xspdco (]P%)O. Following the arguments given in [Gle24, Lemma 5.16, Proposition
5.21], we may even assume that X has enough facets over Spd C. By [Gle24, Proposition 4.51.(2)], D¢,y also
has enough facets. O

We conclude with some motivation for our later discussion of representability.

Proposition 4.8. Let u € X.(T)4. The v-sheaf Grg,c,, is representable by a projective C-scheme Fa ¢, if
and only if 1 is minuscule.

Proof. If u is minuscule, then the LJCCG—action factors through Gg and the Biallynicki-Birula map gives an
isomorphism Grg ¢, ~ (Gc/P.)?, see [SW20, Proposition 19.4.2].

Now suppose that g is not minuscule, so that (i, ) > 2 for the highest root € of G¢. Then, we are going to
show that the LJC’I—orbit of the point u is not representable by a rigid space. First, we notice that this orbit is
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isomorphic to LgI/Hﬂ for the subgroup v-sheaf H,, := LéI N f“LgI{f“. Note that the positive loop group
LgB* of the negative Borel B~ C G is contained in the stabilizer H,, so we deduce that the LJCCI—orbit is
even a LJCCZ/{—orbit, where U C Z denotes the flat closure over B:{R of the unipotent radical U C G of the fixed
positive Borel B C G . We are going to filter this space further by using the structure of root groups. Fix
an “ordre grignotant” on the set @ of positive roots in G¢ in the sense of [BT84, Definition 3.1.2], that is,
a descending sequence ¥; C ®* for 0 < i < m = dim(U), of subsets closed under summable roots, such that
Uy =&, U, ; = {0} and ¥, is obtained from ¥;_; by deleting one of the smallest roots ;. Then, [BT84,
Proposition 3.3.2] yields associated root group models U; := Uy, such that U; C U;—; is a normal subgroup
with quotient isomorphic to U,,. We now set X; := Lgui /JH, N Lgl/ll- for the corresponding orbits and we
can realize X;_1 as a pro-étale fibration over the Banach-Colmez space BC(Bj; /(") with fiber given by
X,;. Considering the filtration by powers of £ on the Lguai, we can even refine this further to a filtration
by orbits V;; for 0 < j < (u, ;) such that Yj; is the fiber of a pro-étale fibration Y; ;1 — G¢. If Fg.op
were representable by a rigid space, it would follow by descending induction that all the Y;; are representable
by rigid spaces. In particular, representability of F¢ ¢, implies representability of the Banach-Colmez space
BC(BJ1/€?) = Yy (4,0)—2 Where we invoke the inequality (u,6) > 2. However, this is a non-split self-extension
of G¢ which does not even split étale locally, so cannot be representable ([SW20, Example 15.2.9.5.]). Indeed,
if the extension were split étale locally, it would actually split on the nose, as H*(A}, O) is trivial. However, if

X := Spa(C(T*"), 0c(TH)) C AL (4.25)
is the affinoid torus, the element 7' € A} (X) does not admit a lift to BC(Bj;/¢%)(X) as we now show. Let
X' = Spa(C(T*/P™), Oc(T*+Y/P™)) be the usual perfectoid Z,(1)-cover of X. Elements in BC(Bj;/€?)(X")
can be represented by [a] + [b]¢ with a,b € (C(T*/P™))*. Assume now that

x = [a] + [b]¢

maps to 7', that means, a* = T in AL(X') (cf. [SW20, Section 6.2] for the map (—)*), and assume that z is
invariant under Z,(1). Let g € Z,(1). Then g acts on [a] via multiplication with [g] if we identify Z,(1) C C”.

Using the (-)f-map, we get
9] — 1\
a? <) = b* — g(b"). (4.26)

3
But, if g € Z,(1) is a generator, then aﬁ([g]Tfl)ﬁ = ¢T with ¢ € C non-zero. Writing b* as a power series in the

g-eigenvectors T with n € Z[1/p], then shows that (4.26) can not hold because g € Z,(1) fixes T'. This finishes
the argument. O

4.2. Local models. We continue with the notation of Section 4.1, and additionally let G be a parahoric O-
model of G.

We work with the moduli space Grg of G-torsors over Spec(Bé“R) trivialized over Spec(Bgr), see [SW20,
Definition 20.3.1], which is the Beilinson—Drinfeld Grassmannian over SpdO. A crucial result of Scholze—
Weinstein concerns its ind-properness, see [SW20, Theorems 19.3.4, 20.3.6, 21.2.1].

Theorem 4.9 (Scholze-Weinstein). The structure morphism of the Beilinson—Drinfeld Grassmannian
Grg — Spd O (4.27)
1s ind-proper and ind-representable in spatial diamonds.
In [Ans22, Section 12] and then later in [Gle24, Section 5], the first named and second named author

respectively constructed and studied the specialization map for Grg, see also [Gle24, Theorem 5.1].
Again, we have natural loop groups at hand, namely

LoG: (R,R") = G(Bar(R*)) (4.28)
and
L5G: (R, RY) — G(BIR(RY), (4.29)

where (Rf, R¥*) denotes an untilt of (R, RT) over (O,0) and BSE)(Ru) the ring of de Rham periods formed
using O-Witt vectors. These define v-sheaves over Spd O and the base changes to Spd F', respectively Spd k
recover the loop groups LTG C LG from Section 4.1, respectively the v-sheaves (L:g)<> C (LyG)® associated
with the loop groups from Section 3.2. Their base changes to O¢ are denoted Lo G, Lgcg and Grg,o,-

Lemma 4.10. There is a natural isomorphism

LOQ/LJOFG ~ Grg, (4.30)
where the left side is a quotient for the étale topology. In particular, on geometric fibers
Grg = Grg xspao Spd F,  F§ = Grg xspao Spd k, (4.31)

where Grg is the affine Grassmannian from Section 4.1 and fﬁg the v-sheaf attached to the Witt vector partial
affine flag variety from Section 3.2.
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Proof. For the uniformization (4.30), see [SW20, Proposition 20.3.2]. The isomorphisms (4.31) are given by
base change from (4.30) by unwinding the definitions. O

Let u be a conjugacy class of cocharacters of G¢, with field of definition £ C C'. We denote by Op its ring
of integers with residue field k. We wish to construct a closed sub-v-sheaf

Mg, C Grglspaog (4.32)

prolonging the Schubert diamonds Grg,, which are the descent to Spd E of the ones we studied in the previous
subsection.

Definition 4.11. Let u be a conjugacy class of cocharacters in G¢. The local model Mg , is the v-closure of
GI'G,H inside Grg |Spd Og-

A priori Mg, does not admit a moduli problem description for general parahoric G, so its structure could
be harder to parse. Let us give some examples where the local model Mg, is relatively well understood.

Example 4.12. If G is reductive, then Mg , is the integral Schubert variety over Spd Or and generalizes the
objects introduced in Section 4.1, see [SW20, Proposition 20.3.6] and [FFS21, VI.1]. If G = T is a torus, then
the explicit description of Gry furnishes an identity My, = Spd Op, see [SW20, Proposition 21.3.1].

We need to show permanence of the local model under the ng—action.

Proposition 4.13. The natural action map ng x Grg — Grg restricts, after base change to Spd Og, to a
group action on the closed sub-v-sheaf Mg ,,. Moreover, the generic fiber of Mg , is topologically dense.

Proof. By embedding G in GL,,, we may always find a quasi-compact closed subsheaf X C Grg o, with Mg, C
X, stable under LgEg whose action factors through a congruence quotient ngg, where N is a sufficiently
large positive integer (necessarily at least (2p, 1) as one sees by restricting to Grg,,).

The structure map ngg — Spd Og is partially proper, cohomologically smooth and consequently universally
open, see [Sch17, Proposition 23.11]. By Corollary 2.9,

L5126 Xspaop Mg = (L5 G xspar Gra )" (4.33)

as closed sub-v-sheaves of ngg Xspd oy X. Now, we have seen that L} G respects Grg,u, so the multiplication

map L%NG Xspd E Gra,, — X factors through Grg,,. This also implies that the integral action map
L5y G Xspaos Mgy — X (4.34)

factors through the closure Mg ,,, as we desired.
For the last claim, we consider the restricted variant of the Hecke v-stack

HkGy = [L5y G\ M., (4.35)

E

Its underlying topological space has the extra special property that every subset is weakly generalizing, since
for every perfectoid affinoid field (K, K*) the Bruhat decomposition over Bqr(K) is insensitive to variation of
K. Now, the projection map

pr: Mg, — Hk3Y (4.36)
is cohomologically smooth and consequently open. Therefore, by the same argument of Corollary 2.9, we see
that both the usual topological and the weakly generalizing closure commute with pullback along |pr|. It results
that |Grg,,| is a dense open of |[Mg ,|. O

We can now prove the following structural properties of Mg ,,.

Proposition 4.14. With notation as in Definition 2.36, Mg, € K. More specifically, the local model Mg ,,
is a flat w-adic kimberlite over O with enough facets over C and O¢-formalizable C-sections. Moreover, the
special fiber

Mg ik = Mg plspd (k) (4.37)
is of the form f@gw for a connected perfect Schubert scheme Flg w . In particular, E;e‘i = Flgw is perfectly
proper and perfectly finitely presented perfect k-scheme.

Proof. Choosing a closed embedding G — GL,,, we may find a cocharacter v of GL,, giving rise to a closed
immersion
Mgw — MGLmy, (4.38)
so that local models are proper v-sheaves and, in particular, quasi-compact. By [Gle24, Proposition 4.41.(3),
Proposition 2.2.5] to prove Mg ,, is a kimberlite, it suffices to prove it is m-adic. By [Gle24, Proposition 3.32],
we may reduce to proving that the special fiber of Mg, is represented by a v-sheaf of the form X° for X a
perfect scheme.
By Proposition 4.13, Mg , ., is of the form Uie[.}—gz’;:’wi with finite subsets W; C W, where we have used

the fact that F¢g w is perfectly proper, in order to deduce ]:ZS,W = ]:%,W- By quasi-compactness, we get
Mgk = Fg yw for some finite subset W C W, which finishes the proof that Mg, is a 7-adic kimberlite.
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That Mg, has O¢-formalizable C-sections follows from the main theorem of [Ans22]. Indeed, as in [Ans22,
Section 12] any C-point of Grg produces canonically a G-torsor P over Spec(Aj,s) together with a trivialization
a: P --» G over Spec(Aiys) \ V(€). Any map Spa(R, RT) — SpdO¢ induces a map f : Spec(Bgr(R*)) —
Spec(4int) and the pullback f*a € Grg(R, R") provides a map functors Spd Oc — Grg extending the original
C-point. Since SpdC C Spd O¢ is dense and Mg, C Grg is closed, if the original C-point factors through
Mg ,, then the corresponding O¢c-point also does.

We explained in Corollary 4.7 that Mg ,, has enough C-facets. Together with Proposition 4.13 and Lemma 2.38,
flatness follows. By Proposition 2.35, |Flg w| = sp(|Grg,.|) and since Grg,,, is connected Fg w is also con-
nected. O

Remark 4.15. It follows that the base change Mg ,,|spd 0. is still topologically flat, and hence agrees with the
v-closure Mg o . of Grg, ¢, inside Grg o, . Indeed, repeating the argument of Proposition 4.13 over Spd O¢,
we see that the special fiber of Mg o, is represented by a Schubert perfect scheme. But a Spd k-valued point
of Mg, is a specialization of some Spd C-valued point by Proposition 4.14, hence equality of both closures is
clear.

Next, we analyse some functoriality behavior of Mg ,, in the pair (G, ). Here, by definition, a map (G, 1) —
(G2, p2) is a morphism of O-group schemes G; — Go such that the image of p; in G ¢ lies in the same conjugacy
class as po.

Proposition 4.16. The association (G, jt) — Mg 0q u, See Remark 4.15, is functorial, preserves closed embed-
dings and direct products, and induces isomorphisms Mg oo.u = MG.4,00.1.q> Where piaq denotes the composite
of p with Go = Gaq,c-

Proof. Functoriality follows from that of Grg,¢,, and the definition using v-closures, see Remark 4.15. For the
claim regarding closed embeddings and central extensions, we refer to [Lou20, IV, Proposition 4.16, Corollary
4.17): one checks injectivity at geometric points, using Lemma 4.17. As for direct products, it suffices to check
equality at the level of Spd k-valued points by Proposition 4.14, and this is easy because the generic fiber was
already a product. O

Lemma 4.17. The specialization map induces a bijection
m0(Grg o) — mo(Flg ) = m(G)r, (4.39)
where I is the absolute Galois group of F.

Proof. For the final bijection, see [Zhul7a, Proposition 1.21]. The first is a consequence of proper base change
[Sch17, Theorem 19.2, Remark 19.3] applied to f: Grg’ov — Spdé and the base change i: Spd k — Spd 0, using
that the 0-th cohomology group computes connected components: for some coefficient ring, say, A = Z/¢ with
¢ # p, we apply the proper base change i* R®f.Ax = R°(f').(i")*Ax where Ax is the constant sheaf supported
on increasing closed O-proper sub-v-sheaves X C Grgﬁ. Passing to global sections, the second computes

A™(X%) by definition whereas the first computes A™(X) by using the v-cover Spd O¢ — Spd 0. Finally, we use
[Sch17, Section 27] to pass between fﬁgl—c and Flg f. O

5. GEOMETRY OF MULTIPLICATIVE GROUP ACTIONS

Our approach to the Scholze-Weinstein conjecture requires determining the special fiber of local models in
terms of admissible loci. We follow the general strategy of Haines and the fourth named author [HR21] of
calculating the support of nearby cycles using hyperbolic localization. This requires translating the results from
[HR21, Section 5] to the v-sheaf Beilinson-Drinfeld Grassmannian. For basic facts pertaining to G$ -actions on
small v-stacks, the reader is referred to [F'S21, Chapter IV.6].

5.1. Over O. Asin Section 4.1, we continue to fix a complete discretely valued field F/Q, with ring of integers
O and perfect residue field k, a complete algebraic closure C'/F and a connected reductive F-group G with
parahoric model G over O containing the connected Néron model S of the maximally F-split maximal F-split
F-torus S.

Fix a cocharacter A\: G,;;, — S C G defined over O. After base change to F, this induces a Levi M = M) with
Lie algebra Lie M = (Lie G)x—o, a parabolic subgroup P = P; with Lie algebra Lie P = (Lie G) >0 and an
unipotent subgroup U = Uy with Lie algebra Lie U = (Lie G) o fitting in a semi-direct product decomposition
P = M x U. Since A is defined over O, the decomposition P = M x U extends to O-models P = M x U,
admitting analogous descriptions for their Lie algebras and being equipped with homomorphisms

M+ P —G. (5.1)

The O-group schemes P, M, U are smooth affine with connected fibers, and M is a parahoric O-model of the
Levi subgroup M, see [IR21, Lemma 4.5] and also [CGP15, Section 2.1], [KP23, Section 6.2] for proofs of these
claims.
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By functoriality, (5.1) induces maps of ind-(spatial Spd O-diamonds)
Gry «— Grp — Grg, (5.2)

where Gras — Spd O and Grg — Spd O are ind-proper by Theorem 4.9. On the other hand, the cocharacter A
induces a cocharacter

o ., r+q Lod 4
Gy, — L5G,, — LG, (5.3)
where [-] denotes the Teichmiiller lift. Thus, we obtain a left action of G¢ on Grg.

