ON THE GEOMETRIC CONNECTED COMPONENTS OF MODULI SPACES
OF p-ADIC SHTUKAS AND LOCAL SHIMURA VARIETIES.

IAN GLEASON

ABsTrACT. We study topological properties of moduli spaces of p-adic shtukas and local Shimura
varieties. On one hand, we construct and study the specialization map for moduli spaces of p-
adic shtukas at parahoric level whose target is an affine Deligne-Lusztig variety. On the other
hand, given a p-adic shtuka datum (G, b, 1), with G unramified over Q, and such that (b, u) is
HN-irreducible, we determine the set of geometric connected components of infinite level moduli
spaces of p-adic shtukas. In other words, we understand mo(Shtg,p, 4,00 X Spd Cp) with its right
G(Qp) X Gp(Qp) x WEg-action. As a corollary, we prove new cases of a conjecture of Rapoport
and Viehmann.

SUR LES COMPOSANTES CONNEXES GEOMETRIQUES DES ESPACE DE MODULES DE CHTOUCAS
p-ADIQUES ET VARIETES DE SHIMURA LOCALES.

Nous étudions les propriétés topologiques des espaces de modules de shtukas p-adiques et des variétés
de Shimura locales. D’une part, nous construisons et étudions l'application de spécialisation pour les
espaces de modules de shtukas p-adiques au niveau parahorique dont la but du morphisme est une variété
affine de Deligne-Lusztig. D’autre part, étant donné une donnée de chtouca p-adique (G, b, u), avec G
non ramifié sur Q, et tel que (b, u) soit HN-irréductible, nous déterminons l’ensemble des composantes
connexes géométriques des espaces de modules de niveau infini de shtukas p-adiques. En d’autres termes,
nous comprenons mo(Shta p 00 X SpdCp) avec son action de G(Qp) X Gy(Qp) X Wg a droite. Comme
corollaire, nous prouvons de nouveaux cas d’une conjecture de Rapoport et Viehmann.
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Introduction. In [RV14], Rapoport and Viehmann propose that there should be a theory of p-
adic local Shimura varieties. They conjecture the existence of towers of rigid-analytic spaces whose
cohomology groups “understand” the local Langlands correspondence for general p-adic reductive
groups. In this way, these towers of rigid-analytic varieties would “interact” with the local Langlands
correspondence in a manner similar to how Shimura varieties “interact” with the global Langlands
correspondence. Moreover, they conjecture many properties and compatibilities that these towers
should satisfy (see [RV14, § 5]).

In the last decade, the theory of local Shimura varieties has gone through a drastic transfor-
mation with Scholze’s introduction of perfectoid spaces and the theory of diamonds [Sch17]. In
[SW20], Scholze and Weinstein construct the sought-after towers of rigid-analytic spaces and gen-
eralize them to what are now known as moduli spaces of p-adic shtukas (or mixed characteristic
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2 I. GLEASON

local shtukas) [SW20, §23.1]. Moreover, since then, many of the expected properties and compat-
ibilities for local Shimura varieties have been verified and generalized to moduli spaces of p-adic
shtukas. The study of the geometry and cohomology of local Shimura varieties and moduli spaces
of p-adic shtukas is still a very active area of research due to its connection to the local Langlands
correspondence. One of the main aims of this article is to study the set of geometric connected
components of moduli spaces of p-adic shtukas Definition 3.3

™0 (Sht%;,cl)),u,oo)

attached to a p-adic shtuka datum (G, b, 1) (as in Section 3.1.4), and to describe the right action
of the group G(Q,) x Gp(Qp) X Wg on WO(ShtgGefl))%oo). This set controls the first cohomology
group of moduli spaces of p-adic shtukas. The upshot is that connected components of moduli
spaces of p-adic shtukas are completely described by local class field theory (see Theorem 3.19 for
a precise statement). As a consequence of our results, we settle [RV14, Conjecture 4.30] in the case
of unramified groups (see § Theorem 3.19).

Let us recall the formalism of local Shimura varieties and moduli spaces of p-adic shtukas. Let
C, 2 Q, denote a completed algebraic closure of Q, and let Qp C C,, denote the completion of
the maximal unramified extension of @, in C,. A local p-adic shtuka datum over Q, is a triple
(G,b, 1) where G is a reductive group over Q,, u is a conjugacy class of geometric cocharacters
G — Gg,, and b is an element of Kottwitz’ set B(G, u) [Kot97, § 6]. Whenever p is minuscule,
we say that (G,b,u) is a local Shimura datum (see [RV14, Definition 5.1]). We let E/Q, denote
the reflex field of p and we let E=F. (@p be the compositum inside C,. Associated to (G,b, 1),
there is a tower of diamonds over Spd E, denoted (Shtg . i)k, where K C G(Q,) ranges over
compact open subgroups of G(Q,) [SW20, § 23.3]. Moreover, whenever p is minuscule, Shtg p ,\ x
is represented by the diamond associated to a unique smooth rigid-analytic space Mg over E. The
tower (Mg )k is the local Shimura variety [SW20, Definition 24.1.3].

Associated to b € B(G, ) there is a reductive group G} over Qpl §3.1.3. After base change
to a completed algebraic closure, each individual space Shtgci ‘2 WK = Shta p,u,x % Spd C, comes
equipped with continuous and commuting right actions by G,(Q,) and the Weil group Wg. More-
over, the tower receives a right action by the group G(Q,,) by using correspondences. When we take
the limit as K C G(Qp) shrinks we obtain the space at infinite level, which we denote Shtgi%, 100"
Overall, this space comes equipped with a right action by the group G(Q,) x G5(Q,) x Wg §3.1.5.

The group G(Q,) x Gy(Q,) x W acts continuously on mo(Shtg , o) and one of our main
theorems (Theorem 3.19) describes explicitly this action under two technical assumptions on the
triple (G, b, u). The first assumption is that G is an unramified reductive group i.e. G is a quasi-
split connected reductive group over @, whose base change to some unramified extension Qs
becomes split (e.g. all split groups are unramified). The second assumption is that the pair (b, p)
is HN-irreducible (Hodge-Newton irreducible). For G = GL,, this condition asks in rough terms
that the Hodge polygon determined by p and the Newton polygon determined by b do not meet at
a “breaking point” (see Definition 3.7 for the precise definition). For unramified groups, our result
is optimal in a sense which we discuss later in this introduction (see also Remark 3.21). It is also
likely that the condition that G is unramified can be removed (see Remark 3.22).

Before stating the main theorem of §3 we set some notation. Let (G, b, u) be local p-adic shtuka
datum with G' an unramified reductive group over Q,. Let G denote the derived subgroup of
G, G*° denote the simply connected cover of G9°*, consider the image of G*(Q,) in G(Q,) and
let G(Qp)o = G(Qp)/ Im(G*°(Qp)). The group G(Q,), is a locally profinite topological group and
it is the maximal abelian quotient of G(Q,) when this latter is considered as an abstract group
Remark 3.18. Let Artp : Wr — E* be the reciprocity character from local class field theory. In
§3.3.2 we associate to p and to b continuous maps of topological groups Nmf’o  EX = G(Qp)o
and dety : G,(Qp) — G(Qp), respectively.

Theorem 1 (Theorem 3.19). Let (G, b, u) be a p-adic shtuka datum such that G is an unramified
reductive group over Q, and such that the pair (b, ) is HN-irreducible. Let E denote the reflex
field of . Then the following hold.

(1) The right G(Qp)-action on mo(Sht’, , ) is trivial on Im(G**(Qy)) and the corresponding
G°-action is simply-transitive.
(2) If s € mo(ShtEy , o) and j € Gy(Qy) then
S*G, J = S *G(Q,). dets (571).

n the literature, the group that we denote Gy, is often denoted by Jp.
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(3) If s € mo(Sht&, ) and v € Wk then

G,b,p,00
Skwgp Y =S *G(Qp)o [Nmf’o o AI‘tE(’}/)]

Remark 1. In the particular case in which G = G*° the above theorem is established by con-
structing an equivariant isomorphism

™0 (Shtgfl);,#,oo) =~ WO(ShtgGe;?b,bab)Hab)oo)

where (G b*, 112P) is the p-adic shtuka datum attached to the mazimal abelian quotient of G.
This case settles [RV14, Conjecture 4.30] of Rapoport and Viehmann in the case in which the
group is unramified (see Corollary 3.13).

Remark 2. Since moduli spaces of p-adic shtukas (as with most moduli spaces) do not have an
explicit presentation, saying concrete things about their geometry is usually hard. This is to be
expected since the reason we study moduli spaces of p-adic shtukas is to get a better understanding
of the local Langlands correspondence, which is itself a very deep statement. Although we do mot
discuss explicit applications of our theorem in this article, we believe that our result is not only
hard but also powerful. To convince the reader about this, we recall that the study of connected
components of affine Deligne—Lusztig varieties [CKV15] was one of the key ingredient in Kisin’s
work on integral models of Shimura varieties [Kis17]. As we clarify in §2, the geometry of moduli
spaces of p-adic shtukas is intimately related to the geometry of affine Deligne—Lusztig varieties.
This relation and the methods developed in this article are exploited in our collaboration with Lim
and Xu [GLX23] to give a completely new method of computing the connected components of affine
Deligne—Lusztig varieties leading to very strong results.

Remark 3. The above theorem is optimal for unramified groups in the following sense. One can
prove that the action of G(Qp) on mo(Shtgy , o.) only factors through G(Qy)o when (b, 1) is HN-
irreducible. Moreover, we expect that combining the methods of [GI116] and [Han21]| with the methods
in the present article one can express the general formula for the G(Qp) x Gy(Qp) X Wg-action
on Wo(Sht%e’%,#,oo) in terms of a parabolic induction of WO(Sht%;?bM’#M’OO) for HN-irreducible data
(M, b, ar) associated to Levi subgroups M C G appearing in the Hodge-Newton decomposition

of (b, ).

Let us comment on previous results in the literature. Before a full theory of local Shimura
varieties was available, the main examples of local Shimura varieties one could work with were
the ones obtained as the rigid-generic fiber of a Rapoport—Zink space [RZ96] (i.e. a moduli space
of p-divisible groups with additional structure). The most celebrated examples of Rapoport—Zink
spaces are the Lubin—Tate tower and the tower of covers of Drinfeld’s upper half space. In [dJ95Db]
de Jong, as an application of his theory of fundamental groups, computes the connected compo-
nents of the Lubin-Tate tower for GL,(Q,). In [Str08|, Strauch computes by a different method
the connected components of the Lubin-Tate tower for GL,,(F") and an arbitrary finite extension F
of Q, (including ramification). In [Chel3], Chen constructs O-dimensional local Shimura varieties
and studies their geometry, these are the first examples of local Shimura varieties that do not
come from a Rapoport—Zink space. In [Chel4], Chen describes the connected components of the
local Shimura varieties that arise from Rapoport—Zink spaces of EL and PEL type associated to
more general unramified reductive groups. Our result goes beyond the previous ones in that the
only condition imposed on G is that it is unramified. In this way, our result is the first to cover
very general families of local Shimura varieties that can not be constructed from a Rapoport—Zink
space. In particular, our result is new for local Shimura varieties associated to reductive groups of
exceptional types.

The central strategy of Chen builds on and heavily generalizes the central strategy used by de
Jong. Two key inputs for our strategy which come from Chen’s work are the use of her “generic”
crystalline representations [Chel4, §4, 5] and her collaboration with Kisin and Viehmann on com-
puting the connected components of affine Deligne-Lusztig varieties [CKV15]. The present article
takes these two inputs as given.

We build on the central strategy employed by de Jong and Chen, but the versatility of Scholze’s
theory of diamonds [Sch17] and the functorial construction of local Shimura varieties allow us to
make big simplifications and streamline the proof. Since our arguments take place in Scholze’s cat-
egory of diamonds rather than the category of rigid-analytic spaces, our argument works even for
moduli spaces of p-adic shtukas that are not local Shimura varieties. In these (non-representable)
cases, the result is new even for G = GL,,.
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The cost of working within the framework of diamonds is that many “classical” constructions
cannot be applied directly. For example, if one wished to follow the strategy of de Jong and Chen
naively one would have to develop de novo the theory of de Jong fundamental groups in the context
of locally spatial diamonds. One observation is that the fundamental groups employed by Chen and
de Jong are not really necessary. Instead we consider stabilizer subgroups of the action of G(Q))
on Wo(Sht%;%’ . -) and related spaces. Morally, these stabilizers subgroups would correspond to
the image of the monodromy map from the fundamental group to G(Q,). More seriously, Chen
heavily relies on the fact that the local Shimura varieties studied in [Chel4] are obtained as the
rigid-generic fiber of a smooth formal scheme. This fact that Chen relies on easily implies, by
[dJ95a, Theorem 7.4.1|, that the connected components of the rigid-generic fiber are in bijection to
the connected components of the special fiber of the formal scheme in question. Since our moduli
spaces no longer admit formal schemes as integral models, we tackle this point with a different
strategy. Our new main contribution to the strategy is to use specialization maps in the context
of diamonds and v-sheaves. To use these specialization maps in a rigorous way, we developed a
formalism whose details were worked out in the separate paper [Gle24].