Lemma 5.1. The G¢ -action on Grg satisfies [FS21, Hypothesis TV.6.1].

Proof. Choosing a closed immersion G — GL,, o of group schemes, we reduce to the case G = GL, o, using
Theorem 4.9 to see that the induced map Grg < Grgr, ., is a closed immersion. Then the lemma is a special
case of [FS21, Proposition VI.3.1]. O

Consequently, we obtain a G%—equivariant diagram
(Grg)o — (Grg)+ — Grg, (5.4)

where (Grg)? = (Grg)Gfi denotes the fixed points and (Grg)™ the attractor classifying G -equivariant maps
(AY)¢+ — Grg over Spd O, see also (6.3) below. The map (Grg)™ — (Grg)? is the Bialynicki-Birula map given
by evaluating at the zero section. Our aim is to understand the relation of (5.2) with (5.4). The following result
is the analogue of [HR21, Theorem 5.6, Theorem 5.19] in the context of ind-schemes:

Theorem 5.2. The maps (5.2) and (5.4) fit into a commutative diagram of ind-(spatial Spd O-diamonds)

GI‘M Grp Grg
Lol L+l idl (5:5)
(Grg)o — (Grg)Jr e Grg,

with the following properties.

(1) The maps i°, 17 are open and closed immersions.
(2) Their base changes (%, i} are isomorphisms.

(3) If Gy is very special parahoric (for example, reductive), then 0

, LT are isomorphisms.

In particular, the complements (Grg)? \ (°(Gra), (Grg)™ \ ¢ T (Grp) are concentrated over Spd k, that is, their
base change to Spd F' is empty.

0

If G is reductive, then Theorem 5.2 is proved in [FFS21, Proposition VI.3.1]. Indeed, in this case ¢, /* are

isomorphisms. In general, we follow the strategy of [TR21]:

Proof of Theorem 5.2. First, we construct the maps (%, 7. The closed subgroup M <+ G induces a closed

immersion Grpq < Grg (using Theorem 4.9) that is G -equivariant for the trivial action on the source. Thus,
the map factors though the fixed points, defining the necessarily closed immersion (°: Gryg < (Grg)?. The
construction of ¢* is more delicate and proceeds as follows. Pick a closed immersion G < GL,, o of O-group
schemes such that the fppf quotient GL, 0/G is quasi-affine, see [PR08, Proposition 1.3]. The cocharacter
N: G, »* G = GL,, o induces parabolic subgroup P’ with Lie algebra Lie P’ = (Lie GL,,0)x>0. The induced
map on fppf quotients P'/P — GL, 0/G is a monomorphism between finite type O-schemes, thus quasi-affine
by Zariski’s main theorem. By functoriality of the construction G — Grg, we obtain a commutative diagram of
ind-(spatial Spd O-diamonds):

GI"p ’

oA

(Grg)+ E— Gl"g (5'6)

! !

~/
Grpr — (Grgr, )" — Graw, o

Using Theorem 4.9, the map Grg — Grar, ., is a closed immersion so that the square is Cartesian. This
proves the existence of «*. Furthermore, the displayed map Grp — (Grar, )" is an isomorphism by [FS21,
Proposition VI.3.1]. As P’/P is quasi-affine, so Grp — Grp: is a locally closed immersion (compare with the
proof of [Zhul7h, Proposition 1.2.6] and [SW20, Lemma 19.1.5]), the map +T is necessarily a locally closed
immersion as well.

Now, part (2) is immediate from our construction and [FS21, Proposition VI.3.1] applied over Spd F'. For
part (3), we observe that (%, are bijective on geometric points if G is very special parahoric: by (2) for
geometric points lying over Spd F' and by the Iwasawa decomposition [KP23, Section 3.3] for geometric points
lying over Spd k. As %, 1T are locally closed immersions, they must be isomorphisms, so (3) follows.
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For (1), it remains to prove that :°, +* are open immersions for general parahoric group schemes G. For this,
we may and do assume that k is algebraically closed. There are bijections of connected components

mo((Grg)*) — mo((Grg)®) — mo((Flg)°), (5.7)

where the first holds by general properties of Bialynicki-Birula maps (see the proof of [Ric19, Corollary 1.12])
and the second by proper base change as in the proof of Lemma 4.17. The fixed points (Fg)° in the Witt vector
partial affine flag variety can be analyzed in analogy to [[HR21, Section 4]: concretely, if Py, = M. X U for
M. being the corresponding parahoric model of M., then there is a disjoint union (on points) into connected
locally closed sub-ind-schemes

Flg =|JSuw, Sw=LiPec-w (5.8)

[w]

where [w] runs through the double coset Wy .f\W /Wg and w denotes the image of a representative under the
embedding W/Wg — Flg. The image of Flp — Flg consists of those S,, for [w] lying in W]\/[,af\VNVM/WM.
Passing to fixed points, the image of Flxq < (Fg)° is the union of the Ly M;.-orbits for these [w]. So the map
7o (Fam) — 7o((Flg)?) identifies with the injection

Wiar,at\War /Wt = Wagat\W /Wg. (5.9)

We let Cg, respectively Cf, be the open and closed sub-v-sheaf of (Grg), respectively of (Grg)™, consisting of
those components belonging to im(mo(Flaq) < mo(Fg)) under (5.7). Then the maps °, ¢ factor through Cg,
respectively C; inducing locally closed immersions

Gray < Cg, Grp — CJ, (5.10)
that are bijective on geometric points, hence isomorphisms. The theorem is thus proven. O

5.2. Semi-infinite orbits. We end this section with a study of the stratification (5.8). Throughout, we assume
that k = k is algebraically closed so that F = F and O = O. Note that the torus S is then maximal F-split. The
following lemma simplifies some arguments of [[IR21, Theorem 6.12] and is used in the proof of Theorem 6.16
given in Section 6.5.

Lemma 5.3. For every w € W/Wg, there is an O-cocharacter G,, — & C G such that for the induced strata
S NFHg . = {w}.

Proof. Up to changing the Iwahori LZ‘I - L',i'g, we may and do assume that the Iwahori-Schubert variety
]-"E?Ig)@ is a dense open of Fg .. Notice that the closed complement of that dense open is stable under the
GPeioaction, so it follows that the connected component of the fixed point w in the attractor ]-'E;r cuts Flg
inside F(z g) .-

The reduced word w = s ...5s, determines a minimal gallery T = (ag,ay,...,a,), where a; = s ... s;(a),
going from the alcove a fixed by Z(O) to its w-conjugate. Let «; be the unique positive affine root such that
Oq; is the wall separating a; 1 and a;. We claim that

FUz,Gyw = Lillay - -+ L Ua,w. (5.11)

This follows by expanding the Demazure twisted product, pulling across the simple reflections to the right,
compare with Proposition 4.5. Indeed, s;_1 ... s1(q;) is by construction the positive simple affine root attached
to s;. We need to produce an O-cocharacter G,, — S whose induced GP*-action repels every affine root group
L*U,,, because then it would also repel ]-Y‘(jzjg%w by (5.11). This follows now by [HN02, Corollary 5.6] but we
give below a quick proof for the reader’s convenience.

Consider the subset g, C ®¢ of all euclidean roots a = Va which are gradients of the prescribed affine
root «; attached to I'. If b denotes the barycenter of a, then by definition a(wb — b) < 0 is stricly negative for
a € ®g . In particular, ®¢,,, consists entirely of negative B-roots where S C B C G is a Borel subgroup whose
closed Weyl chamber contains the vector wb — b. So we may take any B-dominant regular coweight G,, — S
which uniquely extends to the desired G,, — S because S is F-split. (]

Now assume that A is regular. Then My = T is a maximal torus, Py, = B a Borel subgroup with unipotent
radical U defined over F. The stratification (5.8) becomes

Fg= |J Suw Su=LU-w (5.12)
MGW/WQ
and the strata S,, are called Semi—inﬁl}ite orbits, compare with [F'S21, Proposition VI.3.1]. Recall that there is
a semi-infinite Bruhat order <% on W /Wg defined by:
v<Tw <= V>0 v(n)-v<v(n)w (5.13)

where X,(T); C W, v + v(r) is viewed as a subgroup using the Kottwitz morphism, see (3.19), and where
vy > 0 means that vy is sufficiently B-dominant. This order was first introduced by Lusztig in [Lus80] and
depends on the F-Borel subgroup B attracted by .
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Proposition 5.4. The ind-closure of Sy, inside Flg is given by the perfect sub-ind-scheme whose geometric
points factor through some S, with v <% w.

Proof. Let T — G be an auxiliary Iwahori model, fixed for the remainder of the proof. Suppose there is a curve
C C Fg containing v and whose complement C° := C \ {v} is contained in S,, = LU - w. Now, notice that, for
sufficiently dominant vy, one gets the inclusion

vi(m)-C° C LT -vy(m) - w, (5.14)

because conjugation by v;(m) moves any given perfect k-subscheme of LU inside the Iwahori loop group
L}T C L} G. This implies the inequality v;(m)v < vi(m)w, and therefore v <% w.

Conversely, assume that the inequality v <% w holds. By definition, for all sufficiently dominant translations
vy € X,.(T)1, the inequality vy (7)-w < vr(nm)-v holds in the Bruhat order. By enlarging vy if necessary, we may
assume the F(z g) ,, (r)., 18 Of the form [] p LU, - vi(r) - w where all of the a € T have positive gradient.
There is a curve C in F(z,g).u; (x)-w joining vy () -w to v (m) - v since vy (m)-v < vy(m)-w. By our assumption on
vr(m), we have C° C Sy, (r).p for C° := Cﬂf(‘(’z’g)’w(ﬂ)_w. Now, the map t,, : F(z.6).w = F(z,g),v;(x)-w induced
by left translation with v;(7) is an isomorphism and hence induces S, = S,,, (x)..o- Then the curve ¢, 1(C) joins
w to v, and ¢,,1(C°) C S,. O

Next, we extend the equi-dimensionality of Mirkovié—Vilonen cycles [MV07, Theorem 3.2] (see also [Zhul7a,
Corollary 2.8] and [F'S21, Corollary VI.3.8]) from split groups to twisted groups as follows. We continue to
assume that A is regular and, additionally, that G is special parahoric. Then X,(T); = W /Wg and (5.12)
becomes

Fg= |J S 8, =L vi(n). (5.15)

vieX.(T)r

If G is reductive, then Fg is the Witt vector affine Grassmannian studied in [Zhul7a]. So, in general, F¢g can
be regarded as a twisted version when § is special parahoric. Indeed, /g = colim F/g ,, where y; runs through
X.(T)1,+, the image of the B-dominant cocharacters under the projection X, (T) — X, (T'); equipped with the
induced dominance order and Fg ,,, := Flg (=), as is usual notation for (twisted) affine Grassmannians. Also,
the semi-infinite Bruhat order on X, (7)) specializes to the dominance relation, that is, vj <% v; if and only
if v; — v} is a sum of coinvariants of positive roots with non-negative coefficients.

Lemma 5.5. For any v; € X,(T);, the intersection S,, N Flg,,, is non-empty if and only if vy lies in the
Wg-orbit of some py € Xo(T)r+ with py < pr. In this case, it is affine and equidimensional of dimension
(pc,v + ).

Here pg € X*(T') denotes the half sum of the B-positive roots. We note that the pairing (pg,v + p) is
well-defined independently of the choice of lifts v, u € X.(T) of vy, ur because pe is I-invariant.

Proof of Lemma 5.5. The map (Fg,,,)t — Fg,,, induces an isomorphism (see Theorem 5.2)

(‘/__zg,llq)-i_ i) |_| Sl/] N }—fg,m- (516)
vieX.(T)r

Under (Fg,,.,)" — (Fg,.,)°, the component S,, N g, contracts to {v;} = Spec(k). Thus, it is affine
because Biatynicki-Birula maps for schemes are affine by [Ric19, Corollary 1.12]. Also, (Fg,,,)° identifies with
the constant scheme associated with the subset of v; € X, (T); lying in the Wg-orbit of some p} € X, (T)s +
with p} < pr. So only such vy contribute to (5.16), and as the Bialynicki-Birula map has a section, the non-
emptiness criterion for S,, N Fg ,, holds true. Furthermore, the union over all S,» N Fg ,, with v} <F yis
a closed perfect subscheme by Proposition 5.4.

As noted in [FS21, Corollary V1.3.8], the affineness implies the dimension formula once we show that Su?nti N

Flg ., is a point where p3" is the antidominant element in the Wg-orbit of y;. This follows from the proof of

Lemma 5.3. O

6. NEARBY CYCLES OF ETALE SHEAVES

6.1. Recollections. In [Sch17], Scholze constructs a category of étale sheaves
D(X,A) :=Dg(X,A) (6.1)
for all small v-stacks X. As coefficients A, we allow prime-to-p torsion rings or, by the adic formalism of [Sch17,

Section 26], an f-torsion free, complete f-adic ring for £ # p, or a ring of the form A = Ag[¢~!] where A is as
in the previous case. In the final case, as this is not covered in [Sch17], we define the triangulated category

D(X,A) :=D(X,Ap) ®a, A, (6.2)
in analogy to the classical definition for schemes, for example, see [KWO01, Appendix A]. The adic formalism
of [Sch17, Section 26] carries over to the categories (6.2). Finally, we also allow A to be a filtered colimit of

the aforementioned rings, with the obvious definition for the categories. This includes algebraic field extensions
L/Qg and their rings of integers Oy,.
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The categories of étale sheaves are equipped with the usual six functors formalism: the endofunctors ®U,
R¢om and functors Rf,, f* for a morphism f: X — Y of small v-stacks. If f is compactifiable and rep-
resentable in locally spatial diamonds with dim.tr f < oo, we have the functors Rfi, Rf', completing the six
functor formalism.

In general, the categories D(X, A) and the six functors are rather inexplicit, constructed through v-descent
using Lurie’s co-categorical machinery. Nevertheless, whenever f: X — Y is a morphism between locally spatial
diamonds, then X and Y admit a well-defined étale site and Scholze’s operations are very closely related to the
operations that one can construct site-theoretically, see [Sch17, Proposition 14.15, Section 17].

When X and Y are locally spatial diamonds we say that an object A € D(X,A) is ULA (=universally
locally acyclic) with respect to f if, for all locally spatial diamonds Y’ — Y the pullback A’ € D(X’, A) is
overconvergent along the fibers of f/ : X' = X xy Y’ = Y’ and R(f’ o j')1j* A is perfect-constructible for all
separated étale neighborhoods j': U" — X’ for which f’ o j’ is quasi-compact, see [FS21, Definition IV.2.1]. If
A is f-adic as above, then a complex A € D(X,A) is called perfect-constructible if A ®% A/¢ is étale locally
perfect-constant after passing to a constructible stratification, equivalently A ®H;\ A/e™ are so for all n > 1.
Finally, if A = Ag[¢™!] is as in (6.2), then an object in D(X, A) is called perfect-constructible if it admits a
Ao-lattice which is so. For X and Y more general v-stacks (and f: X — Y representable in locally spatial
diamonds), we call A ULA if it is ULA after any base change S — Y with S a locally spatial diamond.

Suppose X is a small v-stack proper and representable in spatial diamonds over a base S, and that X is
equipped with an action by G:Z ¢ satisfying the conditions [F'S21, Hypothesis IV.6.1.]. One can consider the
v-stacks 7

X* = Homgo (AN, X) (6.3)
which (by hypothesis) are represented by a finite partition of X into locally closed subsets. This also induces

a partition of the fixed-point v-stack X° = X G5 into closed and open subsets. We have inclusion maps
¢gt: X* = X and projection maps pT: X* — X° from that we obtain the hyperbolic localization functor

Lx/s: D(X/GS ¢, A) = D(X°A), (6.4)

which can be expressed as R(p*)i(¢")* or equivalently as R(p~).R(¢”)" by [FS21, Theorem IV.6.5]. This
functor enjoys many compatibilities, in analogy to [Ric19], which we will exploit to compute nearby cycles, see
[FS21, Propositions 1V.6.12, 1V.6.13, IV.6.14].

6.2. Over C. We continue with the notation and denote by F/Q, a complete discretely valued field with ring
of integers O and perfect residue field k of characteristic p > 0. Also, we fix a complete algebraic closure C/F,
and a connected reductive F-group G.

In this section, we recall the structure of the categories of monodromic sheaves with bounded support
D(Hkg,c, AP and D(Grg,c, A)™omPd studied in [FS21, Section VI]. As in Section 5, for any cocharacter
A: Gy, = G, we have the induced G?n—action on Grg,c, whose attractors only depend on the attracting
parabolic P C G¢.

In particular, hyperbolic localization gives a constant terms functor

Lay
CTp: D(Hkg o, A)P? — D(Grg.c, A)™Pd 299 D (Graye, A) (6.5)

providing the main tool to effectively study the category of derived étale sheaves on Hkg ¢ as in [FS21, Corollary
VL.3.5]. One of the crucial techniques is the following conservativity lemma [FS21, Proposition VI.4.2] whose
proof we sketch for convenience.

Lemma 6.1. Let T C B C G¢ be an arbitrary maximal torus and a Borel containing it. Then A €
D(Hkg,c, A)P4 vanishes if and only if CTp(A) € D(Grr,c, A) does.

Proof. The proof is done by considering a maximal strata where A is concentrated. This strata is of the form
[Spd C/(L5G),) for the stabilizer of i € X.(T). The attractor of Grg,c,, at the anti-dominant coweight —pu
with respect to B is an isolated point. Using the R(p™)(¢™)*-version of hyperbolic localization, we see that
the fiber of CTp over u € Grp agrees with pullback to this point. O

This allows us to localize several properties of derived objects in D(Hkg ¢, A)P4. For instance, A is ULA if
and only if CT g(A) which, in turn, is equivalent to [u]* A being a perfect object for all maps [u]: Spd C — Hkg
with u € X.(T), see [FS21, Propositions VI1.6.4, VI.6.5].

Next, we move to the natural perverse t-structure on D(HkG,C)M,A)bd, see [FS21, Definition/Proposition
VI.7.1]. This is given in terms of the following subcategory

PD=(Hkg,c, A)P? = {4 € D(Hkg,c, A)*: jiA € DS~ Py (6.6)

which determines pDZO(HkG’C, A) uniquely. Intersecting these two, we get the category of perverse sheaves
PGI”V(HkG,C7 A)

Thanks to [FS21, Proposition VI.7.4], the t-structure is preserved under and detected by CTg[degy]. Here,
for any C-parabolic B C P with Levi quotient M, the degree is the locally constant function on Grp ¢ induced
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by
degp(A) = (2pc — 2pM, A), (6.7)
where A € X, (T) is a coweight and py; is the half-sum of all B-positive M-roots. The main geometric fact used
in the proof of [FS21, Proposition VI.7.4] is the equidimensionality of semi-infinite orbits.
When working with torsion coefficients, it is convenient to single out flat perverse sheaves, which are those
objects A such that for every A-module M the complex A ®% M is perverse.

Definition 6.2. The Satake category Sat(Hke ¢, A) is the full subcategory of flat ULA objects in Perv(Hkg ¢, A).

The Satake category is endowed with a monoidal product
*: Sat(HkG7c,A) X Sat(HkG7c,A) — Sat(Hch,A) (68)

arising from the convolution Hecke stack HkG,CQHkG,C, see [FFS21, Proposition VI.8.1]. Due to the fusion
interpretation [FS21, Definition/Proposition V1.9.4], the monoidal structure is naturally symmetric monoidal.
Taking cohomology of the affine Grassmannian furnishes a fiber functor

F: Sat(Hkg,c, A) = Rep(A) (6.9)

to the category of A-finite locally free modules and the Tannakian formalism gives us an interpretation of these
categories in terms of a group of automorphisms.

Theorem 6.3 (Fargues—Scholze). Fiz a compatible system of primitive prime-to-p-th roots of unity in C. Then,

the automorphism group of the fiber functor F is naturally isomorphic to the Langlands dual group @A formed
over A.

One may regard the dual group G A as combinatorially defined in terms of root data. The cyclotomic twist
in [FS21, Theorem VI.11.1] is trivialized using the compatible system of roots of unity in C.

6.3. Over k. Let G be a parahoric O-model of G. In this section, we look at what happens with the geometric
special fiber Hecke v-stack Hkg j = L;}"QO\L,;G<> / ngo. We note that the categories of étale sheaves compare
well to their scheme-theoretic companions, see Proposition A.5.

We continue with the notation and, in addition, fix a maximal F -split F-torus S C G containing a maximal
F-split torus (see [BT84, Proposition 5.1.10]) with centralizer T', which is a maximal F-torus inside G, such
that their connected Néron O-models S C T embed into G. Each parabolic subgroup P C G with Levi M
containing S extends to a diagram of O-group schemes M < P — G4 by taking flat closures. Again, choosing
a cocharacter A\: G,, = S5 C Gy with M = My and P = P;, the formalism of Section 5 applies to define
G -actions on the pro-smooth cover Grg = ]:ég,fc' This gives rise to constant term functors

CTp: D(Hkg , A)*! — D(FG T, M), (6.10)
not depending on the choice of A such that M = M, and P = P/\+. Here, the fixed points Ffog’,—c contain F¥ 4 i
as an open and closed sub-ind-scheme by Theorem 5.2, but are strictly bigger unless G is special parahoric.

As in the previous section, we analyse the key properties ULA, flatness and perversity. The crucial step is
the following conservativity result.

Proposition 6.4. An object A € D(Hkgjc,A)bd vanishes if and only if CTg(A) does for every F-Borel Sp C
B C Gﬁ.

Proof. Just like in Lemma 6.1, we argue on a maximal strata of Hkg ; where A does not vanish, say one

indexed by some w. In this case, by Lemma 5.3 there is a choice of F-Borel B for which the associated attractor
intersects Fg j ,, in an isolated point. In this case, CTp agrees with pullback to this point. O

Definition 6.5. An object A € D(Hkg g, A)P4 is ULA whenever its pullback to fégE . 18 ULA over Spd k.

A priori, this notion depends on the choice of left or right trivialization, but it follows a posteriori from
Proposition 6.7 that it does not, see [FS21, Proposition VI.6.2]. The ULA property interacts very well with
constant terms:

Proposition 6.6. If A € D(Hkg j, A)*? is ULA, then so is CTp(A). Conversely, if CTg(A) is ULA for all
Borel subgroups Sy C B C G, then so is A.

Proof. Abusing notation, we also call A the pullback of this object to ‘7:631%' By [FS21, Theorem IV.2.23], to
prove that for B = A or B = CTp(A), the object B is ULA it is enough to show that
piD(B) ® psB — R.tom(p: B, RphB) (6.11)

is an isomorphism. Now, for any pair of flat closures of parabolics P; and Py a direct computation (using
properties of hyperbolic localization, cf. the proof of [FS21, Proposition VI.6.4]) shows that

CTp, xp, (PTD(A) ® p3A) = pD(CTp-(A)) @ p; CTp, (A) (6.12)
and that
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T, wpy (RAOm(p} A, RpyA)) = RAom(p; (CT,- (A), Rph CTp, (4))) (6.13)

where P; is opposite to P;. In the forward direction, it is enough to use this for P; = P~ and Py = P. For the
converse, we let K denote the cone of Equation (6.11). By the conservativity of Proposition 6.4, it is enough to
prove CTp, 5,(K) = 0 for all By, B; since these exhaust the Borel subgroups of of G x G'z. But this follows
from the computation above, [FS21, Proposition 1V.2.19] and the hypothesis that CTp, (A) is ULA. g

We prove that ULA sheaves admit an easy description in terms of restrictions to Schubert strata:

Proposition 6.7. The following are equivalent for an object A € D(Hkg’,;,A)bd

(1) A is ULA. B
(2) For all strata of A pullback along [w]: Spdk — Hkg i, is a perfect complez’ in
D(Spdk, A) = D(A). (6.14)
(3) The pullback to }—83,1} lies in
Deons(Flg 5, )P4 C D(ngE,A)“1a’bd, (6.15)

where Dcons(ffg),;,/\)bd is the category of perfect-constructible A-sheaves with bounded support on the
ind-scheme Flg 5, and the inclusion is the one constructed in [Sch17, Section 27].

Proof. The equivalence of (2) and (3) follows from Proposition A.5, and the fact that the equivalence in Propo-
sition A.5 is compatible with pullback to Fg, respectively to fﬁg or to strata.

Let j,, denote the inclusion of the strata in Hkg j corresponding to w. For proving that (2) implies (1) one
can, as in [FS21, Proposition VI.6.5], reduce to showing that R(j, A is ULA (for each w). But their pullback
to Flg j are clearly algebraic and by Proposition A.1 they are also ULA, see also [['S21, Proposition 1V.2.30].
Alternatively one can use the Demazure resolution, compare with [F'S21, Proposition VI.5.7].

For the converse implication, we induct on the number of strata where A does not vanish and consider the
cone of R(jy)1ji A — A for a maximal strata w. Indeed, pullback by open immersion preserves being ULA
by [[F521, Proposition VI.2.13.(i)]. Then we apply [['S21, Proposition VI.4.1] to see that j; A € D(Hkg f ,, A)
has a perfect stalk, and use that R(j,)1(j5A) is ULA, by the proven (2) implies (1). Then we can conclude by
induction.

O
Arguing as in [FS21, Definition/Proposition VI.7.1], we can define a perverse t-structure.
Definition 6.8. The perverse t-structure on Hkg ;. is the only such that
PD=(Hkg ,A) = {A € D(Hkg 5, A): jiA € DS (Hkg 1, A)}, (6.16)
respectively
"D=%(Hkg 1, A) = {A € D(Hkg ,A): Rj, A € D= (Hkg 1, A)}. (6.17)
Perverse sheaves
Perv(Hkg 5, A) = PD=°(Hkg , A) N PD=°(Hkg , A) (6.18)

are the heart of the t-structure. Such an A is flat perverse if in addition 4 ®% M is in Perv(Hkg 5, A) for all
A-modules M.

We note that, in general, there cannot be any degree shifts such that CTp[degp] preserves the perverse
t-structure, due to lack of parity. But, we define

degp (A1) = (206 — 2001, A) (6.19)

for translation elements A\; € X, (T);. This is useful for the following result:

Proposition 6.9. Assume that G is special parahoric, and let A € D(Hkg z,A). Then A is perverse if and
only if CTg(A)[degg| € Perv(}"ﬂgE,A) for all Borel subgroups Sy C B C Gp. The same applies to the flat
objects.

Proof. Tt suffices to follow the proof of [F'521, Proposition VI.7.4]. For preserving the t-structure, we use the fact
that the non-empty intersections Sy, ,, N Fg f ,, are equidimensional of dimension (2pg, A +v), see Lemma 5.5.
The converse then follows from Proposition 6.4. |

In particular, it is now permitted to introduce the Satake category at special level. Notice that there is no
hope of such a well-behaved class of objects to exist at arbitrary level, because the quotient W /Wg carries no
natural abelian structure.

Definition 6.10. Let G5 be special parahoric. Then the Satake category Sat(Hkg f, A) is the full subcategory
of Perv(Hkg , A) comprised of flat ULA objects.

5If A = Ag[¢1] as in (6.2), then we require the pullback to arise as the £ localization of a perfect complex over Ag.
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This category lies within the category of perverse sheaves Perv(HkSgﬁ}}C,A) on the schematic Hecke stack

Hksgd}C = LEQ\LEG/ L]—jg by Proposition 6.7 and Section A for the comparison with sheaves on schematic
v-stacks. It carries moreover a monoidal structure given by convolution x.

6.4. Over O¢. Let f: X — Spec(O¢) be a scheme of finite presentation over O¢ and denote by j the inclusion
X, — X of the generic fiber. In [HS23, Theorem 1.7], Hansen and Scholze prove that the pullback functor

7*: D(X,A) = D(X,,A) (6.20)

restricts to an equivalence between f-ULA and f,-ULA objects. In the setup of diamonds, the argument for
full faithfulness is the same as was explained to us by Scholze, and it consists of proving the adjunction map
A — Rj,j*A is an isomorphism.

Lemma 6.11. Let X be a small v-sheaf over Spd(O¢) representable in locally spatial diamonds, compactifiable
and of finite trascendence degree. Let A € D(X,A) be ULA for the structure map to Spd(O¢). Then A —
Ry, j"™ A is a isomorphism, where j' : X;, — X and j : Spd(C') — Spd(O¢) denote the inclusion of generic
fibers.