Let us sketch the central strategy to prove Theorem 1. Once one knows that wo(Sht%;e % u ) 18
a right G(Qy).-torsor, computing the actions by Wg and G»(Q,) in terms of the G(Qy).-action

can be reduced to the case of a torus. Indeed, this follows from functoriality of the rule

(G,b,p) = mo(Shtgy o)

z-extension techniques and the determinant map from det : G — G2 from G to its maximal
abelian quotient G®P. To do this one can use down-to-earth diagram chases (see §3.3.2 and §3.2.3).
Moreover, the case in which G is a torus can be further reduced to Lubin—Tate theory as is done
in [Chel3] (see also Proposition 3.14 and Proposition 3.15).

Let us sketch how to prove that mo(Sht¢y , o) is a right G(Qp)o-torsor in the simplest case.
For this, let G be semisimple and simply connected. Our theorem then says that Sht%f;’)yum is
connected. Fix x € mo(Sht& , ), we show that G(Q,) acts transitively on mo(Shtgy , ) and
that the stabilizer G, C G(Q,) is the whole group. Transitivity is proven in Lemma 3.11 and
follows closely the ideas of Chen. For the latter part let K C G(Q)) be a hyperspecial subgroup
of G. We claim that it is enough to prove two things: first that G, is open and second that
G(Q,) = K - G,. Indeed, K surjects onto G(Q,)/G, so that this space is discrete and compact,
therefore finite. By a theorem of Margulis [Mar91, Chapter II, Theorem 5.1], since we assumed G
to be simply connected, the only open subgroup of finite index is the whole group, so G, = G(Q,).
To prove G, is open we use the results of [Cheld] on “generic” crystalline representations, this
is one of the crucial points where the HN-irreducibility of (b, u) enters the picture. To prove the
second input, i.e. that G(Q,) = K - G5, one is reduced to proving that ShtgGe’%y#yK, the K-level
moduli space of p-adic shtukas, is connected. This is where our theory of specialization maps gets
used and where our strategy substantially deviates from the work of Chen. Addressing this point
is also the heart of the paper. This leads to discuss the main theorem of §2.

Let us fix some notation. We fix again G a reductive group over Q, (no longer assumed to be
unramified). We fix (G,b, ) a p-adic shtuka datum (no longer assumed to be HN-irreducible).
We fix a parahoric model G of G defined over Z, and let K = G(Z,), this is a compact open
subgroup of G(Q,). Let Op C E denote the ring of integers. In this circumstance, Scholze and
Weinstein construct a v-sheaf Shtg’%é (b) defined over Spd(O;) whose generic fiber is Shtq p Kk

(see Definition 2.45, Definition 2.51 and [SW20, §25]). Attached to the tuple (G, b, u,G) we also
have an affine Deligne-Lusztig variety (see Definition 2.56 or [Hel8| for a survey article) that we
denote XgS“ (b). We have the following result.

Theorem 2 (Theorem 2.77). For every nonarchimedean field extension F ofE contained in C,
the following hold.
(1) There is a natural continuous specialization map

sp ¢ |ShtG ik X SPA F| — | X5 ().

This map is specializing and a spectral map of locally spectral topological spaces. It is a
quotient map and Gy(Q))-equivariant.
(2) The specialization map induces a bijection on connected components

sp : 70(Shtg b, x Spd F) = m0(X5" (D).
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In particular, we have a bijection of connected components
<
Sp: Wo(Sht%;’%’#’K) — mo(Xg" (D).

Using Theorem 2 above and known results in the study of connected components of affine
Deligne-Lusztig varieties [CKV15], [Niel8] [HZ20] one can finish the proof of Theorem 1. Indeed,
if G unramified and (b, ;1) is HN-irreducible WQ(XQSM (b)) is identified with certain subset of Borovoi’s
[Bor89] fundamental group m(G) [CKV15, Theorem 1.1], [HZ20, Theorem 8.1], [Nic18, Theorem
1.1]. If we go back to the assumptions of Theorem 1 and assume further that G is semi-simple and
simply connected, we get that 7 (G) = {e}, which finishes the (sketch of) the proof of Theorem 1
in this particular case. The proof of the general case is not very different, but it requires more
patience.

Remark 4. The first proof of Theorem 2 appeared in one of the early versions of [Gle24] in the
case in which G is a hyperspecial group. For editorial reasons, this theorem was removed from
[Gle24] and became part of the present article. Although, the most immediate interest in proving
Theorem 2 was its consequence to Theorem 1 for which the hyperspecial case sufficed, we pursued
the greater generality in this article in anticipation to our collaboration with Lim and Xu [GL.X23]
where our Theorem 2 plays a crucial role.

The proof of Theorem 2 uses the following ingredients.

(1) The machinery from integral p-adic Hodge theory as discussed in [SW20] (see §2.1).

(2) The formalism of kimberlites as developed in [Gle24] (see §2.2).

(3) The main results in our collaborations [AGLR22| and [GL24] (see §2.3).
The construction and abstract properties of the specialization map (continuous, specializing and
spectral) is an application of the theory of kimberlites developed in [Gle24]. In very rough terms,
the theory of kimberlites addresses the question: what does it mean to be a formal scheme within
Scholze’s formalism of diamonds and v-sheaves? The theory of kimberlites selects axioms on a
v-sheaf which approximate the behavior of the v-sheaves that are obtained from applying the <{-
functor to a formal scheme (see § 2.2). In our case, we prove that the integral model Shtéfz)é (b)
proposed by Scholze and Weinstein is a smelted kimberlite Definition 2.37, Theorem 2.76. At
heart, the main reason that Shté”oé (b) “behaves” like a formal scheme lies on the work of Kedlaya
[Ked20] and Anschiitz’ work [Ans22, Theorem 1.1] on extending vector bundles and G-torsors over
the punctured spectrum of A;,¢ (see Theorem 2.10 for the version of Anschiitz’ result that we use).
This already produces a specialization map

sp : [Shte p x| — |(Sht§jgé(b))red|.

Here, (Sh‘ué“oﬁJ (b))™*4 is the “reduced special fiber” or the image of the reduction functor (see 2.4). In
general, the reduced special fiber of a v-sheaf can be quite abstract and does not necessarily admit
the structure of a scheme. Nevertheless, we construct an identification XgS“ (b) ~ (Sh‘cé’éﬁJ (b))red

(see Proposition 2.61). The main insight is as follows. Recall that in rough terms Shté"oé (b)
parametrizes triples (7, ®, p) where (7, ®) is a shtuka with G-structure and p : T — G is ¢-
equivariant trivialization over )}, ) for large enough r (see Definition 2.45 for details). The
observation is that (Shté“oé (b)) is the locus in which p is defined over Yo o) and meromorphic
along the locus {|p| = 0} [SW20, Definition 5.3.5]. Once this is established, constructing the
isomorphism ngu (b) ~ (Sh‘cé”oE (b))"d becomes formal. This gives a specialization map

sp © [Shte b, x| — [X5"(b)].

A boon of having specialization maps is that one can construct “formal neighborhoods” at closed
points. These are the v-sheaf theoretic analogues of formal completions (Definition 2.34). Roughly,
one can think of these formal neighborhoods as the subsheaves of Shtg,"oé(b) whose points map

to a given fixed point z € |X§“ (b)| under the specialization map. To prove surjectivity of the
specialization map and relate the connected components of the generic fiber with the connected
components of the reduced special fiber, we analyze these formal neighborhoods at closed points.
Indeed, to prove surjectivity one shows that the generic fibers of the formal neighborhoods are all
non-empty. To show that sp induces bijections of connected components one shows that the generic
fibers of the formal neighborhoods are geometrically connected. The main input to achieve this
is the construction of a correspondence that relate formal neighborhoods of Shtg,“oé(b) to formal

neighborhoods of a simpler space. We clarify this below.
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Before stating our last main theorem we setup some terminology and formulate a conjectural
statement that is philosophically aligned with Grothendieck—Messing theory. Let Grg denote the
Beilinson—Drinfeld Grassmannian over Spd Z,, Definition 2.39 [SW20, §21.2]. The generic geometric
fibers of the map Grg — SpdZ, are isomorphic to Scholze’s affine Byg-Grassmannian [SW20,
§19.1], and its reduced special fiber Griy® is the Witt vector affine flag variety [Zhul7], [BS17]. Let

<p
Mg,oE C Grg,04

denote the local model studied in [AGLR22| (see Definition 2.42) and let Ag, = (Mé”oE)red
denote its reduced special fiber. By [AGLR22, Theorem 6.16], the space Ag,, C Grrge’%E is the
p-admissible locus in the Witt vector affine flag variety [KR00], [AGLR22, Definition 3.11]. We

let F O E be a nonarchimedean field extension with ring of integers O and algebraically closed
residue field kp.

Conjecture 1. For every closed point x € |(ng“(b))kF| there exist a pair (y,©) where y is a
closed point y € |(Ag 1)kx| and

< <
© : Shtg's . (b)/x - Mg'o, I

—_—

s an isomorphism of v-sheaves. Here Shtg,“op (b)/:ﬂ and Mé,ﬂop Iy denote the formal neighborhoods
as in Definition 2.34.

The weaker version that we can prove is as follows (see Theorem 2.69).

Theorem 3 (Theorem 2.69). Let the notation be as in Conjecture 1, there is v-sheaf in groups

LQ‘VQ (Definition 2.68) over Spd kp that is connected and satisfies the following. For every closed
point x € \(ng"(b))kF| there exists a closed point y € |(Ag u)k,| and a correspondence

AN

s <u
Shtgo, (1), MG 0w,
where f and g are both L\J{Vg-bundles. In particular, since Mé"OF/U is non-empty and connected

for every closed point y € |(Ag,.)kp| it follows that Shté,‘ép (b)
for all x € |(Xg§#(b))kp‘-

Iz 18 also non-empty and connected

Remark 5. As with Theorem 2, the first version of Theorem 3 appeared in [Gle24] in the case in
which G is hyperspecial. For editorial reasons this theorem was removed from [Gle24] and became
part of the present article. The proof of Theorem 3 in the generality pursued here relies on the
main theorem of our collaboration with Lourengo [GL24|. We thank him heartily for sharing his
ideas with us on that project.

Remark 6. A previous version of the material surrounding Theorem 8 contained a flawed proof
of Conjecture 1 which used to be a stepping stone to prove Theorem 2. The flaw was found and
communicated to us by Pappas and Rapoport while they were working on [PR24]. Soon after,
we found a different argument to show Theorem 2 by exploiting the correspondence described in
Theorem 3 and avoiding the use of the difficult Conjecture 1. The correspondence described in
Theorem 8 has been clarified and used to great success by Pappas and Rapoport in their works
[PR24] and [PR22].

Remark 7. During the revision process of this article there has been a lot of progress in proving
Conjecture 2.65 whenever p is minuscule. Notably, [PR22] for the local abelian type case, [Bar22],
[Ito23] for the hyperspecial case and [Tak24] for the unramified group case. Although we do not
have evidence for this conjecture outside the minuscule case, we still expect this to be true.

Remark 8. There are plenty of cases in which p is minuscule and Shté“oF (b) is known to be
representable by a formal scheme [PR22]. On those cases our Theorem 3 can be used to show that
the formal scheme representing Shté%F(b) s mormal.

The goal of §2 is to prove Theorem 2 and Theorem 3, and it is the heart of the paper. In §2.1 we
collect the facts from integral p-adic Hodge theory required to define and study the specialization
map for moduli spaces of p-adic shtukas. In §2.2 we explain the theory of kimberlites by highlighting
the main constructions and concepts introduced in [Gle24]. In §2.3 we summarize the results of our
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collaborations [AGLR22] and [GL24] that we use in the present article. In §2.4 we start the study
of specialization maps for moduli spaces of p-adic shtukas. Here we construct the specialization
map and the identification of reduced special fibers with the affine Deligne-Lusztig varieties. In
§2.5 we finish proving Theorem 2 and Theorem 3.

The goal of §3 is to prove Theorem 1. We start §3.1 by discussing the conjecture of Rapoport and
Viehmann on the structure of mo(Shtgy , ). We also recall the definition of the space Sht{ ,
together with its three actions and the formalism of degree 1 divisors of Fargues—Scholze [F'S21]
which replaces the formalism of Weil descent datum. In §3.2 we prove Theorem 1 in the case in
which G4 is simply connected. In §3.3 we prove Theorem 1 in full generality by reducing it to
the case in which G9°" is simply connected.
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1. NOTATION.

Let p € Z be a prime number. Given R a perfect ring in characteristic p, we let Fr : R — R be
given by Fr(r) = r?. We let Frob : Spec R — Spec R denote Spec (Fr). We let W(R) denote the
ring of p-typical Witt vectors. We let ¢ : W(R)[%] — W(R)[%] be the canonical lift of Fr. We let
¢ = Spec (). .

We let Perfd, Perf and Perfﬁp denote the category of perfectoid spaces over Z,, F, and F,
respectively [Sch17, Definition 3.19]. We endow Perf with the v-topology [Sch17, Definition 8.1].
We denote by PSch the category of perfect schemes in characteristic p endowed with the scheme-
theoretic v-topology [BS17, Definition 2.1]. Unless we say otherwise, the geometric objects we
consider are all either perfect schemes in characteristic p or small v-stacks [Sch17, Definition 12.1,
12.4]. We denote by Perf the category of small v-stacks [Sch17, Definition 12.4] and by PSch the
category of small scheme-theoretic v-stacks.

If S € Perf, by an untilt of S we mean a pair (S*,i) where S* € Perfd and i : (S%)" ~ S is an
isomorphism [Sch17, Definition 3.9, Corollary 3.20]. If the context is clear, we simply write S* for
an untilt of S. Our convention will be to denote an untilt by a pair (S¥,:) when we are giving
a definition or when we need explicitly information about ¢. Otherwise we will drop ¢ from the
notation, typically while formulating statements and proving them. If S = Spa(R, R*) and S* is
an untilt of S we let R = T'(S* Og:), and we still refer to R* as an untilt of R.

Recall the following definition introduced in [SW20, § 18.1].

Definition 1.1. If (4, AT) is a complete Huber pair over Z,, (respectively an adic space over Z,)
we denote by
Spd(A, At) : Perf — Sets (respectively X : Perf°? — Sets)

the functor with formula

Spd(A, A*)(S) = {((S*,1), /)}/ = (respectively X°(S) = {((S%,1), )}/ =)
where (S%, 1) is an untilt of S and f : S* — Spa(A, A1) (respectively f : S* — X) is a map of adic
spaces.
Whenever (A, A1) is Huber pair such that AT = A° we let Spa A = Spa(A4, A*) and Spd A =
Spd(A, A*). For any perfectoid Huber pair (R, R*) we let Rt := R*/R°°. For any perfectoid
Huber pair in characteristic p we let

Frob : Spa(R, RT) — Spa(R, R")
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be given as Frob = Spa(Fr). This formally extends to all small v-sheaves. Explicitly for X =
Spd(4, A™),
Frobx : X - X
has formula
Frobx [((S%,1), f)] = ((S%, Frobg" oi), f).

If X is a small v-sheaf [Sch17, Definition 12.1] (respectively a scheme) we let |X| denote its
associated topological space as in [Sch17, Proposition 12.7] (respectively its underlying topological
space). If T' is a topological space, we denote by T : Perf°® — Sets the functor with formula

T(S)={f:|S|— T| fis continuous}.

Given an object X and a group object G together with a left (respectively right) action of G on
X, we use
g*a x (resp. T *g g)

to denote the action. If the context is clear, we drop G from the notation and simply write *.

Throughout the text we fix an algebraic closure @p of Qp, and we let C, denote its p-adic
completion. We let I_Fp denote the residue field of C, which is an algebraic closure of IF,. Let
@p = W(Fp)[%], we regard Qp as a subfield of C, after fixing an embedding. We let I'g, be the
Galois group of Q,, we regard it as a topological group. Moreover, we identify it with the group
of continuous automorphisms of C,. We let W, C I'g, be the Weil group, which we regard as the

subgroup of continuous automorphisms of C, that act on @p by ¢° for some s.
The group Wg, has its standard left action on C, which induces a right action on Spd C, with
formula
SpdC, x Wg, — SpdC,

((S%,4), f) xea w = ((S%,4), Spa(w) o f).

For the rest of the article we let G denote a connected reductive group over Spec Q, and we let
G denote a parahoric model of G defined over Z,, we refer the reader to [BT72], [BT84], [KP23]
for background on the theory of parahoric group schemes.

Throughout the text we will use the Tannakian formalism when dealing with G-torsors (and
G-torsors) [SR72], [Del90], [Brol3]. Namely, if H is an affine algebraic group over a ring R that
is either a field or a Dedekind domain we let Repy denote the ®-exact category of algebraic
representations of H on finite projective R-modules.

If 7 is a ®-exact category, we can form the groupoid of ®-exact functors from Repy to 7. We
refer to the objects in this groupoid by the fixed phrase “objects in T with H-structure”. We will
use this mostly when 7 = Vecy i.e. the category of vector bundles on a scheme or an analytic
adic space X as in [SW20, Appendix to Lecture 19]. We will also use this when 7 is a Tannakian
category [Del90, §2.8].

2. SPECIALIZATION MAPS FOR MODULI SPACES OF LOCAL STHUKAS.
2.1. Recollections on integral p-adic Hodge theory.

2.1.1. The geometry of Y. Recall [SW20, § 11.2] that one can associate to any S € Perf an analytic
sous-perfectoid adic space [SW20, §6.3] over SpaZ, denoted by “Sx SpaZ,” that represents the
diamond S x SpdZ,. The formula for this space when S = Spa(R, R") and @w € R* is a pseudo-
uniformizer is

“S% Spaz,” = Spa(W(R))\ {[w] = 0}.
Since we will use some variants of these spaces parametrized by intervals in [0, co] we will use the
following notation instead. Our notation agrees with the one used in [SW20, § 12.2].

Definition 2.1. Given a perfectoid Huber pair (R, RT) in characteristic p and a pseudo-uniformizer
w € RT, we let y[fg;) denote SpaW(R™') \ V([w]). Here [w] denotes a Teichmiiller lift of w, and

W(R™) is given the (p, [w])-adic topology. We let y{gi}o] denote SpaW(R™) \ V(p, [=]).

Rt

(0,00]" Fix a pseudo-uniformizer @ € R™. One defines a continuous

We review the geometry of )
map
+
Ko |V 001 = [0, 0]
such that k4 (y) = r if and only if for all positive rational numbers with 2 < r < % the inequalities
[ply" < |[wlly and [[@][; < [pl}’

hold. We often leave the pseudo-uniformizer implicit and omit it from the notation. Given an
interval I C [0, co] we denote by yﬁ* the open subset corresponding to the interior of k_!(I). For

m
n
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h Rt
T d [0, %]
Spa (Rp,q, R} ;) corresponding to the rational localization, {x € SpaW(R*) | [p"|, < |[=]?|. # 0}.
In this case, we can compute a ring of definition R?L’ 4 € Ry, q explicitly as the [@]-adic completion

of W(R*)[%], then Ry, 4 is simply R%)d[ﬁ]. A direct computation shows that Ry 4 does not
depend on the choice of integral elements RT™ C R. In particular, the exact category of vector
bundles over y[lg;o) does not depend on the choice of RT either [SW20, Theorem 5.2.8] [KL15,
Theorem 2.7.7, Remark 2.5.23].

Recall the “algebraic version” of y[{f;], which we denote Y[RB:X)] and define as Spec(W(R™)) \

V(p, [w]). Since W(RT) C Oy r+ and since p and [w], do not vanish simultaneously on y[fgzo] we
[0 :

,o0]

intervals of the form [0, 2] where h and d are positive integers the space ) is represented by

get a map of locally ringed spaces f : y[lg;] — Y[IS;O] C Spec(W(RT)).
Recall the following GAGA-type result of Kedlaya for vector bundles on Y[%j;o].

Theorem 2.2. (|[Ked20, Theorem 3.8]) Suppose (R, RY) is a perfectoid Huber pair in character-
istic p. The natural morphism of locally ringed spaces f : y[fgzo] — Y[%Too] induces, via the pullback
functor

f7 i Veeypr = Vecy i+

[0,00] [0,00]

a ®-exact equivalence of ®-exact categories.

Remark 2.3. Although the reference does not explicitly claim that this equivalence is exact, one
can simply follow the proof loc. cit. exchanging the word “equivalence” by “exact equivalence”
since every arrow involved in the proof is an exact functor.

Recall that G denotes a parahoric group scheme, in particular it is smooth over Spec Z,. Recall
that Repg denotes the ®-exact category of algebraic representations on finite free Zj,-modules.
One can define the category of G-torsors on a scheme X (respectively on a sous-perfectoid adic
space Y') as the category of ®-exact functors with source category Repg and target category Vecx
(respectively Vecy). By [SW20, Theorem 19.5.1, Theorem 19.5.2] and [Brol3], this definition
agrees with other more natural definitions of G-torsors that do not play a role in this article. With
this definition of G-torsors one can immediately generalize Theorem 2.2.

Corollary 2.4. Let the notation be as in Theorem 2.2, then pullback f* induces an equivalence
+

from the category of G-torsors over Yfg’oo] to the category of G-torsors over y[’g;o].

Recall that if X is an analytic adic space and Z C X is a closed Cartier divisor [SW20, Definition
5.3.2] one can define what it means for a global section of I'(X'\ Z, Ox\ z) to be meromorphic along
Z [SW20, Definition 5.3.5]. Given an untilt R* of R there is a canonical surjection W(R*) — R+
whose kernel is generated by an element ¢ € W(R™) primitive of degree 1 [SW20, Lemma 6.2.8].

The element & defines a closed Cartier divisor over y[fg*oo] [SW20, Proposition 11.3.1] and also

defines a Cartier divisor on the scheme Yfgfoo].

Let us fix some notation. Fix S = Spa (R, R*) with S € Perf and S* = Spa(R*, R»*) an untilt
of S. Let ¢ be a generator for the kernel of the surjection W(R*) — R*T. We let

§#0  ymer : £#0
(Vecy[ﬁ,tc ]) (respectively (VeCY[oR; | )

denote the category whose objects are vector bundles over y[lg;] (respectively vector bundles over
Y[(If;]) and morphisms are vector bundle maps over y[lg;] \S* that are meromorphic along the ideal

S* (respectively vector bundle maps over Y[(If;] \V(£)). One gets the following direct generalization
of Theorem 2.2.

Corollary 2.5. Let the notation be as above, and f as in Theorem 2.2, then pullback f* induces
an equivalence of categories

* 1 (Vec 70 ) — (Vect70  ymer,
Rt Rt
Y[0,00] V(0,001

Remark 2.6. One can also formulate and show a version of Corollary 2.4 for G-torsors defined over
Y[%TOO] with morphisms defined over Yfgj;o] \V(&). Indeed, it suffices to pass to functor categories
Fung’((Repg7 —) with values on the two categories that appear in Corollary 2.5.

Kedlaya proves another important statement.
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Theorem 2.7. (|[Ked20, Lemma 2.3, Theorem 2.7, Remark 3.11]|) Let j : Y[ISTOO] — Spec(W(RT))
denote the natural open immersion, the following statements hold.

(1) The pullback functor j* : Vecspecw(rt)) — Vecyrt+ s fully-faithful.
[0,00]

(2) If RT is a valuation ring then j* is an equivalence.
(3) For all vector bundles V € Vecyp+ the quasi-coherent sheaf j.V over Spec(W(RT)) sat-

[0,00]
isfies that the adjunction map j*j.V — V is an isomorphism.

We will need a small modification of Theorem 2.7.

Definition 2.8. Given a set I and a collection of tuples {(C;, C;"), @;}icr we construct a per-
fectoid adic space Spa (R, RT). Here each C; is an algebraically closed nonarchimedean field in
characteristic p, the Cf are open and bounded valuation subrings of C;, and w; € C;r is a choice
of pseudo-uniformizer. We let RT :=]J,; C;t, we let @ = (w;)ic1, we endow R* with the w-adic
topology and we let R := R*[é]. Any space constructed in this way will be called a product of
points.

The following statement is implicitly used and proved in ([SW20, Theorem 25.1.2]).

Proposition 2.9. Let Spa(R, R*) be the product of points associated to {(Cy, Ci"),w;}ics as in
Definition 2.8. The pullback functor j* : Vecspec(w(r+)) —> Vecyr+ gives an equivalence of
0

oo]

categories of vector bundles with fixed rank. In other words, for £ € VeCYR+ the quasi-coherent
[0,50]

sheaf 7€ is a vector bundle.

Fix £ € W(R™) primitive of degree 1 as before and recall that both Spec(W(R™)) and Y[(If;] are
qcgs schemes. Consequently, the equivalence of vector bundles of Proposition 2.9 generalizes to an
equivalence similar in form to the one described in Corollary 2.5. Namely, it is an equivalence of
those categories whose objects are as in Proposition 2.9, but whose morphisms are allowed to have
poles along & on both categories.

Interestingly, extending G-torsors from Y[ISTOO] to Spec(W(RT)) adds yet another layer of com-
plexity. Indeed, the equivalences of Theorem 2.7 and Proposition 2.9 are not exact equivalences, so
the Tannakian formalism can’t be used naively. As a matter of fact, only the pullback functor j* is
exact. Anschiitz gives a detailed study of the problem of extending G-torsors along j for parahoric
group schemes G [Ans22].