Proof. By hypothesis j*A is ULA with respect to Spd(C). In particular, by [FFS21, Proposition 1V.2.19] the
map
j*A®% A = RAtom(Dx, s spac) (5 A), RfHA) (6.21)

is an isomorphism. Since j’ is an open immersion j* = Rj" and Dx, sspacy(i™A) = 7 Dx;spaoc)(4) as
follows from [Sch17, Theorem 1.8.(v)]. We get

RjLj" A= Rj. RAom(j"Dx;spa0c)(A). Rf,A)
>~ RAom(Dx/spaoe)(A), RiLRf,A) (6.22)
= RA#om(Dx) spa(oc) (A), Rf Rj.A)
the result now follows from the identity A = Rj.A and double duality for ULA sheaves. (]

In particular, a f,-ULA object A comes from a f-ULA object if and only if Rj,j*A is f-ULA.

Below, we prove essential surjectivity for Hkg o, the Hecke stack over Spd O¢. For hyperspecial parahoric
G, this is [F'S21, Corollary VI.6.7]. Before doing this, recall that hyperbolic localization allows us to define again
a constant term functors

CTp: D(Hkg 0., A)"" = D(Grg ., M) (6.23)
By [FS21, Proposition IV.6.12], there is a natural equivalence
CTpoRjg .« = Rjpm,« o CTp, (6.24)
with jg, jam denoting the inclusion of the respective generic fibers. Now, we can probe integral ULA objects.
Proposition 6.12. Consider the inclusion of Hecke stacks j: Hkg.c — Hkg o.,. There is an equivalence
§*: D(Hkg 0., )PP — D(Hkg o, A)PdH2, (6.25)
whose inverse functor is Rj,.

Proof. Suppose A € D(Hkg, o, A)Pdua it suffices to prove Rj.A € D(Hkg 0., A)"38. Let B denote the
pullback of A to Grg, o, , which by definition is ULA. By smooth base change, Rj.A pulls back to Rj.B (here
we implicitly use [FS21, Proposition VI1.4.1]). By [FS21, Theorem IV.2.23], we must show

piD(Rj.B) ® p5Rj.B — R#om(p;Rj.B, RphRj.B) (6.26)

is an isomorphism. Let K denote the cone of this map. By assumption, and since j* = Rj', this map is
an isomorphism on the generic fiber. Consequently, K = i, L for some L € D(Hng-c,A)'”d and the inclusion
i: Hkg . — Hkg o.. We may use the conservativity result Proposition 6.4 to prove L = 0. This reduces us
to proving that CTg(Rj.A) = Rj. CTg(A) is ULA for all Borel subgroups Sz C B C Gz. Now, the fixed-
point locus Grog’o . of the action induced by B is ind-representable by a locally finite type scheme over O¢ of
relative dimension 0. We call this scheme X and let h: X, — X the inclusion of generic fibers. By inspection,
D(Grgpc, A) 2 D(X,A) and D(GrogC,A) = D(X,,A). In particular Rj. = ¢k Rh.Rcx, . with notation as in
[Sch17, Section 27]. By [[S23, Theorem 1.7], Rh, preserves ULA objects, which allows us to conclude the same
holds for Rj.,. a
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6.5. Nearby cycles. We can now look at the nearby cycles functor
Wg = i*Rj.: D(Hkg,c, A)*! — D(Hkg 1, A)"9, (6.27)
Arising from the diagram
Hke.c & Hkg o, < Hkg (6.28)
of geometric fibers inclusions of the integral Hecke stack.
Proposition 6.13. The functor of nearby cycles lies in a natural equivalence
CTp|degp| o ¥g = Wpq 0 CTp[degp), (6.29)
that is, it commutes with shifted constant term functors.

Proof. Without the shift, this is a direct consequence of [FS21, Proposition IV.6.12]. Using Theorem 5.2, this
also shows that CTp oV¥g is supported on the open and closed sub-v-sheaf F,, ; C ]-'égjc. So the shifts agree
by definition. 0O

Surprisingly, this commutativity property delivers us a lot of control on the values assumed by g on the
Satake category.

Corollary 6.14. Nearby cycles Wg restrict to a functor

D(Hkg,c, AT — D(Hkg j, A)PS1 (6.30)
and, if Gy is furthermore special parahoric, then it even restricts to
Sat(Hkg,c, A) — Sat(Hkg , A) (6.31)
between the Satake categories.
Proof. This follows from Proposition 6.6 and Proposition 6.9. (]

Let us examine the nearby cycles Ug(Sat(V)) applied to a Satake object Sat(V') € Sat(Hkg ¢, A) correspond-
ing to a Gp-representation V with p as its highest weight. Given an F-Borel B C @, the commutativity of
Proposition 6.13 yields

CTg[degy] (Vg (Sat(V @V A1) - AL, (6.32)

where now the @A—representation is regarded as a TA—representatlon by restriction. Here, we use that (by
construction) the constant term functor corresponds via geometric Satake to restriction of representations, see
[FS21, Section VI.11]. In particular, we get:

Corollary 6.15. For a CA?A—representation V' with highest weight u, the compactly supported cohomology groups
H (8500 Yo (Sat(V))) (6.33)

vanish for alll € Z unless g ,, C Ag k.-

Proof. This follows from Lemma 3.12. |

We are now finally ready to compute the special fiber of the local model.

Theorem 6.16. There is an equality .A<> = Mg .k as sub-v-sheaves of Fﬁg .

Proof. By specializing the orbit of p under the finite Weyl group, it is easy to see that .A<> is contained in
the special fiber of Mg ,,. By Corollary 6.15, it is thus enough to prove that for a maximal Stratum in Mg .

enumerated by w, we have HC(Skyw, A) # 0 for some [ € Z and for A := Wg(Sat(V)) for some G-representation
V with highest weight p. Using induction on p, we may and do assume that w lies in the open complement of the
closed union of Mg o, for all A < p1. Indeed, if A < p, then Ag’/\ C Ag,u' By Lemma 5.3, our Borel subgroup
Sy C B C G can always be chosen such that w is an isolated point of the attractor ]:%_,E,w' Since w enumerates

a maximal stratum, we also see that w is an isolated point of M;E,w so that H7(Sy, ,,, A) = H*({w}, A) =: A,
is the stalk of A at w.

Consider X = Mg 0s.u Xspdoe U where U denotes the analytic locus of the open unit ball Dgc. Let
g: X¢ — X be the inclusion of the generic fiber. Let K denote a completed algebraic closure of k((t). We
may choose a Spd(K)-valued point w of X that lies over w. It suffices to prove Az is not identically 0. Since
U is smooth over Spd O¢, the smooth base-change theorem and our inductive assumption on w allows us to
compute

Az = (Rg.A[(2p, 1)))w, (6.34)
where V is chosen to have weight multiplicity 1 at p. Since X¢, X and K< are locally spatial diamonds, we
may compute the right-side term site-theoretically. Letting [ := —(2p, ), we have

H'(Ap) = limy H(We, A) (6.35)

where W ranges over étale neighborhoods of w in X. By Remark 4.15 and openness of X — Mg o,,., the
generic fiber X is dense in X which proves that the above expression does not vanish. O
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6.6. Centrality of nearby cycles. In the classical theory, say, over function fields, it is known that nearby
cycles on Hecke stacks give central perverse sheaves on partial affine flag varieties, see [Gai01]. Centrality holds
true in our context as well:

Proposition 6.17. For every A € D(Hkg ¢, A)**™* and B € D(Hkg , A)P2, there is a canonical isomor-
phism

Ug (A) *B = Bx \I/g(A) (636)
in D(Hkg g, A).

Proof. We can repeat the proof of [Zhul4, Proposition 7.4] in our context:
Similar to [FS21, Definition/Proposition VI.9.4], we work with the convolution integral Hecke stack

HikG ™™ — (Spd 0)’, (6.37)

where I = I; U...U I is a finite partitioned index set. It parametrizes G-bundles &, ..., E, over B;R together
with isomorphisms of £;_; and &, outside the union of the divisors &; for all ¢ € I;. We fix I := {1,2} and drop
it from the notation. There are three ordered partitions {1} U {2}, {2} U {1} and {1, 2}, leading to the diagram
of v-sheaves:

HkS P gp000 =5 HRE [spaoe +— HEG Mgpa0,

p\) k/q (6:38)

Hkg7oc X Hkgj€

The diagram arises by base change along the map Spd Oc — (Spd O)? induced by the divisor 7 = 0 in
the second coordinate. The maps m,n are the natural projections given by remembering & and &, and are
ind-proper, as one sees by pulling back to the convolution affine Grassmannian, combine Theorem 4.9 with
the proof of [SW20, Proposition 20.4.1]. The maps p, ¢ are given by sending (&, &1, E2) to the ordered pair
((E0,&1), (&1, E2)), respectively ((€1,E2), (€, &1)), and are pro-(cohomologically smooth) because L5G — Spd O
is so. More precisely, one passes to a bounded part and factors the action of ng through a congruence quotient.

Furthermore, the maps m,n are convolution maps in the special fiber and induce isomorphisms over the
generic fiber such that (6.38) commutes. The commutativity yields a canonical isomorphism by using adjunctions

which will induce the desired isomorphism (6.36) upon applying the nearby cycles for the family Hkém} lspd Oc -
Indeed, since (Rj.A)X B is ULA by Proposition 6.12 and [FS21, Corollary IV.2.25] for outer tensor products, it
is still ULA after cohomologically smooth pullback along p, ¢ and proper pushforward along m, n (here, we use
that the support of A, B is bounded). Thus, (6.39) canonically extends integrally yielding (6.36) after restriction
to the special fiber. O

The following would be a natural reinforcement of the previous proposition to also preserving perversity. For
schemes, nearby cycles always preserve perversity [HS23, Lemma 6.3]. In our setting, this is not immediate and
would transport Gaitsgory’s central functor [Gai0l] to the p-adic context.

Conjecture 6.18. For every A € D(Hkg,c,A), the A-flat central sheaf ¥g(A) € D(Hkg g, A)Pdula s perverse.

By a combination of Corollary 6.14 and Proposition 6.17, we know that Conjecture 6.18 holds true whenever
G is special parahoric. Also, using the representability in Theorem 1.2 and a comparison with schematic nearby
cycles (see [Schl17, Proposition 27.6.]), the conjecture holds true whenever y is minuscule. In general, we lack
tools to verify Conjecture 6.18 — shifted constant terms appear to be insufficient — but one still expects some
form of Artin vanishing to hold in this very particular context of the Hecke stack.

Remark 6.19. After the first version of this paper was written, Conjecture 6.18 was proven in [ALWY23,
Theorem 4.17]. We remark that Conjecture 6.18 plays a role in the proof of unibranchness of local models in
[GL24, Theorem 1.3], and thereby in the proof of Conjecture 1.1 for p = 2,3 as explained in the text following
Theorem 1.2.

7. MINUSCULE IMPLIES REPRESENTABLE

Our goal in this section is to prove the Scholze-Weinstein conjecture on minuscule local models [SW20,
Conjecture 21.4.1] as stated in Theorem 1.2. This is sharp, see Proposition 4.8. We verify the representability
part without any assumption on the prime p or the pair (G, ), thereby showing the existence of weakly normal
projective Opg-schemes ./\/lbgd; with natural, equivariant isomorphisms (./\/lbgd;i)<> = Mg, in all cases.

As for their geometry, we show under Assumption 1.9 and Assumption 1.13 that the special fiber is given by

> in particular reduced and even weakly normal. This implies the geometry part of the Scholze—Weinstein
conjecture under those assumptions, see the discussion after Conjecture 1.1.

Recall that our strategy for representability involves specializations triples. Since explicitly calculating the

specialization map seems very hard, we need to consider convolutions of local models, so as to partially resolve

Mg, and understand their integral sections better.
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7.1. Convolution. We continue to denote by F'/Q, a complete discretely valued field with ring of integers O
and perfect residue field k of characteristic p > 0. Fix a completed algebraic closure C'/F, and a connected
reductive F-group G with parahoric O-model G. Also, we fix an auxiliary maximal F-split F-torus S C G
whose connected Néron model & embeds in G, see [BT84, Proposition 5.10], and denote by T its centralizer
with connected Néron model 7 C G. Additionally, we fix an auxiliary F-Borel Ty C BCGp.

When proving the representability of the v-sheaf local models, it is not difficult to reduce to the case that G is
the Weil restriction of a split group, see proof of Theorem 7.21. In this case, it will be helpful to partially resolve
the local model via convolution. We recall that the Beilinson—Drinfeld Grassmannian admits the following
convolution variant

Grgx ... xGrg := LoG x =09 ... xL69 Grg — Spd O, (7.1)
which, in terms of torsors, parametrizes successive modifications of G-torsors together with a generic trivializa-
tion of the last. It admits natural closed sub-v-sheaves

Mg iy = Mg, X... QMQ,M", (7.2)

for any sequence pe = (141, ..., ttn) of Be-dominant coweights u; of T, after base change to Spd Og, where E
is the reflex field of pe. We will still call them (convolution) local models for simplicity. More precisely, denote

by Mg 0¢ ., the preimage in Lo, G of Mg o u, C Grg o, which is an Lgc G-torsor over Mg o ;- Then

Lt g Lt g Lt g
Mg 0, ue = Mg,0c,uy X707 - x79¢T Mg og u, X 9¢7 Mgy, - (7.3)

This presentation is not “minimal” in the following sense: Namely, given a contracted product X x Y in any
topos and a normal subgroup N C H acting trivially on Y, then the natural map

Xx"y - X/N xH/Ny

is an isomorphism. Hence, in (7.3) we may replace Lgcg by some sufficiently large congruence quotient, and

accordingly the torsors Mg o, ., by their pushforwards to these congruence quotients. Let us note that the
multiplication

Mg, 06, — Grg,00
has image Mg o |ue| With |pe| := g1 + ... + py, and can therefore be regarded as a (partial) resolution of the
latter. Regarding the structure of the convolution local models, we can record the following.

Lemma 7.1. The convolution local model Mg ,, is a proper, flat m-adic kimberlite over Spd Og with topologi-
cally dense generic fiber.

Proof. In order to prove that Mg ,, is a proper flat m-adic kimberlite, we must first show that this proper
v-sheaf is v-formalizing. Replace the universal L(JSC G-torsors by the corresponding WSC G-torsors, see [Gle24,
Definition 5.7] and denote by Mg”o o .ue the corresponding convolution. The natural map

MngerC”Uw - Mg,oc”u,. (74)

is an isomorphism because both v-sheaves are qeqs and have the same geometric points, compare with [Gle24,
Proposition 5.19]. It is now easy to show that it is formally separated and formally adic, with representable
special fiber, see Proposition 7.2. Via projection to the first factor we have a map

Mg .0c,ne = Mg.0c, 11> (7.5)

which splits after pullback to Mg o, into the projection of the product Mg 0. 4y Xspdoc Mg.0c,(us,...pin)-

Hence, after replacing Lgcg (and hence Mg o,.,) by a sufficiently large congruence quotient, we can deduce
that Mg o, ., has dense generic fiber by induction on n, Proposition 4.14 and preservation of closures under

open maps. U
From now on, we will always consider sequences of minuscule dominant coweights pe = (pi1, - - ., tin) whose

sum
el = p1 4+ + pn (7.6)

is still minuscule. Basically, this means that the support of each pu; lies in disjoint irreducible components of
the Dynkin diagram. We say that a coweight is #iny if it is minuscule and its support is contained in at most
one irreducible component.

Proposition 7.2. Both fibers of Mg os,u, — Spd Oc¢ are representable. More precisely, we have isomorphisms

Mg 0cplspdc = FG o EFGom X X F& oo (7.7)

,Chpa
and also
o~ gyo
Mg.0c |Spdk = Ag,#,, (7.8)

where on the right we mean the convolution Ag ;% ... xAg .-

Proof. The description of the generic fiber via convolution is formal, and it is formal (using Theorem 6.16) that
MG .06 e lspd k 1S the convolution of the .Ag 4~ Using Lemma A.2 this convolution identifies with Agyﬂ.. O
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We are aiming to carefully write down certain “minimal” Q;Ci’ooc—torsors MEo. 1 = Mg.0c . for some
: >i
associated smooth connected groups gad’oc, such that
tor Gols Gl on® y stor Gols GOl gtor
MG oguy X720C o X0 MGlo, yy, XTH00C - xPe0e Mgio (7.9)
recovers the convolution local model Mg o, ... We begin by introducing the group schemes G d Oc

Lemma 7.3. Let p~; = pi41+- -+ pn and let Gad ¢ be the quotient of G by the intersection of all conjugates
of P,_,. Then, G>ic acts fazthfully on FG.Copus, -

Furthermore if we let ad oo be the unique fppf quotientS of Gaq 0¢ With generic fiber Gad o then G} Oc
acts on Mg oy, us,, and its ﬁbers are smooth, affine, connected with trivial center.

Proof. The claims on G;dic follow from Lemma 7.1. The smooth group scheme quotient with the asserted
properties obviously exist,l due to [BT84, Proposition 1.7.6], and it clearly inherits connected fibers. The
generic fiber is clearly adjoint: apply semi-simplicity of G,q. However, it is more delicate to show that the
special fiber is adjoint.

Assume without loss of generality (Proposition 4.16) that G = Resp//pG’ is an adjoint F-simple group with
G’ absolutely simple, and F” a finite field extension of F. Let G’ be that parahoric over F’ associated with G.
Then, a simple calculation reveals that

g>7' = ResAi/ch’Ai, (710)
where A; is the finite Og-algebra obtained as the image of Ops ®o O¢ in the product of those copies of C'
indexed by the support of u~;. Indeed, this smooth connected group scheme has the desired universal property
and its special fiber is adjoint by [CGP15, Proposition A.5.15 (1)]. (Notice that the reducedness hypothesis is
superfluous for calculating the center.) O

Now, we come to the definition of the torsors.
Definition 7.4. The v-sheaf ./\/ltgofoc’ﬂ is defined as the pushforward to (G} Oc )¢ of the natural LJOFC G-torsor
Mg, 00, 0ver Mg,oc ;-

One might expect, just like in Theorem 7.21, that these torsors have natural algebraic models over the ring
of integers of some reflex field and this will be an integral part of our strategy. Since the fibers are relatively
easy to understand by the Demazure resolution, we now focus on the behavior over a certain Go . -semi-orbit.

Recall that for any A € Wy - p, where W is the Weyl group of (G, S), the induced point [A]: SpdC' — Grg ¢,
uniquely extends to a point [A]: Spd Oc — Mg o, by properness of v-sheaf local models.

Definition 7.5. Let Mg C Mg, be the unique sub-v-sheaf whose base change Mg o, , C Mgoc,u to
Spd O¢ is given by the finite (non-disjoint) union
Mgocn= U 5.\ (7.11)

AeWo-p
We recall that the elements A € Wy - p are the rational conjugates of p in X, (T) and correspond to the open
Schubert orbits in the p-admissible locus, see the discussion after Definition 3.11. Also, it is easy to see and
left to the reader that the definition of Mg , does not depend on the choice of the auxiliary maximal F-split
F-torus S C G whose connected Néron model S embeds in G. As we will see in the following lemma, the
stabilizer of rational conjugates [A] is actually representable and well behaved.

Lemma 7.6. Let P, be the flat closure in Go. of the repeller parabolic Py C G¢ defined by X\. Then
(1) P;’O is the ggc -fizer of A inside Mg 0q -
(2) Py — Spec(O¢) is smooth affine with connected fibers.

Proof. By topological flatness, it is clear that P, © fixes A. For dimension reasons, the special fiber of Py is
equal to the fixer in Go. of A; in the affine flag variety J¢; r, which in particular shows that the special fiber
of Py is connected. Having described the special fiber of Py, we see that all (K, K™)-valued points of the
ggc -fixer of A inside Mg o, actually belong to the closed subgroup P, ’<>, S0 it necessarily lies in that closed
subgroup.

It suffices now to verify smoothness of P,". (Observe that the conjugation action of A on G'¢ does not always
extend to Go,, so Py is not a repeller subgroup.) By [BT84, Corollaire 2.2.5], we can do this by restricting to
the flat closures of a-root groups of Py~ with respect to the (non-maximal) split torus Sc. Using the structure
of U, C G defined over O, we see that this amounts to check that the morphism

ResB/AAl — Resc/AAl (7.12)

induced by a surjection B — C' of finite free A-algebras is a smooth cover. Indeed, the a-root group of Py
decomposes scheme-theoretically as a product of fibers of such morphisms. (I

6Beware that the morphism of parahoric group schemes G — G,q is not always an fppf surjection.
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g>z R

We want to uniquely characterize the left QO -equivariant right -torsor

tor,o e t
Mgoi)c,uqz T MngrOC,m XMG,0¢ 1 ME,OC,;M' (7-13)
For this, we use the following abstract statement.

Lemma 7.7. Let X be any topos, and let J, A € X be group objects. Let Z := J/P be an orbit for J.

(1) The groupoid of left J-equivariant right A-torsors T over Z is equivalent to the groupoid of right A-
torsors S over a terminal object equipped with a morphism of groups p7: P — Aut4(S), with equivalence
given by sending a T to the fiber S :=Ti.p of 1- P € Z with its action by P.

(2) If P is self-normalizing, then for each left J-equivariant right A-torsor f: T—Z each morphism o: T —
T, which is equivariant for J and A, is automatically a morphism of left J-equivariant right A-torsors,
that is, f oo = f. If furthermore 1 has trivial centralizer, then o = id.

Note that if S is trivial, then Aut(S) = A.

Proof. For (1), it suffices to note that an inverse is given by sending a pair (S, P — Aut4(S)) to the contracted
product J x¥ &. For (2), one notes that by A-equivariance o descents to an J-equivariant morphism of Z. As
P is self-normalizing, this morphism must be the identity. (]

We can therefore conclude that the left ggc—equivariant ggé’o—right torsor Mg)rooc .., 1s governed by certain
morphisms of groups
PY = (G 00)° (7.14)

for all rational conjugates A; of u; by applying Lemma 7.7. In our situation, the generic fiber of Mtgorooc i 18

quite well-understood, and thus we will apply the following general result describing extensions of a given left
equivariant right torsor.

Lemma 7.8. We use the notation of Lemma 7.7. Furthermore, let Y € X be any object, and denote by
a subscript (-)y the base change to Y. Assume that T = Zy is a left Jy -equivariant right Ay -torsor with
associated tuple (S oz Py — Auta, (S)) Then the groupoid of pairs of a left J-equivariant right A-torsors
T over Z with an isomorphism Ty = T identifies with the groupoid of following data: S an A-torsor over a
terminal object of X, an identification v: Sy = g, and a morphism of groups ¢: P — Auta(S) such that vy
agrees with @z under the identification Aut 4, (Sy) = Auta, (S) induced by .

Proof. This follows from Lemma 7.7. O

In our case, the A-torsors S = Ay xz,8 & Az we are interested in are trivial, and the morphism A(X) — A(Y)
is injective. Then ¢ is determined by v (and ¢z), and after fixing a section z € S(Y) c T(Y) we get thus an
injection from isomorphism classes of pairs (7,7y = T) to A(Y)/A(X) by sending (7,7y = T) to the class of
2 lyy € A(Y)/A(X), where y € S(X) C T(Y) is any section. If 5 has trivial centralizer, the groupoid of such
pairs is equivalent to the groupoid of left J-equivariant right A-torsors 7 over Z, which are isomorphic to 7
over Y (but we do not fix such an isomorphism).

Applying these considerations to the orbits in MG 06, With its left ggc—equivariant right g;di,oc—torsor

t
Mg"* having generic fiber F¢%, -, we need therefore to

e fix base points over O¢ in the orbits in Mg o .,

e fix C-points /\ € ]-'g’r’o lying over the generic fibers of the chosen base points in Mg 5, .,

e find sections y; € Mgtgrc s (Oc) lying over the chosen base points in Mg o .

e calculate the difference of y;° G;d’ (C), which yields the desired n classes modulo i Oc (O¢).
The first point is easy as we can take the [A]: SpdO¢ — MG 06, With A running through the rational Weyl
group conjugates of ;. For the second point, we can fix a (suitable) uniformizer £ € BCTR(C) and consider the
images of the A\(§) € LG(C) in ]—"g); <>C To state the outcome, we have to make the following definition.

Definition 7.9. Let v € X, (T'). The different §¢(v) is the class in T(C)/T (O¢) of
17 (=% — =), (7.15)

o#1

where FF C E C C'is the reflex field of v, 7g € O some uniformizer and o varies over the non-trivial cosets in
the quotient Galp/Galg of the absolute Galois groups.

For a uniformizer 7g € Op for a finite field extension E/F, contained in C, we denote by w% € Obc a chosen
sequence of compatible p"-roots of mg. Recall that {g := mp — [7‘(?5] € Wo,(0%) maps to a uniformizer of
Bi:(C). We can now define the A as the images of A\(ép) € Féogi (C) for any A € Wy - p;.
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Proposition 7.10. The v—sheaf/\/ltgcjfgcym is the unique left Go, -equivariant right a>di,0c ~torsor over Mg o, .

with generic fiber isomorphic to ]-"éogi? determined by the images of dg(\) in G;ic(C’)/ ;di,oc (O¢) for X €

Wo - i (and the above choices for the A’s).

Proof. Let us fix some A € Wy - p;. Consider the morphism
T = ReSE/FGm -G (716)

of algebraic groups induced by A as follows: compose its Weil restriction 7" := Resg/pG,, — Resg,pTE with
the norm map Resg/pTp — T. Note that A: G, g — GE can be reconstructed from this composition by
restricting its base change to E to the first factor. Set 7' := Resp, ;0Gm. We will now construct a section
y € LoT'(O¢), whose image in Grg is the section [\], and then calculate y~'X € LT(C) as necessary.

For this we claim that the element (g = g — [75] becomes a unit after inverting {p = 7p — [7%], thus
giving rise to an element y € G,,(Wo,(0%)) C LoT'(Oc). Indeed, let P(X) = X%+ a; X9 + ... + aq be
the minimal polynomial of 7g over F', which is Eisenstein as E/F' is totally ramified. Then the norm of {g in
Wo, (0%) equals

P([r%]) = [7%]¢ + a1 [75]* 4+ - + aq. (7.17)
Reducing modulo &, this element certainly vanishes because [r%] = [r5]f = 7p modulo £&r. On the other
hand, P([r%]) is clearly a primitive element of degree 1 inside Wo(0%), as aq € 7rO*. Hence, P([r%]) and &
generate the same principal ideal, see [BS22, Lemma 2.24].
Let us now consider the generic fiber of the point y. For this we must pass to

Bar(C) @F E = [[ B&R(C). (7.18)

Here, notice that we are conjugating the natural E-structure on the corresponding factor of the right side by o.
Then the coordinate of £g for o # 1 is a unit in B(;FR(C) which reduces modulo the uniformizer £ to g — 7.
As for its coordinate on the o = 1 factor, it must be a prime element, because so is the norm in Bgyr(C), as
seen in the previous calculation. We can conclude that the generic fiber of the section y maps to A, and that

ALy is 6a(N). O
The remark below will not be needed in the continuation.
Remark 7.11. Inspecting Proposition 7.10, one sees that ./\/ltgmooc s is representable by a smooth Opg-scheme.

Indeed, the defining maps ¢y : P, < gjd" ’C<)>c are naturally algebraic over a finite unramified extension of E

and so are their integral models by [BT84, Proposition 1.7.6]. The considerations after Lemma 7.8 then furnishes
an algebraic space, and it is a scheme because it is a torsor over a scheme under an affine group scheme.

7.2. Specialization maps. The aim of this subsection is to characterize the specialization map. We are going
to see that it is already determined by the semi-orbit. In the following, we consider all pairs (G, uy) where G
is a parahoric O-model of some reductive F-group G, I some finite index set and p; = (u;)ier is a sequence of
minuscule coweights in G¢ such that ) . y; is still minuscule (and so are all subsums). Morphisms of such
pairs (G, pr) — (G, ;) are given by morphisms of O-group schemes G — ', surjections of sets pr: I — J
such that, for all j € J, the image of Zieprl(j) i in Gy, lies in the conjugacy class of u}. This generalizes the
functoriality considered in Proposition 4.16. We denote (G, uus) also by (G, ue) if the index set I is understood.
By Lemma 7.1 the convolution local model Mg ,, admits a specialization map, see Section 2.3.

Theorem 7.12. The specialization maps for all pairs (G, pe) as above
SPg.ua G, Coal = g k| (7.19)

are the only functorial collection of contim_wus and spectral maps, whose restrictions to M%,Oc,u. (O¢) agree
with the reduction maps induced by Oc — k.

Proof. We are going to uniquely determine the values taken by spg ,, on the subset F¢,,, (K) for a cofinal set
of finite extensions K/F' given by those Galois extensions that split G. This characterizes the map spg ,, by
continuity with respect to the constructible topology. Indeed, F¢ ., is a smooth rigid space defined over E,
see [Gle24, Theorem 4.47]. (If p is not minuscule it is not true that the Q,-points of Grg,, are dense for the
constructible topology because Biatynicki-Birula maps give a bijection between the Q,-points.)

Having fixed a Galois extension K/F splitting G, we are however allowed to enlarge the parahoric group G
in order to compute these values. In particular, we may and do assume that G = Resg,pH, where H = Gk
is a split reductive group. Refining pe so that every element in the sequence is tiny allows us to conclude that
every K-valued point of Fg,,, extends to an Og-valued point of the semi-homogeneous Mg, by Lemma 7.13
below. (]

Lemma 7.13. Suppose K/F is Galois, G = Resg/pH and all pi; € pe are tiny. Then, we have an equality
MG 4. (Ox) = Fo pua (K) (7.20)

of sets induced by the natural morphism.
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Proof. Let us assume first that K = F. Then G = H is a parahoric model of a split reductive F-group and the
right side can be given by the Iwasawa decomposition

Feul U H(Ok) - (7.21)

see [BT72, Proposition 4.4.3]. Now, obviously the pomts of the form A extend to integral points of M3, , due
to the splitness assumption, and thus the same holds for its H (O )-orbits.