Theorem 2.10. (|Ans22, Theorem 1.1]) Let Spa(R, RT) be a product of points. Fvery G-torsor
T over Yfgjroo] extends along j : Y[%TDO] — Spec(W(R™)) to a unique G-torsor over Spec(W(RT)).

Proof. The reference only states explicitly the case Rt = O¢ with Oc C C the ring of integers
in an algebraically closed non-Archimedean field C. Nevertheless, the reference [Ans22| already
provides the technical tools to conclude more generally. Indeed, if RT = C* with CT C C a
more general open and bounded valuation subring we can argue by pointing out that the proof of
[Ans22, Proposition 9.2] goes through in this generality, that the first part of [Ans22, Corollary
9.3] also holds in this case and by appealing to [Ans22, Proposition 11.5].

The general case can be done as follows. We need to prove that the functor j.7 : Repg —
Vecspec(w(r+)) 1s right-exact, since it is always left-exact. By the case R* = C™ discussed above,
it suffices to show that if a morphism of finite free modules f : V1 — Vs over Spec(W(R™)) satisfies
that each base change f; : Vi; — Vo to Spec(W(C;")) is surjective for every i € I, then f is
also surjective. Taking determinant bundles we can reduce to the case that Vs is free of rank 1.
After taking trivializations we have n sections f1,- -, f, € W(R™T) and we need to prove that they
generate the unit ideal. Consider the family of subsets {I,, }1<m<n defined by

In={i€I| fn e WC)*}.

Observe that mo(W(R'1)) ~ BI is the Stone Cech compactification of I. Let e;, denote the
idempotent associated to the closed open subset 5I,, C SI. Observe that ey, is in the ideal
generated by f,, for every 1 < m < n. Since each W(C;") is a local ring and the {f,,}1<m<n
generate the unit ideal in W(C;") for each fixed i € I, the union |J;_, I,, has to be I and in
particular the set {es, }1<m<n generates the unit ideal. Consequently, the set {fn }1<m<n also

generates the unit ideal. O

In what follows we will define several geometric objects all of which are v-sheaves or v-stacks.
The way to show that these objects are v-sheaves or v-stacks is to use systematically the following
descent result.
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Proposition 2.11. ([SW20, Proposition 19.5.3]) Let S be a perfectoid space in characteristic p
and let U C “Sx SpaZ,” be an open subset. For a map of perfectoid spaces f : S" — S, let Cg
denote the category of G-torsors over

“S'x SpaZy” Xusx spaz, U-
The rule S' — Cgr, as a fibered category over Perfg, is a v-stack.

2.1.2. Lattices and p-adic shtukas. For this subsection we let Spa(R, RT) denote an affinoid per-
fectoid space in characteristic p, let @ € Rt a choice of pseudo-uniformizer, let (Rﬁ, ¢) be an untilt
of R and &g a generator for the kernel of the map W(R*) — RO,

Definition 2.12. We define the groupoid of B (R)-lattices with G-structure to have as objects
pairs (T, ) where T is a G-torsor over y[lgj;o) and ¢ : T — G is an isomorphism over y[lgj;o) \V(ERt)
that is meromorphic along ({z¢). Morphisms are defined in the natural way. Note that morphisms
in this category, if they exist, are unique. Compare with [SW20, Definition 20.3.1].

Analogously, we consider the groupoid of p-adic shtukas with G-structure over Z,. Recall that

the spaces Spec W(R™), y[fg;), Y[}STOO] and y[fg;o] come equipped with a Frobenius action which
we denote by ¢ = Spa(¢) (or ¢ = Spec (¢)), induced from the ring homomorphism ¢ : W(RT) —
W(R™) discussed in §1.
Definition 2.13. We define the groupoid of p-adic shtukas with G-structure with one paw (or leg)
over Spa(R*, R"*). Objects are pairs (7, ®) where T is a G-torsor over yg;o) and @ : o*T = T
is an isomorphism over y[fg;) \ V(€gt) meromorphic along (£r:). Morphisms are given by -
equivariant isomorphism of G-torsors. Compare with [SW20, Definition 11.4.1].

Definition 2.14. If B is a ring on which ¢ acts, by a ¢-module over Spec B (resp. Spa(B,B™))
we mean a pair (£, ®) where £ is a vector bundle over Spec B (resp. Spa(B, B1)) together with an
isomorphism @ : p*& — £. Similarly, if we have spaces X C Y and an automorphism ¢ : Y — Y
with the property that ¢(X) C X we define a ¢-module over X to be a pair (€, ®) where € is a
vector bundle over X and ® : ¢*€ — £ is an isomorphism. Finally, with the setup as above, by a
w-module with G-structure we mean a ®-exact functor from Repg to the category of ¢-modules.
Compare with [SW20, Definition 12.3.3].

Example 2.15. Let S = Spa(R, RT). Since the action of ¢ on y(%zo) is free and totally dis-
continuous [SW20, Page 136| the category of ¢-modules over ygg;) is equivalent to the category

of vector bundles on the relative Fargues-Fontaine curve Xgp s = y(%+oo) /goZ [FS21, Definition
I1.1.15].

Recall the categories of isocrystals Isocy = and of isocrystals with G-structure [Kot85], [Kot97, §

3]. The objects of Isocg, are pairs (V, ®) where V is a finite dimensional @p—vector space and
®: V-V

is a ¢-linear isomorphism.

As usual, isocrystals with G-structure as in [Kot97, § 3] [F'S21, Definition II1.2.1] are ®-exact
functors

F : Repg — Isocg, .

Recall Kottwitz’ set of ¢-conjugacy classes in G(Qp) [Kot97, § 1.4],

B(G) := LQPE.
Adg G(Qp)
To any element b € G (Qp) one can attach an isocrystal with G-structure Vj,, and V}, is isomorphic
to Vi, if and only if by and by represent the same class in B(G). Moreover, since G is connected
and reductive, every isocrystal with G-structure is isomorphic to V4 for some b [Kot97, § 3.1].
Isocrystals give rise to p-modules by considering V' as a vector bundle over Spec Qp (respectively

over Spa Qp) and by interpreting ® as a linear isomorphism of the form
V=V

Furthermore, if Spa (R, RT) € Perfpr then we have a p-equivariant map :))(%TOO} — Spa @p. Pullback
along this map defines a ®-exact functor from the category of isocrystals to the category of ¢-
modules. In particular to any isocrystal with G-structure F we can associate Gz which is a

p-module with G-structure over y£+oo].
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Remark 2.16. Given b € G(@p) and Spa (R, RT) € Perfg we use (Gy, ®p) or (G, Pp) to denote
the p-module with G-structure on y(’g:}o} (or y(%foo)) associated to the isocrystal with G-structure
V. Under the equivalence explained in Example 2.15 the pair (G, ;) over y(%foo) corresponds to
a vector bundle on y{gfm) /@ which we denote by &,. This is the same convention as in [F'S21, §

I11.2.1).

Definition 2.17. Given a @-module with G-structure (€, ®g) over y(lg;o) as in Definition 2.14
and a shtuka (7, ®7) as in Definition 2.13 we define an isogeny from (7, ®7) to (£, P¢) to be an
equivalence class of pairs (r, f) withr € Rand f: (T,®7) — (&, P¢g) a p-equivariant isomorphism
defined over 3/ v OO)

with r3 > r1, 79 and f; = f3 = fo when restricted to y[r 00"

Two pairs (r1, f1) and (r2, f2) are equivalent if there is a third pair (rs, f3)

Remark 2.18. Recall that for all » > 0 the subspace y[r_ ) - J)(RO+OO) contains a fundamental

domain for the -action. One can use this to attach to a shtuka with G-structure (7, ®7) a G-torsor
on Xyp,g that we may denote £7. As mentioned in Example 2.15, the category of ¢-module with

G-structure over y{g;) is equivalent to the category of G-torsors over Xyp 5. If £ is the G-torsor

over Xpr g corresponding to the p-module with G-structure (€, @), then isogenies from (7, ®7) to
(€,P¢) as in Definition 2.17 are in natural bijection with isomorphisms of G-torsors between &
and £ over Xpr,s.

In what follows, we prove some technical lemmas that intuitively speaking allow us to “deform”
lattices and shtukas with G-structure. For any r € [0,00) let BE' | = Ho(y[ oo’ OyR+ ), and

[r,00
consider the ring R, := (Rt /w)Pf = RT/R°° endowed with the discrete topology.
Fix r = L. Since [@] = 0 in SpaW(R:;d)[%} and y[ﬁ;} is the rational subset of those = €
SpaW(R™) for which {|[c®]|, < [p?]|.} # 0 holds, we have a family of ring maps
1

( )red B[TW]AW(Rred)[p]

that is compatible with the natural ring maps B[T o] B[If,+ o0] for r < r’. By abuse of notation

we also denote (—)req : RT — R, and (—)rea : W(R') — W(R! ) the natural ring maps. Note
that we have the following commutative diagram

W(Rt) —— BE'

[r,00]

\)fd l red

+
R red

Lemma 2.19. Lets € B[ and suppose that Syeq € W(R:;d)[ ] lies in W(RE,). Then there is a
tuple (m,a,b,ws) withm € N a number r <m, a € W(R"), b € BR o] @nd a pseudo-uniformizer
€ R* such that s = a+b in BR and b € [w,] - BE'

roo]

Moreover, if w € RT is any
pseudo—umformzzer we may choose w, so that w € w, - RT.

Proof. Choose m € N with r < m, we compute B[R+ explicitly. If Ly denotes the p-adic

oo]
completion of V/V(RJF)[%]7 then B[I;IOO} = LO[ ]. Any element s € B[m o) 18 of the form s = p% L
where £ € Ly. In turn, any element £ is in the image of the map

(]
s

0 : W(R*)(T)

Let f(T) € W(RT)(T) with image £, and write f(T) = fo + T - X2, f;T*~! with fo, f; € W(R™).
Let d(T) = X2, ;T so that f(T ) fo+T-d(T), then 0(f) = fo + [w](pim -0(d(T))). Since
the second term is divisible by [z] in B[Iﬂ 0] 85 long as we pick a wy that divides w, we may and
do reduce to the case £ = f; or in other words

1 0o i—n
= Efo = N7%0[ai]p" "

In this case, Syea = X524[(a;),.q)p"" and by hypothesis we have that for i < n (a;),.q = 0 in
Rt .. We can choose a pseudo-uniformizer w, such that all of the ai for i € {0,...n — 1} are
zero in RT /ws. We can take a = Y oo [a;]p"™™ and b = Z?:Ol [a;]p*~™. These clearly satisfy the

properties we were looking for. (|
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We will need a small improvement of Lemma 2.19.

Lemma 2.20. Let X be an affine scheme smooth over SpecZ,. Suppose we have a commutative
diagram

Spec W(Rmd)[l] — Spec B[T oo
| b
SpecW(R/q) ———— X

over Spec Zy,. Then there existsT < m, w € R a pseudo-uniformizer, and a map g : Spec W(R™) —
X fitting in the following commutative diagram

Spec B[ﬁ:m}/[w] — Spec B[

| 3

SpecW(RT) —2—— X.

roo]

Proof. The case X = A! is Lemma 2.19 and one can easily adapt the argument to the case X = A™.
We now consider the general case, for this we fix a closed immersion ¢ : X < A". Using the case
X = A" we get a commutative diagram

Spec B[}fnfoo]/[w] — Spec B[If;]

S W£+ ;
\

SpecW(RT) —L—3 A"

for some g : Spec W(R™) — A™. Moreover, since the map of rings W(R")/[=] — B[Ifn OQ]/[w]
is injective and Spec B[Ifn+ 00] /[w] factors through X then g, factors through X and defines a
map go : Spec W(R1)/[w] — X. Since W(R™) is (p, [@])-adically complete in particular it is
also [w]-adically complete [FF18, Lemme 1.4.14]|. Finally, since X is smooth we may find a lift
g : Spec W(R') — X making the following diagram commutative

+ +
SpecB[R oo/ @] — SpecB[R o]

Spec W( R+ 7

Spec W R™)

This is the diagram that we wished to construct. O

We apply Lemma 2.20 in the following particular case.
Lemma 2.21. Let T; and Ty be trivial G-torsors over Spec(W(R™)) and let X\ : T — T2 be an
isomorphism over y{jf}o] whose reduction to Spec(W(R:‘;d)[%]) extends to Spec(W(R[ )). Then,

there is an isomorphism X:Ti — Tz over Spec(W(R™)), a pseudo- uniformizer wy € R and
a number r < m such that the restriction of A and of X\ to Spec(B[Ifn oo]
Hom (T1, T2).