Now, consider an arbitrary finite Galois extension K/F. We get the result immediately for tiny coweights,
as the G(Og)-action on Mg, is via the parahoric subgroup H(Ox) C H(K). In general, we use this to show
the claim by an inductive procedure Suppose one is given an element (z1,...,2,) € Fa . (K), such that each
of the representatives x; € F¢), (K) lies in ./\/itor O(OK) for j < i. Now note that z; is in the G>(Ox)-orbit of

tor o(OK) due to the n = 1 case and the fact that the O¢-section of Proposition 7.10 descends to O, see

also Remark 7.11. So we may replace it in the expression, and now the assumption holds for all j < i+ 1. After
finitely many steps of this iteration, we get the claim. O

Remark 7.14. It follows by inspecting the proof of Theorem 7.12 that in order to compute the specialization
mapping, it is enough to consider Weil restrictions of split groups and their Iwahori models, see Assumption 7.16.

Remark 7.15. He-Pappas—Rapoport [HPR20, Conjecture 2.12] conjecture that, for any fixed pair (G, 1), there
is at most one flat projective Og-scheme equipped with an Go-action having the correct fibers, identified G-
equivariantly. This is much stronger than Theorem 7.12 above, since it makes no reference to convolution or
functoriality. Our approach is inspired by their conjecture in applying equivariant methods to pin down the
specialization map.

7.3. Comparison isomorphisms. In this subsection, we use our work from the previous ones to establish
certain comparison isomorphisms between (at least some of) our local models and those that have appeared
elsewhere, see [PZ13, Lev16, Lou23a, FHLR22]. During this subsection, we shall work under the following:

Assumption 7.16. Given a pinned split simple adjoint group (H, Ty, Bu,en), let G = Resg,pH with K/F
an arbitrary finite extension, with Ky /F being the maximal unramified subextension. Also let Z be the standard
Iwahori model with respect to the chosen pinning.

In order to prove Theorem 7.21, we need to compare Mz, to certain candidates /\/’fﬂ constructed in
[FHLR22, Definition 5.11] and denoted Mg”u there, which are variations on the work of Levin [Lev16]. Here, Z
is a O[t]-lift of Z along ¢t — 7, obtained by taking restriction of scalars along an ad hoc lift O[t] — Oo[u] of
O — Ok of the dilatation of H ® Ogfu]] along By ® Og concentrated in the u-divisor, see [PZ13, Theorem 4.1]
and [MRR23, Definition 2.1, Example 3.3]. The various lifts O[¢] — Op[u] defined in [FHLR22, Subsection 2.2]
are given by choosing uniformizers and lifting Eisenstein polynomials over Oy in such a way that they remain
separable Eisenstein over both ko[t] and Ky[t].

One has a schematic Beilinson—-Drinfeld Grassmannian GrSIh defined in terms of power series rings, classifying
Z-torsors over R[t — ] trivialized over R((t — 7)), and admitting uniformization via loop groups L{$PZ/ L?)Ch I
The generic fiber is equivariantly 1som0rph1c to the schematic affine Grassmannian Gr“h over F', see [FHILR22].
So we get an embedding Fg , C GrG |spec & for a minuscule coweight p.

Definition 7.17. The Og-scheme N SCh is defined as the seminormalization of the flat closure of Fg,, inside
GrSCh For a minuscule sequence fiq of dominant coweights, we set N SCgE e 85 the convolution product of

the N%ng - We define the I>’ -torsor /\/;Cgéoz by pushing forward the universal L%2’+Z—t0rsor under the
natural prOJeCtIOH

The N;Ch are normal O g-schemes by [FHLR22, Theorem 5.14], so their formation commutes with base change
to O¢. They also come with transition morphisms

sch sch
NIOcu NIOC,H (722)

which are closed immersions, where Z is a further O[t]-lift defined with respect to the extension K/K/F, see
[FHLR22, Section 5.3], and [ is the image of p in G. In what follows, we shall simply say they are functorial
in (Z, p).

Our next goal is to compare the v-sheaves associated with N%Cgc e 0 Mg og .. We start by recording
what happens in the generic fiber.

Lemma 7.18. There are unique equivariant isomorphisms

Nsch t0r|SpecC ~ ‘/—_éorc » (723)
or each term u; of the sequence po. They yield canonical equivariant isomorphisms
H Iz
Nz, lspecc = Fa.c, (7.24)

functorially in (Z, te)-
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Proof. This follows by definition and uniqueness is ensured by Lemma 7.7. ]
Next, we need to take care of the special fiber:

Proposition 7.19. There are unique equivariant isomorphisms

Nsch,tor‘ _ pcrngtor B (7 25)
Z,u; |Speck Tk ’

for each term p; of the sequence po. They yield canonical equivariant isomorphisms

perf
(V. lspeci) = Az (7.26)
functorially in (Z, te)-

Proof. Set T' = Z ® k[t], a standard Iwahori model of the connected reductive group G" = Resy, (u) /() H- By
[FHLR22, Theorem 5.14], we have Ngﬁ:gerf = Az - Hence, the statement above is just a generalization of
Lemma 3.15 to convolution products.

Let w € W be an element such that Fz , C Az, ; and choose a Demazure resolution my: Dz 4 —
FUz k- We have to compare the following pullback square

tor

tor > tor
Dz,k,w ]:eI,k,w

lpv lp]-‘i (7.27)

Dl —— Friw
with its counterpart in the equicharacteristic setting. The bottow arrow was dealt with in Lemma 3.15 and the
second paragraph there applies verbatim to comparing the left arrow. We claim that these suffice to recover
the remainder of the diagram.

Note that the vertical arrows affine morphisms, so they can be written via relative spectra, that is, we have
DtIOYEw = Spec(pp,«Oprer) and fétzoj—%w = Spec(prr,«Oppror). On the other hand, we know that 7, .Op = Oz,
so the same equality holds for 7" by flat base change, as the vertical arrows are perfectly smooth. But this
means pry O gpror = Ty «Pp,« Optor, just as asserted.

Next, we show that the isomorphisms constructed above are unique. Without torsors, this has been verified in
Proposition 3.10, so any automorphism respects the orbit part fﬂ%’ﬁﬁr. So we only have to verify the conditions
of Lemma 7.7 on centralizers of the transfer homomorphism ¢,,. In this case, it is given by

int(w™): LTZNwLtZw ! = w ' LT ZTwNn LTT. (7.28)

We see that the image of the right side in (If? Hyperf contains the image of Bgerf, where B C G is the flat closure of
some Borel B C (G. However, inspecting the description of I]—j ¢ given in Lemma 7.3, we see that the centralizer
must be trivial: indeed, it is contained in 77—:17 which itself decomposes as a product of groups indexed by
positive simple Sl—: i_roots a, acting faithfully on the corresponding a-root groups.

Finally, we must show that the isomorphisms just constructed are functorial with respect to (Z, ite). This
is easy for Z, by uniqueness of equivariant automorphisms. As for e, we appeal to Proposition 3.2 and the
calculation of Picard groups in Theorem 3.8 and Remark 3.9 to recover the Stein factorization of the proper
surjection

Az pe = Az - (7.29)
In the equicharecteristic setting, the Stein factorization is already Az: s due to Zariski’s connectedness the-

orem applied to Nf%c’ - Therefore, we get a new equivariant surjection Az v — Az, which becomes the

identity after composing with the isomorphism Az, = Az, of Lemma 3.15, by the uniqueness proved in
Proposition 3.10. (Il

The last comparison involves the semi-orbits.

Proposition 7.20. There are unique equivariant isomorphisms

WEBZIT® ~ MES. . (720
for each term p; of the sequence pe. They yield canonical equivariant isomorphisms
h,
('/V;(;O(cj,u.)<> = M%7007H07 (7'31)

compatibly with those of Lemma 7.18 and Proposition 7.19 in the obvious sense.

Proof. We have already identified the generic fibers of these v-sheaves, see Lemma 7.18. By Lemma 7.8,
we reduce to calculating Spd Oc-valued points of the left side torsor and compare their residue to that of
Proposition 7.10. The resulting isomorphism will then reduce to the expected isomorphisms over Spd k obtained
in Proposition 7.19, by uniqueness of equivariant automorphisms.

Now, we repeat the same calculation of Proposition 7.10, that goes back to Zhu [Zhul4], see [Lev16, Propo-
sition 4.2.8]. Here, we work with the power series loop group L%CEI in the setting of [FHLR22, Section 2.2].
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After refining p,, we may and do assume that each term p; € pe is concentrated in a single component of the
Dynkin diagram of G. There is a natural map

Resopu)/o1qGm — T (7.32)

induced by \; via taking the norm of restriction of scalars. Hence, we may and do assume that 7 =
Resofu)/of]Gm- Note that here Ofu] is a finite O[t]-algebra, where u satisfies an Eisenstein—Teichmiiller
type polynomial
u" 4 ay (u" T 4 an(t) =0 (7.33)
in ¢t based on some fixed choices of uniformizers mx for K and 7 for F, see [FHLR22, beginning of Section 2.2].
Now, we claim for any o € Galg, the element 0z, = u — o7k is a unit in O¢[u][2; '] with z; = t — 7. Notice
that its norm in O¢[[t] equals
P(t) = oy + ar(t)omit 4+ an(t) (7.34)
which is the product of z; with a unit of O¢[[t]. Indeed, we calculate the value P(m) = 0, also of the first
derivative P'(r) € O and apply the Taylor series inside C[t]. Finally, we notice that oz, reduces to the unit
TR —omk for all 7 # o of Galp/Galg in Cu][z; '], and to a prime element in the factor indexed by o due to
norm considerations. The desired claim has been shown. ]

7.4. The Scholze—Weinstein conjecture. In this subsection, we finally prove the Scholze-Weinstein conjec-
ture, see Theorem 7.21 and Theorem 7.23 below.

We start by adressing the representability problem as in [Lou20, Conjecture IV.4.18], which is one half of
[SW20, Conjecture 21.4.1]. Recall that F'/Q, is a complete non-archimedean field with perfect residue field k,
G is an arbitrary (connected) reductive F-group, p is a dominant coweight of G¢ and G an arbitrary parahoric
O-model of G.

Theorem 7.21. Let p be minuscule. Then, there is a unique (up to unique isomorphism) flat, projective and
weakly normal Og-model M“h of the E-scheme Fa,,, endowed with a Go,,-action for which

M = Mg, (7.35)
prolonging .Fg# = Grg,, equivariantly under QOE.
Proof. First of all, let us work under Assumption 7.16. We know that the geometric fibers of ./\/’;Cgé> ., and
Mz 0., are uniquely equivariantly isomorphic by Lemma 7.18, Proposition 7.19. By uniqueness, this commutes
with the Galois action, so it descends to the fibers over Spd Og.
Furthermore, thanks also to Proposition 7.20, Theorem 7.12, and Remark 7.14, we know that the specializa-
tion maps
sp: Fau(C) — Az u(k), (7.36)
arising respectively from the m-adic kimberlite Mz o, and N7} sch <> must coincide. By continuity for the
constructible topology, we obtain an equivariant isomorphism of spe(nahzatlon triples:

h h, O ~
(N;CEﬁ’j\/';CMkE spN—gch ) = (MI,EVIU MIvl%kWSpMI,M ) (7.37)

associated with v-sheaves over Spd Op. Observing that both v-sheaves satisfy the hypothesis of Theorem 2.37,
we may directly appeal to it in order to get a necessarily equivariant isomorphism

NE© 22 My .. (7.38)

Now maintain the part of Assumption 7.16 that refers to G, but suppose G is now an arbitrary parahoric
model such that Z — G. We get a v-cover

Mz, — Mg, (7.39)
and, paralelly, a scheme-theoretic projective cover
NED NG (7.40)

by virtue of [FHLR22, Section 5.3]. Therefore, it is enough to verify that the v-sheaf-theoretic equivalence
relations coincide along the left side identification.
By construction, this reduces to I,Serf—equivariantly compare the surjection

Az, = Ag (7.41)

to the one obtained in the equicharacteristic situation. This is entirely similar to what was done in Lemma 3.15
and Proposition 7.19, so we omit it.

Finally, suppose that G is arbitrary. Thanks to Proposition 4.16, Mg, is isomorphic to Mg_, ,.., after base
change to Spd O, and decomposes into products, hence we may assume G is simple and adjoint. We can find
a locally closed immersion

g—g, (7.42)
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where G is a parahoric model of a Weil-restricted split form of GG, which was treated in the previous paragraph.
Since we have an inclusion Mg, C Mg -, it now suffices to take the absolute weak normalization of the flat

closure of Fg,, inside the scheme-theoretic local model attached to (G, ). ]

Remark 7.22. Let us explain how representability can be proved for classical groups without resorting to the
characterization of the specialization map found in Theorem 7.12. Indeed, for those groups we can directly
understand the v-sheaves j\/ltgo’;L by embedding them in a similar torsor attached to Weil-restricted PGL,,.
Those had been studied already by Pappas—Rapoport, see [PR05, Proposition 5.2], and a careful analysis of the
map in [SW20, Proposition 21.6.9] reveals that all proposed definitions coincide. The result follows by v-descent.

We have found certain finite type O g-schemes ./\/lsgdl‘t representing Mg ,,, but we still do not know a lot about
the geometry of its special fiber, see the discussion after Conjecture 1.1. We recall the canonical deperfection
G of the p-admissible locus introduced in Definition 3.11 and Definition 3.14.

Theorem 7.23. Under Assumption 1.9 and Assumption 1.13, the special fiber of the Og-scheme MSC}I‘L of
Theorem 7.21 is uniquely Gy, -equivariantly isomorphic to the canonical deperfection of the p-admissible locus:

Mg N‘Spec kgp — Acan (743)
In particular, Msgd; is normal, Cohen—Macaulay and has a reduced, weakly normal, Frobenius split special fiber.

Proof. During the proof of Theorem 7.21, we already saw that the algebraic local models MSQC}/‘L are actually the

./\/"‘d[1 constructed in [FHLR22, Definition 5.11] by a variation on the techniques of Pappas—Zhu [PZ13], Levin
[LL\ 16] and also the third author [Lou23a, Lou20]. For this, we may pass to a finite unramified extension of
F, so G is quasi-split and residually split, so that J\@CE is defined (under Assumption 1.9). Then, it embeds
in a local model associated with a Weil-restricted split group, confer [FHLR22, Section 5.3.2] (this is where
Assumption 1.13 is used). We conclude under the given hypothesis that the MSCh are indeed normal, Cohen—
Macaulay and have a Frobenius split special fiber by [FHLR22, Theorem 5.14]. Indeed the special fiber of ./\/ “h

is reduced equal to an admissible locus AZ”,, in the equicharacteristic setting, which equivariantly 1dent1ﬁes

with Ag", by Lemma 3.15. O

Remark 7.24. More generally, [G1.24, Corollary 1.4] proves Theorem 7.23 without Assumption 1.13 but still
assuming Assumption 1.9. Invoking [Lou23a, Lou20] we get Theorem 7.23 except if p = 2 and G,q has an
odd unitary F-factor defined by a ramified, quadratic root-of-unit extension. The remaining case is handled in
[CL24], except for the assertion on Cohen—Macaulayness, compare with Remark 3.17.