) agree as elements of
Spec(B[m oo] /[wx])

Proof. Fix trivializations ¢, : 7; = G, and consider g =130 A0 Ll_l as an element

Since G is affine and smooth over Spec Zp we may apply Lemma 2.20 to find a lift ¢’ € G(W(R™))
whose image in Q(B[Ifr: oo)/[@]) agrees with the image of g for some m > r and some pseudo-

uniformizer wy. We conclude by letting A= Ly 16 ¢’ 011 to get the desired isomorphism. O
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Let us set some notation. In what follows given a finite type affine scheme X over SpecZ, and
a topological ring R over Z,, we topologize the set X (R) by choosing an embedding ¢ : X — A%p

and endowing X (R) C R™ with the subspace topology. One can verify that the topology on X (R)
does not depend on ¢.
For the remainder of the section given m € N we let Ly® denote the p-adic completion of

W(RH)[E).

Remark 2.22. Recall that L is a ring of definition for B[R o0+ Note that since [@] = p™ ([w]) in
L' and the ring is p-adically complete, then it is also [w]-adically complete [FF18, Lemme 1 4.14].

Lemma 2.23. Let m € N and pick two elements n,® € G(BF
in Q(szoo]/[w]). Consider the following sequence

Suppose that n restricts to 1d

o))

N1 = P o™ n,® 1,

starting with no = n. Then there is m’ € N with m’ > m sufficiently big such that the following
hold

(1) {mdnen € G(LE) € GBE ).
(2) The sequence {n,} converges to the identity in g(

[m/ wﬂ

Proof. We fix a closed immersion ¢ : G — GL,. for some r, which we may always find by [Brol3,
Lemma 3.2]. Moreover, we regard GL, embedded as an open subset of the space of square matrices
M, . We will think of ®, ®~! and 7,, as elements of MT,XT(BRJr

[nmwﬂ‘

Since n = 1 restricts to Id
in G(BE (m, OO]/[w]) we can write it as

1
p*
where My € M,x,(L{). We may also write & = %N and &1 = #Ng with Ny, Ng €
M« (LT"). Then

UQZZId—Fkﬂ' 'A4b

m = Id +[=?] - Nop™MyNg.

pk+a+ﬂ

Observe that the term No@*MoNg € My, (Lg"). Let ¢ = a + 3. Choosing m' large enough we
can ensure that both [pﬂkl € Lgll and [Z]
we see that 7, has the form

0 " hold. Consequently, 19,71 € Q(L{)"/). By induction,

No@*M,_1Ng = Id +[w? 7] . = =]

nn:Idep]'W , o e

for some element M,, € MTXT(LB”/). This already shows that {n,} C Q(LS”/). Moreover, the
same computation shows that for fixed d € N there is a sufficiently large n such that 7, = Id on
g (Lm /l=?]). Since LT is [w]- adically complete the sequence ), converges to Id in G(LJ* ). Since
Rt

(|

, convergence in G(L7"') implies convergence in G ( i OO])

Lm is a ring of definition of Bf

[m ;00

The proof of the following lemma is inspired by the computations that appear in [HV 11, Theorem
5.6], and it is a key input in the proof of Theorem 2.69.
Lemma 2.24 (Unique liftability of isogenies). Let T be a trivial G-torsor over Spec(W(R™T)) and
let Gy denote the trivial G-torsor endowed with the p-module structure over y BT gzven by an

element b € Q(B(Igt)o]) Let ® : o*T — T be an zsomorphzsm defined over Spec(W (R"‘)[G]) and
R

X : T — Gy a p-equivariant isomorphism defined over B ]/[ w| for some m € N sufficiently large

[m<x
so that Eps becomes a unit. Then, there zs m' €N suﬁiczently large and a unique @-equivariant
isomorphism X : T — G, defined over y[m, o0] such that X\ and X restrict to the same map after

basechange to B[m, OC]/[w].

Proof. By transport of structure, we assume that G = T, that ¢ € Q(W(R"’)[ﬁ]), and that
R

A€ Q(B[lf:oo /[@]). Tt suffices to find m’ € N and X € G(BE reducing to A in Q(B[lfnt7oo]/[w])

and satisfying ® = A"l obo (>\) Choose an arbltrary lift A\; € Q(Blfn Oo) of A\, and let 7, =

A tobog*(A)o® L. Observe that 7 = Id in g( i, oo]/[w]). By Lemma 2.23 we may find

m’ € N large enough so that 7; and consequently ;' lie in G(LT) C Q(B[IZ;VOO]).

i o)
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We construct sequences of maps, {\; : G — Gp}ien defined over Spec B[Rn:r, o0 and {n; : G —

Gl}ien defined over Spec ng/ and given recursively by the relations
)\n+1 =\, 0 Mn and Mp = /\;1 obo @*()\n) od 1.

Consider the following computation.

Mnt1 = )‘;—&1-1 obo @ (Apg1) 0@ = oA Nobop (A1) 0@} (2.1)
— [@op* (M) o o Ao Ay  0bo @ (A1) 0 @
=Pop*(N\) top Ag1)o @t =dop*(n,)od ! (2.3)

By Lemma 2.23 we may choose m’ so that {n,} C G (Lg‘/) and such that this sequence converges
to Id. This allows us to define A € G (B[Rn;r, OO]) as the limit of the A,. Taking limits we get the
equation

Id =1, =Aobop*(\)o®d?

and we get the relation A = \; = A in g(B[Ifnt oo [w]).

Let us prove uniqueness. Given two lifts \; of A we let g = A\ o 5\2_1 with g € Q(B[If;; OO]). Now,

p-equivariance gives b = g~ o b o ¢*(g), and since g = Id in Q(Bff;’oo]/[w]) then ¢*(g) = Id in

g(B[ﬁj,’oo]/[wp]). From the identity b = g~ ' obold in Q(B[}f,:oo]/[wp]) and induction we can prove
that ¢ = Id in Q(B[I;:r/ oo]/[w”n]) for every n. By Lemma 2.25 the identity Id = ¢ also holds in
G(BE™ ). 0

[m,o0]
Lemma 2.25. If w € RT is a pseudo-uniformizer and m € N, then (as an abstract ring) B[]i:oo]
is [w]-adically separated.
Proof. 1t suffices to show that if f € (2, [@] - B[]i: oo then f = 0. Alternatively, since y[ffnfoo]
is sous-perfectoid [SW20, Proposition 13.1.1] it suffices to show that for all points = € y[ﬁ;m] the
value |f], = 0 [SW20, Theorem 5.2.1]. This condition can be checked on rank 1 geometric points
Spa(C,O¢) — Spa(R, RT), so without loss of generality (R, RT) = (C,O¢).

In this case B[?nc,oo] = Bj in the notation of [F'18, Définition 1.10.2] (this definition depends on
[FF18, Définition 1.4.1, 1.3.2, 1.3.1]). Here I = [p, 1] for some number p € (0,1) associated to m,
whose precise formula is irrelevant. Indeed, this follows from [FF18, Exemple 1.10.3, Proposition
1.10.5]. We wish to show that f = 0 assuming that f € (2, [@’] - Bf. Write f = f, - [@"].

Recall the ring By [FF18, Définition 1.6.2] (see [FF18, Définition 1.4.1, 1.3.2, 1.3.1]). Recall
that the inclusion of intervals {1} C I induces a continuous map B; — Byyy (see [FF18, § 1.6.1]).
Moreover, recall form [FF18, §1.10.1] that B} (respectively B?‘l})) is the closure of B>+ [FF18,
Définition 1.3.2] in By (respectively in By1y). Overall, we get a commutative diagram of continuous
ring homomorphisms

By —— B,

L

By —— B{l}.

Also, the map By — Byiy is injective by [FI'18, Proposition 1.6.15], so in particular the map
BI+ — B{ﬁ} is also injective. It suffices to show that B{ﬁ} is [ow]-adically separated. Now By
is obtained as the completion of B® [FF'18, Définition 1.3.2] under the norm |- |; as in [FF18,
Définition 1.4.1]. One can verify directly that for all g € B»* |g|; < 1 holds. By continuity, we
can conclude that any element g € Bzrl} satisfies that |g|; < 1. In particular, |f,|; < 1 for all f,
as above. Since w is a pseudo-uniformizer in C, then

[[w]|1 = |w|c = € for some 0 < € < 1,

we can conclude that |f|; = |fn|1|[w™]]1 < € for all n. This allows us to deduce that f =0. O
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2.2. Specialization maps. In this section we recall the theory of specialization maps for v-sheaves
as developed in [Gle24]. The theory is an attempt to answer the question: What is the analogue
of a formal scheme in the context of v-sheaves? This theory approaches the question in steps.

{Small v-sheaves} D {Specializing v-sheaves}

D {Prekimberlites}

D {Valuative Prekimberlites}

D {Kimberlites}

D {Locally Spatial Kimberlites}
Each of these categories is a full subcategory of the category of small v-sheaves [Sch17, Definition
12.1] obtained by adding axioms at each stage. For our purposes it will suffice to discuss valuative
prekimberlites, but we will also mention a category that vaguely speaking sits between the category

of valuative prekimberlites and the category of kimberlites. We will make this precise in what
follows.

2.2.1. Specializing v-sheaves. Let CAlg]Ferf °P denote the category of perfect affine schemes in char-
acteristic p. Recall from [SW20, § 18.3] ‘the o-functor

o CAIgR™™°P — Perf
with

(Spec A)° := Spd(A4, A).
In other words, it attaches to a perfect affine scheme over I, the small v-sheaf associated to the non-
analytic adic space Spa(A, A) where A is regarded as a topological ring endowed with the discrete

topology. Recall that ¢ extends to a fully faithful functor ¢ : PSch — Perf [SW20, Proposition
18.3.1] [Gle24, §3] from the category PSch of perfect schemes in characteristic P to to the _category

of small v-sheaves. Furthermore, this functor formally extends to a functor ¢ : PSch — Perf from
the category of small scheme-theoretic v-sheaves to the category of small v-sheaves. Furthermore,
© admits a right adjoint functor [Gle24, Definition 3.12] which we call the reduction functor

red : Perf — PSch. (2.4)

We let XRed = (Xx7ed)° it comes with a canonical map coming from adjunction XTed — X,
Definition 2.26. [Gle24, Definition 3.20] A map Y — X is formally adic if the following diagram
is Cartesian.

YRed s Y

|

XRed ____, X

Given maps X i> Y 4 Z with h = go f, one can use the cancellation and composition properties
of Cartesian diagrams to verify that if g is formally adic then f is formally adic if and only if h is
formally adic.

Definition 2.27. [Gle24, Definition 3.27] A v-sheaf is formally separated if the diagonal is a
closed immersion and formally adic.

Recall that to any Huber pair (A4, AT) over Z,, we can attach a v-sheaf Spd (A, A*) Definition 1.1.

Definition 2.28. [Gle24, Definition 4.6] Given a v-sheaf X and a map f : Spa (R, R") — X we
say that X formalizes f if there exists a dashed arrow completing the commutative diagram below.

Spa(R, R*) L; X

Spd(R*, RT)
Any such arrow is called a formalization of f. We say X is v-formalizing if for any f as above

there is a v-cover g : Spa(R’, R'T) — Spa(R, R™) such that X formalizes g o f.

Whenever X is formally separated and f : Spa(R, R*) — X is a map, a formalization of f, if
it exists, is unique [Gle24, Proposition 4.9]. This leads to the first class of v-sheaves that admit a
specialization map.
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Definition 2.29. [Gle24, Definition 4.11] We say that a small v-sheaf X is specializing if it is
formally separated and v-formalizing.

As shown in [Gle24, Proposition 4.14] if X is a specializing v-sheaf then it has a continuous
specialization map
spy © | X| = | XTed|.

Proposition 2.30. The rule
X = (spy 1 |X] = | X7
with source the category of specializing v-sheaves and target the category of maps of topological
spaces is a functor. In other words, given a map of specializing v-sheaves f : X — Y we get a
commutative diagram of topological spaces.
x|y
sPx sPy

| xred | L0 yrea

Proof. This is the content of [Gle24, Proposition 4.14]. O

Definition 2.31. [Gle24, Definition 4.15] If X is a specializing v-sheaf we say that it is a prekim-

berlite if X*°d € PSch is represented by a perfect scheme and X®¢d — X is a closed immersion.
We let X" := X \ X®ed and we call this the analytic locus of X.

The following lemma shows that, under certain assumption, being a prekimberlite can be verified
Zariski locally.

Lemma 2.32. Let X be a specializing v-sheaf and let Y = X9, Suppose that Y is representable
by a perfect scheme. Let U CY be an open subset and let V denote the only open subsheaf of X
with |V| = sp~*(|U]). Then the following hold.

(1) V is a specializing v-sheaf with V¢4 = U.

(2) The map V — X is formally adic.
Moreover, if there is an open cover {U; — Y Y1 such that Vi := spy (U;) is a prekimberlite. Then
X is a prekimberlite.