To conclude, let us only use Theorem 7.21 —and not resort to the construction of local models in [FHLR22]-
in order to study the geometry of the special fiber of MSCh

First of all, we know that the perfection of MEQCIL kp equals Ag. . by Theorem 6.16 and fully faithfulness of
¢ on perfect schemes, see [SW20, Proposition 18.3.1]. By the weak normality property and Lemma 7.6, we
conclude that Mg", admits a smooth open subscheme Msgd;o descending

MZi}BC;,M = Ugoé /Py (7.44)
A

compare with the argument in [Ric16, Corollary 2.14]. It follows that we have a natural morphism
h
G = MG k- (7.45)
The following conjecture is then the full p-adic coherence conjecture:
Conjecture 7.25. The map (7.45) is always an isomorphism.

This conjecture is settled in [CL24] in all cases, see Remarks 3.17 and 7.24. Indeed, the condition in
Lemma 7.26 below has been verified in [GL.24] after the first version of this paper was written. So, we know
by [GL24, Corollary 1.4] that MsgczkE is always reduced. To show that (7.45) is an isomorphism, we are hence
reduced to comparing Hilbert polynomials via the dimension formula in Theorem 3.16. This applies in all cases,
since Assumption 1.9 was lifted in [CL24].

Lemma 7.26. Suppose (MEO\CJL/Q_:)?? is connected for every k-valued point T of Ag. Then Msgc}/:kE 18
geometrically reduced. Under Assumption 1.9, Conjecture 7.25 holds.

Proof. By Proposition 2.39, we know that M“Z is normal. In particular, Mg ke 1S S1, but it must also be
RO, as it contains a smooth dense open Cgaz So Serre’s criterion for reducedness furnishes the claim. As for
identifying the special fiber with ACC‘“ as per Conjecture 7.25, we appeal to Theorem 3.16, which computes the
dimension of the vector spaces of global sections of ample line bundles. (I

Finally, let us also mention the following conjecture, arising from [FHLR22], on the singularities of /\/lsgc};l

Conjecture 7.27. The local model M“h has pseudo-rational singularities.
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8. THE TEST FUNCTION CONJECTURE

Throughout this section, we let F/Q, be a finite field extension with ring of integers O and finite residue
field k of cardinality . We fix an algebraic closure Q,, an embedding F < @, and denote by I' = Gal(Q,/F)
the absolute Galois group of F' with inertia subgroup I. Let G be a reductive F-group with parahoric O-model
g.

Furthermore, fix a square root /g, an auxiliary prime ¢ { ¢ and put A = Q,(,/g). We let LG =Gy «T
be the Langlands dual group viewed as a pro-algebraic A-group scheme. Each algebraic representation V' of
L@ furnishes, by choosing a quasi-inverse to the geometric Satake equivalence, a semi-simple perverse A-sheaf
Sat(V') of “weight zero” on the B(YR—afﬁne Grassmannian Grg — Spd F'. Here /g is needed to define a square
root of the f-adic cyclotomic character used when Tate twisting irreducible perverse sheaves supported on
components of Grg of odd parity to be of “weight zero”. More precisely, for a dominant coweight p defined
over F, we have

Sat(Vi) = ipdyuts M (E521), (8.1)

where Grg, u 0N Gra,u % Gre and V,, is the irreducible representation of “G of highest weight p. Every simple

object is of this form, up to taking a finite Galois orbit of u’s and tensoring with simple A-local systems on

Spd F of weight zero (corresponding to irreducible representations of T' factoring through a finite quotient).
As in Section 6.5, we consider the functor of nearby cycles

\I/g = Z*R]* (-)|Spd(cp : D(Hkg, A) — D(Hkg,fc, A), (8.2)
where Hkg c, EN Hkg o, & Hkg  are the inclusions of the geometric fibers.

Lemma 8.1. For every finite dimensional algebraic “G-representation V', the sheaf of nearby cycles Wg(Sat(V))
naturally defines an object in the category
)bd

Deons ([C\Hk ], A (8.3)

of constructible A-sheaves with bounded support on the v-stack [E\sz;d}c] Here, T denotes the associated group

v-sheaf and the action on the schematic Hecke stack Hksgd}€ is induced by the quotient map I' — Gal(k/k). In

particular, the cohomology sheaves R"WUg(Sat(V)), n € Z, define Ll—jg-equivariant, constructible A-sheaves with
bounded support on Flg j, equipped with an equivariant continuous I'-action as defined in [SGAT3, Exposé XIII],
compatibly with the L}:Q—action.

Proof. The group I' is identified with the group of continuous automorphisms of C,, over F'. Since the geometric
fiber inclusions ¢ and j are [-equivariant, we obtain maps of v-stacks

T'\j T'\z
Hkg = [[\Hke,c,] 2 [[\Hkg o, | €0 [[\Hkg 7], (8.4)

and define the Galois equivariant nearby cycles functor [['\Ug] := [['\i]* R[['\j].(-) in analogy to (8.2). Consider
the quotient map v: Hkg j — [[\Hkg z]. We claim that the map v*[['\Wg](Sat(V')) — Wg(Sat(V')) induced by
base change is an isomorphism.

Note that we can not apply the base change theorem directly because j is not quasi-compact and I" is only
profinite. Instead, we apply constant term functors, which commute with arbitrary base change: By finite étale
descent, we may and do assume that G is quasi-split and residually split, so that every F-Borel descends to F.
Using the conservativity of constant term functors, see Proposition 6.4, we see again as in Proposition 6.12 that
the equivariant integral extension R[I'\j]. Sat(V) is ULA over [['\ Spd Oc,]. In particular, so is its pullback to
Spd Oc,,, which implies by Proposition 6.12 that it equals Rj.(Sat(V)|spac,). Restricting to geometric special
fibers implies the claim.

It formally follows from Proposition A.5 and the construction of derived categories of A-sheaves that the
comparison functor (A.3) induces an equivalence

D([C\HkZ%], A)*! = D([D\Hkg ], A)>? (8.5)

under which constructible sheaves correspond to ULA sheaves, see Proposition 6.7. Note that both properties are
preserved and detected under the functor v*, respectively its schematic counterpart. Therefore, [['\¥g](Sat(V))
naturally defines an object in the category (8.3) and its underlying sheaf is Ug(Sat(V)).

For the final statement on the comparison with [SGA73, Exposé XIII|, we reduce to the case where A is
a finite ring by the construction of categories of ¢-adic sheaves, see also (6.2). Then, for any qcgs k-scheme
X, the category of abelian A-sheaves on (X} )¢t equipped with a continuous I'-action as in [SGAT73, Exposé
XIII, Définition 1.1.2] embeds fully faithfully into the category of abelian A-sheaves on [['\X%] inducing an
equivalence on full subcategories of constructible sheaves. Applying this to closed subschemes X C F¢g implies
the lemma. (]

For every ® € I, we define a function HkéCh (k) = A by the formula

gy (@) = (—1)" > (~1)" trace (¢ | R"¥gSat(V)s) (8.6)
neZ
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whenever V is irreducible and extend the definition to general V' by linearity. Here, dy = (2p, u) with p being
the highest weight of V. So the sign (—1)?" in (8.6) only depends on the parity of the connected component of
Grg that supports Sat(V).

Lemma 8.2. For every finite dimensional algebraic *G-representation V and every ® € T, the function Tgv
naturally lies in the center of the parahoric Hecke algebra H(G(F'),G(O))a.

Proof. Lang’s lemma together with an approximation argument [RS20, Lemma A.3] implies that HZ, (k, LTG)
vanishes, so HksgCh(k) =G(O)\G(F)/G(O). As the function 73, is supported on finitely many double cosets, it
lies in H(G(F'),G(O))a. Centrality follows from Proposition 6.17 and the usual sheaf function dictionary. O

On the other hand, the theory of Bernstein centers defines another function: Namely, for every choice of lift
® € T of geometric Frobenius, we let 23‘, be the unique function in the center of H(G(F),G(O))a that acts on
every smooth irreducible G(O)-spherical representation m over A by the scalar

trace (S@(’R’) | V), (8.7)
where s () € [G % ®|y/G! is the Satake parameter for  with respect to ® constructed in [Hail5).

Theorem 8.3. For every finite dimensional algebraic ©G-representation V' and every choice of lift ® of geo-
metric Frobenius, there is an equality
Tgv = 25"/ (8.8)

of functions in the parahoric Hecke algebra.

Proof. As both sides of (8.8) are additive in V', we may freely assume that V is irreducible, and even further
that V|g,,; is irreducible: otherwise both sides in (8.8) are zero (hence, equal) by elementary considerations,
see [HR21, Lemma 7.7].

Fix a maximal F-split torus A C G whose Néron model embeds in G and a regular cocharacter A: G,, — A.
Then X induces a minimal F-Levi M, respectively F-parabolic P in G. Denote by M C P their flat closures in
G. Then the constant terms morphism [Hail4, Section 11.11] induces an injective morphism on the centers of
the parahoric Hecke algebras

ctp: Z(G(F),G(0))a — Z(M(F), M(O))a. (8.9)
As in [HR21, Lemma 7.8, Equation (7.15)], one checks the formulas
ctp (Tgv) = T/%/l,VILM’ ctp (zgjv) = Z?\)A,V|L1W’ (8.10)

where LM = M x T is viewed as a closed subgroup of G. The second formula in (8.10) is straight forward.
The first formula in (8.10) is based on the isomorphism

CTpldegp] o ¥g = Wy 0 CTp[degp]: Sat(Hke, A) = Deons([C\Fp i), A)PY, (8.11)

see Proposition 6.13, using that CT p[degp] corresponds to the restriction of representations V +— Vi, under
the geometric Satake equivalence [FS21, Section VI]. (We note that the sign (—1)% in (8.6) appears when
comparing CTp[degp] and ctp under the sheaf function dictionary, see also [HR21, Lemma 7.2].)

Hence, we reduce to the case where G = M is a minimal F-Levi, so anisotropic modulo center, and V|5, ,
is irreducible. Let Mg v be the v-sheaf theoretic closure of the support of Sat(V) in Grg, a finite union of
Mg, for p ranging over the highest weights of V. The proof of [HR21, Lemma 7.13] is based on Iwahori-Weyl
group combinatorics, hence applies to show that Mg v has only a single Spd k-valued point xy. As @ lifts the
geometric Frobenius, we can apply the Grothendieck-Lefschetz trace formula to WgSat(V') viewed as an object
in Deons ([C\Fg 7], A)P? to compute

trace (® | UgSat(V)z) = trace (® | H* (Fg 5, ¥gSat(V))) (8.12)

Since Rj.(Sat(V)|spd c,) is ULA by Proposition 6.12, the latter cohomology group is I'-equivariantly isomorphic
to

H*(Grg,c,,Sat(V)) = H*(Grg- ¢, , Sat(V)), (8.13)
where G* is the unique quasi-split inner form of G. We note that there is a canonical identification G = L'G*
so that on Satake categories Sat(Hkg, A) = Sat(Hkg+, A) by [FS21, Section VI|. Let G* denote the parahoric
corresponding to G (necessarily, an Iwahori) and Mg+ v the associated v-sheaf local model. On the other hand,
we know [Hail4, Proposition 11.12.6] that Zg,v is supported at xy with value

25y (ay) = Z 28 (). (8.14)
2EMge v (Spd k)

Now assuming the test function conjecture for the pair (G*, V'), that is, assuming zg,‘y = Tg*’v, we can apply
the Grothendieck-Lefschetz trace formula again to see that (8.14) equals the trace of ® on (8.13), up to the sign
(-1)%v. So 28 v =75 implies 257‘, = Tgv.
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Hence, we reduce to the case where G = G* is quasi-split. Now, the minimal Levi M = T is a maximal torus,
so (8.10) reduces us to the case where G = T is a torus and G = T its connected locally finite type Néron model.
Without loss of generality, we assume that V|5, is irreducible. Evidently, 7' is anisotropic modulo center so
that both functions 7'%‘,, Z%V are supported at xy. Using (8.12), the ULA property of Rj.(Sat(V)|spa c,) and
H®(Grrc,,Sat(V)) = V, we see

7y (zy) = (-1)% trace (@ | V) (8.15)
which equals Z%V(:ﬂv) because dy = 0. This finishes the proof. O
Lemma 8.4. Theorem 8.3 implies Theorem 1.3.

Proof. Let u be a conjugacy class of geometric cocharacters in G. Denote by E C (@p its reflex field with
maximal unramified subextension Fy/F. Their rings of integers are denoted by O D Op, with residue fields
kg = kg, and absolute Galois groups 'y C I'g,. For every ® € 'y and = € Grg(kg), there is an equality

trace (¢ | Ug 0, Sat(V,)z) = trace (® | ¥g 0, Sat(Igo(V#))j), (8.16)

where I2°(V,,) is the induction to G xTg, of the G x I g-representation V,, and Sat(V,), Sat(I£°(V},)) the corre-
sponding Satake sheaves on Grg|spec £, respectively Gralspec £,- Indeed, (8.16) follows from the commutation
of nearby cycles with proper pushforward applied to the finite morphism Grglspao, — Grglspao 5, Doting
that it induces the induction of representations on Satake categories.
Now, we apply (8.16) to the pair Gy := Gog , Vo = IE°(V,) and any choice of lift & € Ty C 'y, of
geometric Frobenius to obtain
Tgo,vu,o = zgoyw. (8.17)
The left hand side of (8.17) is equal to the function from Theorem 1.3 by (8.16) and so is the right hand side
of (8.17) by a similar equality [Hail8, Lemma 8.1] for inductions of representations along the totally ramified
extension E/Ey. That the function (8.17) takes, after multiplying by (\/gg)**, values in Z independently
of the choice of £ # p, \/qg and E — Q, follows from [HR21, Theorem 7.15] where the statement is verified
for the semi-simplified version of the right hand side of (8.17) without any assumptions on (G, ). The same
arguments apply here. a

A. ETALE SHEAVES OVER V-STACKS ON PERFECT SCHEMES

In this section, we extend some parts of [Sch17, Section 27] to v-stacks on perfect schemes, see also [Wu21,
Appendix A]. Let k be a perfect field of characteristic p > 0. Let X be a perfect scheme over k, and let X<
be the associated v-sheaf from Section 3.1 (under the tilting equivalence), that is, if Spa(R, RT) is an affinoid
perfectoid space over Spa(k, k) and X affine, then

X(Spa(R, R")) = X (Spec(R)), (A1)
while for X general X ¢ is the analytic sheafification of the presheaf Spa(R, RT) — X (Spec(R)). We note that

the functor (-)¢ does depend on k.

Fix a torsion ring A with p € A*. Welet D(X, A) := ﬁ(Xét, A) be the left-completed étale derived oo-category
of X, see [Schl7, Section 27]. By [Sch17, Section 27] there is a morphism

Ccx: (XQ)U — X¢t (AQ)
of sites (even to the proétale site of X), and the induced functor of co-categories
¢ D(X,A) — D(X® A) (A.3)

is fully faithful, [Sch17, Proposition 27.2.]. In general the functor ¢’ is not essentially surjective, for example,
on topological spaces |X¢| — |X| is surjective, but very often not injective.

The functor c% enjoys many compatibilities. If f: Y — X is a map of schemes, then c% o f* = (fo) o X
and i (A) ®% % (B) =2 ¢ (A ®@% B), see [Sch17, Proposition 27.1.]. If f: Y — X is separated perfectly of
finite type, then c¢% o Rfi = Rfl<> o c%, see [Schl7, Proposition 27.4.]. As we now justify c% also preserves
ULA-objects.

Proposition A.1. Let S be a qcgs perfect scheme in characteristic p, and let f: X — S be a separated perfect
scheme perfectly of finite presentation over S. Let A € D(X, A) such that A is ULA with respect to f. Then
A is ULA with respect to f©, and cDx,s(A) = Dxo /g0 (cxA) for the Verdier duals.

Proof. As in [HS23, Section 3], we let Cs denote the 2-category whose objects are schemes over S as in the
hypothesis, and where morphisms from X to Y are given by objects in D(X xg Y,A). Given two maps
A € Home, (X7, X2) and B € Homeg (X2, X3), we define their composition A * B € Home, (X1, X3) by the
formula

Ax B := Rmy 31(n] 5 A ®Ik 775,33). (A.4)
By [HS23, Proposition 3.4, Definition 3.2], the object A € Home, (X, .S) is ULA with respect to f if and only if
A is a left adjoint in Cg. Analogously, let Cgo denote the category considered in [FS21, Section IV.2.3.3.]. By
[FS21, Theorem 1V.2.23.], the object ¢ A € Homey (X, S°) is ULA with respect to f< if it is a left adjoint
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in Cgo. Now, we observe that the functors c% can be promoted to a functor of 2-categories ¢*: Cg — Cgo
by the rule ¢*X = X< and c¢*(4) = Cxx sy (A) for A € Homey(X,Y). Here, we use that ¢* commutes with
the required operations by [Sch17, Propositions 27.1, 27.4]. But functors between 2-categories preserve the
adjunctions between 1-morphisms which finishes the proof as the right adjoints are given by Verdier duals. [J

We move on to study stacks. Let Ani be the category of anima (also called spaces, oco-groups or Kan
complexes). By left Kan extension along the Yoneda embedding

SchPerf;, — Fun(SchPerf;”, Ani), (A.5)

we can extend’ the functors D(-, A),D((-)®, A) using *-pullbacks and the natural transformation ¢y to con-

travariant functors D(-,A), D((-)¢, A)¥a" on Fun(SchPerf;”, Ani) with values in symmetric monoidal stable
oo-categories, sending colimits to limits. More concretely, if a functor (also known as, higher prestack)

X = colimX; € Fun(SchPerf,”, Ani) (A.6)
K3

is written as a colimit of representables, then

D(X, A) = lim D(X;, A) (A7)

and similarly for D(X¢, A)Xan, By [Sch17, Proposition 27.2] and [BN19, Lemma B.6] (more precisely, its proof
of 1.), the natural transformation

¢k D(X,A) — D(X©, A)Kan (A.8)

is fully faithful. Note that at this moment the right hand side is not the left completed derived étale category
of some (higher) v-stack “X®” on Perf, but depends on X and is defined abstractly (therefore, we have added
the superscript Kan).

Assume now that X is a stack (in 1-groupoids) with representable diagonal such that there exists a v-cover
by a perfect scheme X — X. Then

X 2 colimpor X */* (A.9)
with the colimit of the Cech nerve of X — X taken in Ani-valued v-sheaves on SchPerf),. Using [[1523, Theorem
5.7], we get

D(X, A) = lim D(X*/* A). (A.10)

Indeed, by definition
D(X,A) = lim D(U,A) (A.11)
U—=X

where the limit is taken over all perfect schemes with a morphism to X, and thus

D(X,A)
limg_,x lima D(U x5 X*/% A)
lima limy_x D(U x5 X*/% A)
lima D(X xx X*/* A)
lima D(X*/% A),

(A.12)

1 1R 1R

where the first isomorphism comes from [HS23, Theorem 5.7] applied to the covering X xx U — U, the
second isomorphism just commutes two inverse limits, and the last two isomorphisms use that D(-, A) sends (by
definition) colimits to limits and that colimy _,xU xx X™/* = X7/X,

Let X ©+*/X be the simplicial v-sheaf obtained by applying the functor ()% to X */X Now assume additionally
that the projection maps in X*/¥ are v-covers, and let ¥¢ be the colimit of X*/% in v-stacks on Perf}.
Then X is a small v-stack with well-defined D(X¢, A), and actually is the v-stackification of Spa(R, Rt)
X(Spec(R)). By [Schl17, Proposition 17.3], we can conclude that

D(XY,A) = lim D(X /% 7). (A.13)
Moreover, note that there exists a canonical morphism
D(x%, A)Xan 5 D(xC,A), (A.14)
which probably need not be an equivalence in general, but whose composite with c% is still fully faithful.

Lemma A.2. If f: Y — X is a v-cover of perfect schemes which is a map of (perfectly) finite presentation,
then fC:Y® = X is a v-cover.

TWe take care of the set-theoretic issues by fixing a suitable cut-off cardinal, large enough to allow all the examples that we are
interested in.
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Proof. The functor (-)¢ preserves open covers, so we may assume that ¥ — X are affine. In this case, a
(perfectly) finite presented v-cover is a cofiltered limit of v-covers between (perfect) affine schemes of (perfect)
finite presentation over Spec(k), see [BS17, Lemma 2.12]. As f is of (perfectly) finite presentation, we may
assume that f is the base change of a v-cover between (perfect) affine schemes of (perfect) finite presentation
over k. The functor (-)¢ preserves fiber products, and base changes of v-cover of v-sheaves on Perf) are again
v-covers. Thus, we may reduce to the case that Y, X are of (perfect) finite presentation over k. Then the
statement follows from [Gle24, Proposition 5.3]. O

In general, it need however not be true that for a v-cover Y — X of (perfect) schemes the map Y — X is
a v-cover of small v-sheaves. We include the following example which shows that one needs to be careful when
applying the above formalism to, say schematic Hecke stacks as in (A.23) as they arise as quotients of schematic
loop groups which are of infinite type over the base field.

Example A.3. Let C be a perfect, non-archimedean field over F,, and fix a pseudo-uniformizer ¢ € C. Let

Z:={L|neN}u{o}clo,1] (A.15)
with its subspace topology, which is profinite. We consider the space of continuous functions
X := Spec(C%(Z, Cyise)), (A.16)

where Cyisc is the field C equipped with the discrete topology. Note that | X| = Z. For n € N, let g, hy,: Z —
Clisc be the locally constant functions with

gn(1/m) =1/7d hp(1/m) =1 (A.17)
for m < n and g,(2) = h,(z) = 0 otherwise. Let
Y,, € Ak = Spec(C°(Z, Caise)[T)) (A.18)

be the vanishing locus of h,T — g,. Then Y, 11 C Y, and we can set Y := lim,, Y;, which is a v-cover of X.
Indeed, each Y, is a v-cover, and inverse limits of v-covers between affine schemes are v-covers. More concretely,
each map Spec(V) — X with V' a valuation ring must factor through a (closed) point of X, and then it suffices
to see that ¥ — X is surjective (it is bijective over X \ {0}, and Ag,  over 0).

We claim that Y¢ — X is not a v-cover. Set R := C°(Z,C) (now C given its valuation topology), and
Rt = C%Z,0¢). The canonical map C°(Z, Cgisc) — R defines a map

S = Spa(R,R") — X9, (A.19)
which does not v-locally factor through Y¢ C (A )®. Indeed, assume that S’ — S is a v-cover with S’ affinoid
and S’ — Y a lift of S — X©. Then the image of S’ — Y9 xyo S C A};’ad must factor through some
quasi-compact subset. But over each point z, := 1/n € Z = |S| with n € N, we have that Y x yo {z,} is the
point 1/7¢ € Aifd, and in Aé’ad this set of points does not lie in a quasi-compact open.

We get the following consequence of Lemma A.2.

Lemma A.4. Assume X,9) are v-stacks on SchPerfy with representable diagonal of perfectly finite presentation,
and that X,%) admit a (perfectly) finitely presented v-covers by a perfect schemes, which are of (perfect) finite
presentation over Spec(k). Let X9 be the v-stackification of the functor Spa(R, R*) + X(Spec(R)) on Perfy,
and similarly for Q. Let f: X — ) be a morphism of v-stacks.
(1) Then the canonical morphism
D(xY, A)Kan 5 D(x,A) (A.20)
is an equivalence, and the composite (still denoted c%.)

D(%,A) 3 D(x%, A)Kan = D(x9, A) (A.21)
18 fully faithful.
e functors cy o f*, o cyy are naturally tsomorphic.
(2) The fi Yo fr (fO) oy ly 1 phi
= |Spec or some perfect nitely presented group scheme over k, then the functor
3) Ifx=|S k)/H ly ly d g h H k, th h

D(X,A) — D(X°,A) (A.22)
s an equivalence.

Proof. We prove the first point. From the assumptions on X¥¢ we can conclude that the morphisms U — X of
perfectly finite presentation such that U is of perfectly finite presentation over k are cofinal among all maps
V — X with V a perfect scheme. In particular, in the definition of D(X®, A)¥a" one can replace the limit over
all V's with a morphism to X by the limit over all U’s with morphism to X. Using Lemma A.2 and the same
argument as for D(X, A), we can then conclude that D(X¢, A)Kan = D(X¥, A). Fully faithfulness follows from
fully faithfulness of c}. The second point follows by expressing the categories as limits over A by choosing
v-covers X — X,Y — 9) of perfectly finite presentation with X,Y of perfectly finite presentation over k, such

that X — ¥ % 9 factors over Y — 9). For the last point, we note that D(Spec(k), A) = D(Spa(k, k)®, A) as
both identify naturally with the derived category of A-modules, see [FS21, Theorem V.1.1]. Computing both
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sides via the Cech nerve of the covering Spec(k) — [Spec(k)/H], the statement follows from [BN19, Lemma
B.6]. O

The results apply to the schematic Hecke stack as follows. Let O be a complete discrete valuation ring with
residue field k, G a parahoric group scheme over O with generic fiber G and Fg = LG/ ng the partial affine
flag variety for G as in Section 3.2. Let

Hkgh == [LFG\LyG/L} G| (A.23)

be the (schematic) Hecke stack where the quotient is taken in v-stacks on SchPerf;. Then Hkg j := (Hkggd;c)<>
is the small v-stack on Perf; considered in Section 6. We denote by

D(Hkbgc,}llca A)bda D(Hkg,ka A)bd (A24)
the categories of objects with bounded support.
Proposition A.5. The categories D(Hksgc’},‘m AP D(Hkg 1, A)P? are equivalent.
Proof. Consider a closed substack

[LFG\X] C HkE (A.25)

with X C Flg a closed ng—stable subscheme, that is, a union of Schubert varieties. By the argument of [FS21,
Proposition VI.4.1], the vanishing of the cohomology of the affine line over k implies that

D([L;G\X],A) 2 D([H\X],A) (A.26)

for any perfectly finitely presented quotient H of L',i'g by some congruence subgroup whose action on X is
trivial. By Lemma A.4, we have, abusing notation, a natural fully faithful functor

finx): D([H\X],A) — D([H\X]®,A) 2 D([H?\X ], A), (A.27)

and we claim that this functor is an equivalence. We prove this by induction on the number of Schubert strata
contained in X. Let i: Y C X be a closed H-stable (perfect) subscheme with non-empty open complement
j: U — X, for which [H\U] is a disjoint union of classifying stacks for closed subgroups of H. By Lemma A .4,
we have

D([H\U],A) = D([HY\U®], A), (A.28)

and by induction induction hypothesis

D([H\Y],A) = D([H?\Y ], A). (A.29)

Let us note that as in [Sch17, Section 27] the functors CFH\X],CTH\U],CTH\Y] admit right adjoints Repm x7,+,
Repm\vy,«s Repyyy,«, and it suffices to see that Repp x),« is conservative. It is formal that

[H\j]* o Repmn x1,+ = Repn o« © [H\§]0%, (A.30)

where [H\j]: [H\U] — [H\X] denotes the morphism induced by j. More precisely, there exists a natural
morphism from the left hand side to the right hand side, and it suffices to see that the morphims induced on
the left adjoints is an isomorphism. If T — [H\X] is a v-cover with T" — Spec(k) of morphism of schemes of
finite type, then it suffices (by Lemma A.2) to prove the statement on the isomorphism of left adjoints after
pullback to T<. Here, the functor ¢ on the étale derived categories is induced by a morphism of topoi, and
then (A.30) follows by general base change to open subtopoi.

Let A € D([H\X]®,A) such that Rep x,«(A) = 0. Then we deduce [H\j]¥*(A) = 0 because Rejp\p),« is
an equivalence. In particular, A = [H\i]¢[H\i]**(A). Now note that

[H\i]x o RC[H\y]ﬁ* = RC[H\X],* o [.H\l]Q (A.31)
as follows by adjunction from [H\i|" o ¢[p\ x = €[y © [H\i]®*. We can conclude that
[H\il. Reqy) - ([H\i][ " A) = 0, (A.32)

which implies [H\i]®*(A) = 0 because [H\i], is conservative and Rc[s\y),. an equivalence. This implies that
A =0 as desired.
The equivalence cfH\ X] is natural with respect to inclusions X — X’ of H-stable subsets, and morphism

H’' — H of quotients of ng (which act trivially on X). More precisely, from CE(H\ x) We get an equivalence
D([LG\X], A) = D([(LG)“\X ], A) (A.33)

using [FFS21, VI.4.1], and then we can pass to the colimits of both sides along closed ng—stable subschemes of
Flg. Then the left hand side is D(Hk;’i},‘c, A)Pd while the right hand side is D(Hkg j, A)P4. O
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