Proof. Let us show V is v-formalizing. Fix f : Spa(R, R") — X and assume that f formalizes to
a map Spd(RT, RT) — X. It follows easily from the definition of the specialization map that f
factors through V if and only if the map induced by reduction

Spec (R /R°°) = Spec R}t ; = Spd(R", R")™ - Y

€

factors through U [Gle24, Proposition 3.18, Definition 4.12]. In this case, Spd(R*, RT)Red — X
factors as a composition

Spd(R 4, R ;) = Spd(RT,RT)R - U° CV C X.

Since | Spd(R*, R*)| = | Spa (R, R")| U|Spd(R*, R*)Red| and V is an open subsheaf, we deduce
that if f factors through V then Spd(R™, RT) — X also factors through V. Consequently, V is
v-formalizing.

Any subsheaf of a formally separated v-sheaf is again formally separated. Indeed, this follows
by [Gle24, Lemma 3.30] using that both (—)**¢ and (—)° commute with finite limits. This shows
V' is formally separated, and hence specializing.

We claim that Y° Ny V = U°. Any map Spa(R, Rt) — Y is v-locally induced by a map of
schemes Spec RT™ — Y. If it factors through V it is because the map Spec (RT/R°°) — Y factors
through U. But since U is open and Spec RT/R°° contains all closed points of Spec RT, the map
Spec R* — Y also factors through U as we needed to show. By [CGle24, Lemma 3.32], V™4 = U
and the map V — X is formally adic.

Let us show the final statement. Since we already assumed that Y is representable, it suffices
to show that Y° — X is a closed immersion. This can be checked v-locally on X by [Schl7,
Proposition 10.11.(i)]. By our argument above, we have a Cartesian diagram

Hie] UZO HiEI Vi

| |

Yo —— X

and since we assumed each V; is a prekimberlite the map [ [, ; U? — [],c; Vi is a closed immersion
as we wanted to show. 0
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2.2.2. Prekimberlites and valuative prekimberlites. For prekimberlites one can construct a v-sheaf
theoretic specialization map (or Heuer specialization map). Recall our notation Rjed = RT/R°°.
Given S € PSch one can construct a v-sheaf $°/°° [Gle24, Definition 4.23]%, [[Teu21, Definition 5.1]
by v-sheafifying the formula

§o/%%pre . Spa (R, R+) + S(Spec R:gd)'

As it turns out it is only necessary to sheafify for the analytic topology [Heu21l, Lemma 5.2]. When
X is a prekimberlite we let X" := (X'ed)°/°° We get a v-sheaf theoretic specialization map
[Gle24, §4.4]
SP: X — X
Definition 2.33. The v-sheaf theoretic specialization map is constructed as follows. If a €
X(R,R") and « is formalizable we let @ € X(Spd R") be its unique formalization. Apply-
ing the reduction functor gives a**d € X*d(Spec R:;d), which is an element in the presheaf
(Xredye/oome (R RY). We get
SPpre . Xfrrnl N ()(red)o/oopre7

where the source is the sub-presheaf of formalizable maps in X. Now, SP is the sheafification of
SPpre-

The v-sheaf theoretic specialization map allow us to make interesting constructions. If X is a
prekimberlite and Z C X™9 is a locally closed subset we can define a prekimberlite X /z [Gle24,

Proposition 4.21] such that Z = ()A( /Z)red and such that it fits in the following Cartesian diagram

S, —x

[se lsp (2.5)

Z<>/oo xH
When Z is constructible the map X /z — X is an open immersion [Gle24, Proposition 4.22].

Definition 2.34. [Gle24, Definition 4.18] The prekimberlite )?/Z obtained from diagram (2.5) is
called the formal neighborhood of X along Z.

Remark 2.35. We will mostly apply this construction to the case where Z — X is the inclusion
of a closed point. In this case X,z is the v-sheaf theoretic analogue of taking the formal completion
at the closed point.

The specialization map for prekimberlites, SPx : X — X%, is always separated. Indeed, the
inclusion X X yu X C X x X is a separated map and since X is formally separated A : X — X x X
is a closed immersion. Consequently, X — X X yu X also is.

Definition 2.36. [Gle24, Definition 4.30] We say that a prekimberlite X is valuative if SP : X —
XM is partially proper ([Sch17, Definition 18.4]).

For valuative prekimberlites the topological specialization map, spy : |X| — | X4, is special-
izing [Gle24, Proposition 4.33]. Moreover, the valuative property is stable under natural construc-
tions like taking formal neighborhoods or étale formal neighborhoods [Gle24, Proposition 4.34].

Although the specialization map for a specializing v-sheaf F is defined as a map

spr: |F| — |]-"red\,

one often wishes to study this map after restricting it to certain open subsets. For example, if F
is a prekimberlite it is natural to study

o | = |
instead.

Since we are interested in studying the p-adic generic fiber of moduli spaces of p-adic shtukas
the natural setup is to consider prekimberlites F together with a map f : 7 — Spd Z,, and study
the specialization map

spr : |F Xspaz, Spd Qp| — |.7-'r6d|.
Note that in general the map f might not be formally adic (i.e. F is not a p-adic prekimberlite),
but we always have that
F XSdep Sdep - Fan,
This motivates the following definition.

2The symbol ¢/ oo suggest the similarity with the ¢ functor up to a quotient by the space of topological nilpotent
elements. In [Gle24]| we initially took the minimalistic notation ¢/o instead of ¢/ o o.
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Definition 2.37. Let F be a valuative prekimberlite.

(1) A smelted kimberlite is a pair K = (F, D) such that D is a quasiseparated locally spatial
diamond and D C F?" is open.3

2) The specialization map spy : |D| — |F*®4| is defined as the composition |D| C |F SLEN

K

| Frd|. When the context is clear we may write spp, or merely sp instead of spy.

3) We say that F is a kimberlite if (F, F*") is a smelted kimberlite and sp .. is quasicompact.

y Pr q p
(4) Given a smelted kimberlite K = (F, D) and a locally closed subset Z C F*¢ we define the

tubular neighborhood of K along Z as IC;’)Z = F;zND.

Recall the definition of locally spectral spaces and spectral maps between them [Hoc69], [Sch17,
Definition 2.1]. We have the following key result which we will use later on [Gle24, Theorem 9,
Theorem 4.40].

Theorem 2.38. Let K = (F, D) be a smelted kimberlite, then
spp : |D| — [F|
18 a specializing, spectral map of locally spectral spaces.
2.3. The specialization map for the p-adic Beilinson—Drinfeld Grassmannian. We recall

the definition of the p-adic Beilinson-Drinfeld Grassmannian that is the most suitable to study its
specialization map.

Definition 2.39. ([SW20, Definition 20.3.1]) We let Grg denote the v-sheaf
Grg : Perf°? — Sets
that assigns to an affinoid perfectoid pair (R, RT) the set
Grg(R, R*) = {((R*,1), T, )}~
where (R* 1) an untilt of R and (7,%) is a lattice with G-structure as in Definition 2.12.

Proposition 2.40. Let Spa(R, RT) be a product of points as in Definition 2.8 and let f : Spa(R, RT) —
Grg be a map. Then Grg formalizes f (Definition 2.28). In particular, f is v-formalizing.

Proof. Let Spa(R, R™) be a product of points and f : Spa(R, Rt) — Grg a map. By defini-
tion, associated to this map we have an untilt R? and a G-torsor 7~ over y[fg*oo) together with a
trivialization ¥ : T — G over y[’g;) \ V(&gt) meromorphic along £ri. We use 9 to glue T and

G along y[ﬁ;) to get a G-torsor defined over y{gf)o]. Using Corollary 2.5 and Theorem 2.10 we
can extend the data (7,1) to a get a G-torsor defined over Spec(W(R™)) together with a triv-
ialization defined over Spec(W(R‘F)[é]). This is enough to define a map Spd(R*, R") — Grg
that restricts to the original one. Indeed, take a second affinoid perfectoid Spa(T,T") and a
map ¢ : Spa(T,TT) — Spd(R*, RT), we want to produce a map Spa (T,T") — Grg in a func-
torial way. We may construct an untilt 7% by letting &4 denote the image of £x: under the
ring map ¢ : W(RT) — W(TT) induced by g. Base change along ¢’ gives a G-torsor over

Spec(W(T")) together with a trivialization over Spec(W(T*)[m]). This restricts to a G-
R

torsor over y[g*m) and a trivialization over y[gt)o) \ V(¢'(rt)) that is meromorphic along ¢'(Ep#)-

This gives our desired natural transformation Spd (R*, Rt) — Grg. Clearly the composition
Spa(R, RT) — Spd (R*, RT) — Grg agrees with f, so this map is a formalization. O

Recall that associated to our parahoric group scheme G one can construct a Witt vector flag
variety

Flgw : PSch® — Sets
with formula.

Spec R > {(T, 4)} )~
where T is a G-torsors over Spec W(R) and ¢ : T — G is a trivialization over Spec W(R) [%] [Zhul7],
[BS17, Definition 9.4].

Proposition 2.41. ([SW20, §20.3]) The v-sheaf Grg is specializing, the map Grg — SpdZ, is
formally adic and Grrged is represented by Flg wy.

3The main cases of interest are when D = F2% or when D = F XSpd Zy Spd Qp.
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Proof. To show that Grg is specializing we have to show that it is v-formalizing and formally
separated. It is v-formalizing by Proposition 2.40. In turn, it is separated by [SW20, Theorem
20.3.4, Theorem 21.2.1]. By [Gle24, Proposition 3.29], to show that it is formally separated it will
suffice to show it is formally adic over SpdZ,. Let us now show that Grg — SpdZ, is formally
adic. By [Gle24, Lemma 3.32] it suffices to show that

Gl"g XSdeP SpeC(IFp)<> = (fﬁg,w)o.

Indeed, by [BS17] Flgw is ind-representable and by [Gle24, Proposition 3.16.(1)] combined with
a quasi-compactness argument one can show that ind-representable scheme-theoretic v-sheaves are
reduced in the sense of [Gle24, Definition 3.15].

To find an identification Grg xspaz, Spec(Fp)® = (Flgw)® we begin by constructing a map
Flgw — (Grg)™!. We need to produce a map Spec(R)® — Grg functorially on the comma
category PSch,zs, . An object in PSch,zy, ., is given by an affine scheme Spec R, a G-torsor
T over Spec(W(R)) together with a trivialization ¢ : 7 — G over Spec(W(R)[%]). Given an
affinoid perfectoid Spa(T,T") and a map f : Spa(T,T%) — Spec(R)® we need to produce a map
Spa(T,T*) — Grg. The morphism f induces the ring map f': W(R) — W(T'*). We can assign to
f the characteristic p untilt and assign the G-bundle f'*7T over y[:g;o) with trivialization f"*, and
using Corollary 2.5 we see that it is meromorphic along p. This construction is clearly functorial
and gives the desired map. We prove that for any (R, RT) we have bijection of sets:

(]:fng)o(R, R+) — Grg XSdep Sdep(R, R+).
To prove injectivity, suppose we are given two maps g; : Spa(R, RT) — (Flg,w)
istic p whose composition agree. It is enough to prove that g; = g¢o after taking a v-cover of

Spa(R, RT1). Locally for the v-topology we can assume that both maps factor through morphisms
g. : Spec(R™) — Flgw given by pairs (7;,1;). Since the compositions agree, these pairs become

¢ in character-

isomorphic over y[lg;), and arguing as in the proof of Proposition 2.41 we can conclude that this

pairs are already isomorphic over Y[g;]. Since both 7; are defined over Spec(W(R™)) and the
pullback functor j* of Theorem 2.7 is fully faithful we can conclude that ¢g] = g5.

To prove surjectivity take a map f : Spa(R, R") — Grg Xspaz, Spec(F,)°. Since surjectivity
can be checked v-locally we can assume that Spa(R, RT) is a product of points. By the proof of
Proposition 2.40 we get a G-torsor T over Spec(W(R™)) and a trivialization over Spec(W(R"’)[%])
which gives a map Spec(R") — Flgw and consequently the required lift to our original map
Spa(R,RT) — (Flgw)°. 0

Let T' C Gg, be a maximal torus and let T@p CBC G@p be a choice of Borel of the geometric
generic fiber of G. Fix a dominant geometric cocharacter of T, u € X (T), with reflex field E and

ring of integers Og. Recall that to p we may attach a “local model v-sheaf” Mé“oE over Spd Og
[AGLR22, Definition 4.11], [SW20, §21.4].

Definition 2.42. The local model Mé“oE is defined as the v-sheaf closure [AGLR22, Definition
2.3] of Grg’gu in Grg Xspaz, Spd Og.

Definition 2.43. Let X be a kimberlite over SpdZ, we say it is flat if there is a set I, a family
of perfectoid Huber pairs {(R?7 R

") }ier over Q, and a v-cover over SpdZ,

[Ispd(ri*) — x (2.6)
iel
Recall Ag,, C Flgw the p-admissible locus [KKR00], [AGLR22, Definition 3.11]. In our collab-
oration with Anschiitz, Lourengo, and Richarz [AGLR22| we prove the following statement.

Theorem 2.44. (JAGLR22, Proposition 4.14, Theorem 6.16]) If G is parahoric and p € X (T),
then Mg“oE is a flat p-adic kimberlite with (Mé”OE)red =Ag ..

2.4. Specialization maps for moduli spaces of p-adic shtukas. Fix an element b € G(Qp)
and let

Vi : Repg — Isocg,
denote the associated isocrystal with G-structure (as in §2.1.2). This induces a ¢-module over
Y(0,00) Which we denote by Gy.

Definition 2.45. The integral moduli space of p-adic G-shtukas associated to Vj,, which we denote
by Shtg(b), is the functor
Shtg (b) : Perfz” — Sets
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(R, R*) = {((B%,0), T, @, \)} /=
where (Rf,1) is an untilt of R, (T, ®) is a shtuka as in Definition 2.13 and A : T — Gylyr+ an
{r,00)

isogeny as in Definition 2.17.

Fix (R, R"), fix R* an untilt of R and fix M € g(W(R*)[é]) to such data we associate a
shtuka
Gu = (G, Pn)
where
Py "G — G
is the only isomorphism conjugate to M : G — G under the canonical isomorphism ¢*G ~ G. We
consider the following auxiliary space.

Definition 2.46. Let WSht(b) denote the functor
WShtg (b) : Perfz” — Sets

(R, R*) = {((R%,0), M, \)}
where (Rf,1) is an untilt of R, M € Q(W(R“‘)[ﬁ]) and A : Gy — G an isogeny. Here Gy 1=
R
(G, ®) as above.

We denote by WG the sheaf in groups
WHG(R, RY) = G(W(RY)).
Proposition 2.47. Consider the map WShtg(b) — Shtg(b) given by
(R*, M, \) — (R*,Grr, @, )

The following statements hold.

(1) The map WShtg(b) — Shtg(b) is a W+G-torsor for the v-topology.
(2) WShtg(b) is formalizing and Shtg(b) is v-formalizing as in Definition 2.28.

Proof. Given N € WHG(R, RT) and (R*, M, \) € WShtg(b)(R, RT) let
(R*, M,\) x N = (R*, N""M@(N), Ao N).

This action on WShtg(b) makes the map WShtg(b) — Shtg(b) equivariant for the trivial W+G-
action on the target. It suffices to show that the map is v-locally isomorphic to the trivial
W+G-torsor. Since products of points are a basis for the v-topology it suffices to understand the
base changes WShtg(b) Xgsne, (5) Spa (R, RT) as Spa (R, R") ranges over products of points. Let
Spa (R, RT) be a product of points, and let (R*, T, ®, \) € Shtg(b)(R, R*). Similarly to the proof
of Proposition 2.40, we can glue 7 along A over y[fj’;) and use Theorem 2.10 to get (uniquely)
a G-bundle Ty over Spec(W(R™)) with a meromorphic ®w that restricts to (7, ®). Now, any
G-bundle on Spec(W(R™)) is trivial. Indeed, it is easy to show that Spec(W(R™)) splits every
étale cover (see [PR22, Proposition 3.2.2]). The choice of a trivialization 7 : Tw ~ G specifies a
section (R*, M,\) € WShtg(b)(R, R*) where M € Q(W(R*‘)[ﬁ} is the unique element making

the following diagram of maps of G-torsors over Spec W(R*)[ﬁ] commute
R

o Tw 4 G

i‘bw J{]\/[

Tw ——— G.

After chasing definitions one can see that the natural action of WG on the set of trivializations
acts compatibly with the action specified above.

Let us prove that WShtg(b) is formalizing (see Definition 2.28). Once we prove this, it follows
immediately from surjectivity of the map WShtg(b) — Shtg(b) that Shtg(b) is v-formalizing. Let
Spa (T, T") € Perfy , and wr € T+ a pseudo-uniformizer. Let (T%, M, \) € WShtg (b)(T,T), we
construct a natural transformation Spd (T, TF) — WShtg (b) (see Definition 1.1). Let Spa (L, L™) €
Perfg , a map f : Spa(L,L*) — Spd(T*,T*) induces f : W(T"‘)[ﬁ] — W(L“‘)[é], then we
let My = f(M). Fix a pseudo-uniformizer wy, € L*. Note that for all 7 € (0,00) there is a large
enough 1’ € (0, 00) for which the following diagram is commutative
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Vg ———Y

| |

SpaW(Lt) —— SpaW(T™).

This map allows us to pullback the isogeny A to Spa (L, L™). The isogeny constructed in this way
does not depend of the choices of wr, wy, r or r'. O

Note that Shtg (b) satisfies the valuative criterion for partial properness over Spd Zp = SpdZ, x
SpdF, [Schl7, Definition 18.4]. Indeed, all of the data used to define Shtg(b) (Definition 2.45)

takes place in the exact category of vector bundles over y[lg;) which is equivalent (by an exact

equivalence) to the category of vector bundles over y[fg"oo) (see Section 2.1.1 for a related discussion).

Lemma 2.48. Let Gi — G2 be a closed embedding of parahoric group schemes over Z,. Let
b1 € Gq (Qp) and let by be the image of by in gg(@p). Let Vi, be the isocrystal with Gy structure

g
associated to by and let Vi, = Vp, % Go be the isocrystal with Gy structure associated to bs. The
induced map WShtg, (b1) — WShtg, (b2) is a closed immersion.

Proof. Let Spa(T,T") € Perfg  be totally disconnected, and let (M, \) € WShtg, (b2)(T,T*) (we

suppress the untilt form the notation). By [Sch17, Definition 10.7], it suffices to prove that the

base change along Spa (T, T™) is a closed immersion. Abusing notation, we let (r, \) represent the
1

isogeny. After unraveling the definitions, we can think of M and A as ring maps Og, — W(T'™) [a]

and Og, — Bg;]. Moreover, Og, = Og,/I where I is the ideal cutting G; inside of G. The
base change Spa (T,T7) X WShtg, (bs) Wohtg, (b1) is the subfunctor of Spa (T,T7) of those maps

Spa (R, R*) — Spa (T, T%) for which the induced ring morphisms M : Og, — W(R*)[ﬁ] and
R

A:Og, — B[If)zo] map elements in I to 0. We can fix {i1,...,i,} C I a set of generators, and let
mj € W(T*)[é] (respectively t; € B[TT:)O]) denote the image of i; under M (respectively A). The
subfunctor in question corresponds to the loci where all the m; and ¢; are 0. It suffices to show
the more general statement that for any m € W(T*)[%] (orte BT;]) the subfunctor of points

[,
in Spa (T, T7") for which the element mp € W(R"’)[ﬁ] is 0 (respectively tp € B[Ifio] is 0) is a
R :

closed subfunctor (i.e. the inclusion map is a closed immersion).

Fix m € W(T‘*‘)[ﬁ], replacing m by (&}, - m) we may assume m € W(T"). Using the

T

Teichmiiller expansion, we can think of m as an element in (7)Y and m restricts to 0 if and only
if each entry restricts to 0. This defines a Zariski closed subset of Spa (T,7") [Sch17, Definition
5.7].

Now fix t € BT C B[j;zo) and let Z C |y[§;)| be the set of valuations with |¢|, = 0. Let us

[T»OO] -
clarify what we mean by this. If z € |y[§;)\ and Spa(A4, A1) C y[f_;) is an open affinoid subset
containing z we can think of z as given by an equivalence class of continuous valuations

|-].: A—=T,U{0}.

If ¢ 4 denotes the restriction of ¢ to Spa(A, AT), then z € Z if and only if |t4|, = 0. The structure
map T : (y[{ ;))0 — Spd (T, TT) is surjective and ¢-cohomologically smooth [Sch17, Proposition
24.5], therefore it is universally open [Sch17, Proposition 23.11]. Recall that |Spa (T,T1)| =

|Spd (T, T+)| and similarly [VE™ | = |(VE )9 [Sch17, Lemma 15.6]. The subfunctor of points

we consider consists of those n[12;ps) to Spd[()T,)Tﬂ that factor through

7' =|8pa (T, TH)|\ [r(| Vi ooy |\ 2)]
which is a closed subset. Moreover, we claim that this set is both closed and generalizing, so it
defines a closed immersion into Spa (T,T7") (|Sch17, Lemma 7.6]). Indeed, if f : Spa (C,CT) —
Spa (T,T7) is a geometric point that factors through Z’ it is because f(t) € B[E/:,-:;o] is identically
0 in this ring. Nevertheless, if CT C C't C O¢ is another open and bounded valuation ring, the
map B[TT;O] — B[(j’/:o] factors through B[CTY’ZO]. This shows that the map Spa(C, C'") — Spa (T, T™")

also factors through Z’. O
Lemma 2.49. The map WShtg(b) — Shtg(b) is quasicompact.

Proof. From Proposition 2.47 we know that WShtg(b) — Shtg(b) is a WtG-torsor. By [Schl7,
Proposition 10.11.(0)], to deduce that the map is quasicompact it suffices to show that WG —
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Spd Fp is quasicompact. Now, G is a finitely presented affine scheme over Z,. Suppose that
G = SpecOg with Og = Zplx1,...,2n]/(f1,--., fn). Then the set of data t € WrG(R,R™)
corresponds to the choice of n-elements t1,...,t, € W(R') = (R")N subject to the condition that
fi(t1,...,t,) = 0. As in the proof of Lemma 2.48 we see that WG is a closed subfunctor of the
functor

(R, R*) = (RF)M)".
This is an infinite dimensional closed unit ball, which is qcgs over Spd I_Fp. Indeed, the base change

Spa (R, R") xg,q7, B"

1 1

is representable by Spa(R(T”™ )nen, RT (T )pen) which is an affinoid perfectoid and in particular

qcgs over Spa (R, RT). O
Proposition 2.50. With notation as in Lemma 2.48 the map Shtg, (b1) — Shtg, (b2) is a closed
immersion. Moreover, Shtg(b) — SpdZ, is separated.

Proof. The second claim follows easily from the first one by letting Go = G1 Xz, G1 and letting the
map G; — Go be the diagonal embedding. Let us prove the first claim. To do this we use that a

closed immersion is the same as an injective and proper map of v-sheaves [AGLR22, Lemma 2.1].
For injectivity, let

t; = (R, T;, @i, \i) € Shtg, (b1)(R, RT) with i € {1,2}
g g
for some Spa (R, RT) € Perpr. Assume that t; % G- and to % Go are isomorphic where

t % Go = (R T % Go, ®y, As) with i € {1,2).
We can assume that Spa (R, R™) is a product of points. In this case the ¢;’s lift to WShtg, (b1), say
given by T; € WShtg, (by)(R, RY) with T; := (R*, M;, \;). Since t; €<1 Gy ~ 1y §<1 Go, then Ty g><1 Go
and T % G, are in the same Go(W(R™))-orbit. Now, A; € G1(BE_ ) so A oAy ' € Gi(BE_)n

[r,00) [r,00)
G2 (W(R™T)), this intersection is G;(W(R™)) since W(RT) C B[’f;o). This and Lemma 2.48 proves
that T} and Ty are in the same W+G;-orbit, which proves t; = ¢5. Let us prove Shtg(b;) — Shtg(b2)
is proper [Schl7, Definition 18.1, Proposition 18.3]. Since the map is injective then it is also
separated. Since both Shtg(b1) and Shtg(b2) satisfy the valuative criterion of partial properness
[Sch17, Definition 18.4] over Spd Zp, the map Shtg(b1) — Shtg(bs) is also partially proper. The only
thing left to prove is quasi-compactness. Now, by Lemma 2.49 and Lemma 2.48 the composition
WShtg, (b1) — WShtg, (be) — Shtg,(b2) is a quasi-compact map. Since WShtg, (b1) — Shtg, (b1)

is surjective, it follows that Shtg(b;) — Shtg, (b2) is also quasicompact. O
As with p-adic Beilinson—Drinfeld Grassmannians, integral moduli spaces of p-adic shtukas admit
bounded versions. Fix a conjugacy class of geometric cocharacters u € {G,, — G@p} / ~ with field

of definition E. In what follows we let £ denote the compositum of FE and @p in C,. Fix a
geometric point

x: Spa(C,CT) — Shtg(b) Xspaz, SPA O given by x = (C* £, T,®, )
with (C*, f) an untilt of C' over Og. Observe that by Theorem 2.10 the G-torsor 7T is trivial. Let
us fix a trivialization of 7 : 7 — G. The morphism 70 & : p*T — G defines a map
Yra - Spa (O, C+) — GI‘g XSdep SdeE.

We say that x has relative position bounded by p if y, ,, factors through Mé%E as in Definition 2.42.
By [AGLR22, Proposition 4.13], this condition doesn’t depend on the choice of 7

Definition 2.51. We let Sh‘cé"oﬁJ (b) C Shtg(b) Xg,4 7, SPd O denote the subfunctor of tuples

(R%,0), f, T, @, )
for which the shtuka (7, ®) is point-wise bounded by .
Remark 2.52. One can give a more conceptual reformulation of Definition 2.51 by considering
Hecke stacks as follows. Let LT Ggpq z,, denote the positive loop group considered in [SW20, § 19.1]
and [AGLR22, § 4.2]. Let
Hkg = [L*gsdeP\Grg]
and
<up <
HkéfOE = [L+gspd OE\ME,HOE] C Hkg X Spd zZ, Spd Og.
Then we have a Cartesian diagrams
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MG, —— Grg xspaz, Spd O Shtg'e,(b) — Shtg(b) X,z Spd O
HkG', — Hkg xspaz, Spd O Hkgfg)E —— Hkg Xgpaz, Spd 0.

Remark 2.53. Whenever G is reductive over Z,, the field of definition p is always an unramified
extension of Q, since the group itself G = Gg, splits over an unramified extension. In this case,

Op = Zy.

Let WShtg o, (b) = WShtg(b) Xspaz, SPd O, let Shtg o, (b) = Shtg(b) Xgpaz, SPA O and let
WShté’éE(b) denote the base change of

WShtg.o, (b) — Shtg o, (b)
along Shté”oé (b). We can consider the map
WShtg'e, (b) = Grgo,,
constructed as follows. Fix
(R', f, M, ) € WShtg, (b)(R, R"),
and recall that M € G (W(R"’)[é]) which we may think of as an automorphism of the trivial
G-torsor defined over Spec W(R"’)[ﬁ] We can consider the tuple
(R%, f,Gar,¥u) € Grg o, (R, RY),

where G)s is the trivial G-torsor over y{g;o) and ¥y @ Gy — G is the lattice with G-structure

Definition 2.12 obtained from restricting to y[lg”;o) \ V(£gt) the map M : G — G which is initially
defined over Spec W(R"‘)[ﬁ]
R

Proposition 2.54. Let p € {G,, — G@p}/ ~ with field of definition E. Then
<
Shta“OE (b) — Shtg(b) XSpdZ, Spd O,
s a closed immersion. Moreover, Shtg’%é (b) is v-formalizing as in Definition 2.28.

Proof. We have a pair of Cartesian diagrams:

WShtgl, (b)) — WShtg o, (b) WShtgl, () — WShtg o, (b)
MGl ——— Grgo, Shtg', (b)) —— Shtg o, (b)

Since being a closed immersion can be checked v-locally on the target ([Sch17, Proposition 10.11]),
and since WShtg o, (b) — Shtg o, (b) is surjective Shta’gé(b) — Shtg o, is a closed immersion.
Moreover, by Proposition 2.41 and Theorem 2.44 the map M;%E — Grg,o, is formally adic
since they are both formally adic over Spd O (see discussion below Definition 2.26). We claim
that WShtg’”OE (b) is formalizing and consequently that Shtg,’é),; (b) is v-formalizing. Indeed, given a
map Spa (R, R") — WShta:)E (b) we get a map Spd(R*, RT) — WShtg o, (b) by Proposition 2.47.
Moreover, the induced map Spd(R*, R*) — Grg o, factors through Mé‘éE since Spa(R, RT) —
Grg,0, does. This follows from the fact that Spd R* XGrg.o, Mé“OE is a formally adic closed
subsheaf of Spd(R™, RT) which by [Gle24, Lemma 3.31] has to agree with Spd(R*, RT). O

At the moment we have only proven that Shtéy’gé (b) is a separated (Proposition 2.50) and
v-formalizing v-sheaf (Proposition 2.54). This is not enough to construct a specialization map.
Indeed, we still have to show that it is formally separated Definition 2.27 (see Definition 2.29). If
Shté%é (b) was formally adic over Spd O, then formal separatedness would follow easily, but this
is not the case. Instead we rely on the following lemma, see [Gle24, Lemma 3.30] for a proof.

Lemma 2.55. Let F be a small v-sheaf. The diagonal F — F X F is formally adic if and only if
the adjunction morphism (F*¢4)° — F is injective.
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To show that Lemma 2.55 holds for Shtg%é(h) we identify
< red . }
(Shtg%E (b)) : PSch%f: — Sets
with an affine Deligne-Lusztig variety, and we identify the adjunction map
<u Red <u
(Shtgyoé )t Shtg’oé (b)
as a closed subsheaf.

2.4.1. Affine Deligne—Lusztig varieties. Recall the pioneering works of Rapoport and Kottwitz in
which they initiate the study of affine Deligne—Lusztig varieties [Rap00], [KR03], [Rap05]. Although
at the time, the general definition of an affine Deligne—Lusztig varieties only made sense as a set, one
could use the theory of p-divisible groups and Dieudonné theory to prove that in some cases these
sets could be realized as the ]Fp—points of a Rapoport—Zink space [RZ96], which are formal schemes
whose reduced special fiber is a scheme locally of finite presentation over F ». In [CKV15] Chen,
Kisin and Viehmann found a way in which one could endow general affine Deligne-Lusztig with
geometric structure, and in particular they were able to meaningfully talk about their connected
components. With the introduction of the Witt vector affine flag variety F¢g w [Zhul7] and the
proof of its representability [BS17], we now know that affine Deligne-Lusztig varieties always arise
as the Fp—points of a perfect scheme perfectly of finite presentation [Zhul7, § A.2] over IF‘,, [HV20,
Theorem 1.2.(1)]. We denote this scheme by XgS“ (b) and by abuse of notation we still refer to it
as the affine Deligne—Lusztig variety.

Definition 2.56. Let G be a parahoric group scheme over Z,. Let p € {G,n, — Gg,}/ ~ be a

conjugacy class of geometric cocharacters, and let b € G(@p). The affine Deligne-Lusztig variety
ng” () is the unique closed subfunctor of F{gw such that

X5 (0)(Fy) = {g-G(Zy) € Feow(Fy) | G(Ly) - g~ 'b(9) - G(Z,) € Adm(p)}

Here Adm(p) denotes the p-admissible set of Kottwitz—Rapoport [KR00|, [AGLR22, Definition
3.11].

By [Zhul7, § 3.1.1, Lemma 1.22] [HV20, Theorem 1.2.(1)], XgS“(b) is representable by a per-
fect scheme that is locally perfectly finitely presented. In what follows, we recall an alternative
description of affine Deligne—Lusztig varieties that is more convenient for our purposes.

Let &, denotes the p-module with G-structure over Spec W(R)[%] defined by the isocrystal with
G-structure that b € G(Qp) induces. More precisely, & = (G, ®) where G is simply the trivial
G-torsor and

Q"G =G
is the only isomorphism of Spec Qp conjugate to b € Q(Qp) under the canonical identification
v*G ~G.
Definition 2.57. We consider a functor
Sg(b) : PSch®® — Sets

with formula
Sg(b) : Spec R — {(T,®,\)}/ ~
where T is a G-torsor over Spec(W(R)), ® : ¢*T — T is an isomorphism over Spec(W(R)[%]) and

A: T — & is a p-equivariant isomorphism over Spec(W(R)[%]).

Proposition 2.58. The formula
(T,®,A) = (T, A)
defines an isomorphism f : Sg(b) — Flgw.
Proof. 1t suffices to construct an inverse functor. To do this it suffices to observe that & is
completely determined by A, we spell this out as follows. Given (7,¢) € Flgw(SpecR) we

construct an element (77, ®,A) € Sg(b)(Spec R), to do this we consider the following diagram
defined over Spec W(R)[%]

(P*T (=" Lp*g can g

Lo

7— d} g id g.
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Then f~1(T,v) = (T',®, )\) is obtained by letting 7' := T, letting ® := 1»~! o ®} 0 o(p*9), and
by letting A := . O

Let C be an algebraically closed characteristic p field, suppose we are given z = (7,P,\) €
Sg(b)(Spec C'). Note that T is a trivial G-torsor, and after fixing a trivialization 7 : T — G over
Spec W(C) we obtain a map

z : SpecC — Flg w.
by considering
(*T,70®) € Flgw(SpecC).
We say that x is bounded by p if @, factors through Ag , C Flgw. Since the admissible locus is

a union of Schubert varieties it is stable under the action of G(W(C)), so this condition does not
depend on the trivialization chosen.

Definition 2.59. We let Sg“(b) C Sg(b) denote the closed subfunctor of tuples (7, ®, ) such
that on geometric points of Spec R the induced pair (7, ®) is bounded by p.

Proposition 2.60. The isomorphism f : Sg(b) — Flgw of Proposition 2.58 restricts to an
isomorphism

S5"(b) — X5"(b).
Proof. Since F{gw has an ind-presentation by proper perfectly of finite presentation closed sub-
schemes, any closed subfunctor is determined by its F,-points. So it suffices to show that f (Sgg“ (b)(Fp)) =

Xg“(g))(ﬂ?p) Let (G,¢,) € ]':fg,w(]Fp) where ¢, : G — G is the isomorphism defined over
SpecQ, associated to g € G(Qp). Then f~1(G,1bg) = (G,¢hy-1 0 @y 0 p*thy,y). Moreover,

G, vy € SgS“(b)(]Fp) if and only if (¢*G, 9,1 o @ 0 p*¢Y,) € Ag,(F,). But the pair
(©*G,hg-1 0 By 0 p*9hg) is isomorphic to the pair (G,1g-1p4(g)) so they define the same point

in Flgw. Now, for an element a € G(Q,) the pair (G,4) € Ag.,.(F,) if and only if
a € G(Zy) - Adm(p) - G(Z,)
since by definition Ag , is the only closed subsheaf of Flg w satisfying that

Ag u(Fp) = G(Ly) - Adw(p) - G(Ly)/G(Ly) € G(Qp)/G(Ly) = Flgm(Fy)

From here it is clear that (G, v,) € XQS“(IF'I,) if and only if (G, ¥y-14(¢)) € Ag,uu(Fp). The reasoning
above shows that this is also equivalent to f~1(G,1,) € Sg“(b)(]F‘p). O

From now on we use XgS” (b) to denote the functor Sg”(b).

Proposition 2.61. The following statements hold.
(1) There is a natural identification ngu(b) = (Shté“oé (b))red.
(2) The adjunction map (XgS“(b))<> — Shté,”oé (b) is injective.
(3) Shté“oé(b) is a specializing v-sheaf.

Proof. We first construct a map j : ng“(b) — (Shtgf‘oé(b))red. By adjunction, we may construct
h : (ngﬂ(b))<> — Shtg’“oé(b) instead. Before sheafification, a map Spa (7,7") — (ng”(b))<>
is given by data (T,®,)) over SpecT* as in Definition 2.57 and Definition 2.59. Restricting
to the appropriate loci defines a map Spa (T,7T7) — Shté“oé (b). Indeed, T is a G-torsor over

Spec W(T'*) which can be restricted to yg;*oo). Then @ is a morphism in the category of G-torsors

over Spec W(T*)[%] which can be restricted to a morphism of G-torsors over y[q(;;o) \ V(p) that

is meromorphic along V(p). Finally, X is defined over Spec W(T“‘)[%] which can be restricted to
+

V(o.00)°

Since XQS” (b) is representable, full faithfulness of ¢ on the category of perfect schemes implies
that the unit of the adjunction ng“(b) — ((ng“(b))o)red is an isomorphism [Gle24, Proposition
3.16] [SW20, Proposition 18.3.1]. To prove j is injective it suffices to prove that h is. Indeed,
(—)red is a right adjoint functor so it preserves monomorphisms and j is obtained as the following
composition

X5 (0) 5 ((XF"(0))* 275 (Sheghh, (b)),
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Take maps g1, g2 : Spa (R, Rt) — (ngu (b))°. Injectivity can be proved v-locally. Moreover, since
XQS“ (b) is representable, we can identify the set of maps

(X5*(b))°(Spa (R, RT)) ~ X5*(b)(Spec RT)

as long as Spa (R, RT) splits every open cover. Totally disconnected spaces form a basis for the
v-topology with this property [Schl17, Definition 7.1, Lemma 7.18]. Without loss of generality,
the g; are given by data (7;, ®;, A;) over Spec(W( ), Spec(W(R*)[%}) and Spec(W(R*)[%]) and
the h o g; is given by restriction to y[fg; [0 Oo) \ V(p) and y[ﬁ;) respectively. It follows from
ho gy = hogs and Theorem 2.7 that g; = g2. This finishes showing that h and j are injective.
Granted that j is surjective, this also finishes the proof of the first statement.

Let us prove surjectivity of j. We show that every map f : Spec A — (Shté“oé(b))md can be

lifted uniquely to a map Spec A — X gS“ (b). Now, any such map factors as the composition
Spec A =5 ((Spec A)°yred L5 (Shtg"o (b))red

where ¢ : (Spec A)° — Shté”oé (b) is the map that corresponds to f by adjunction. It suffices to

lift g to a map e : Spec A° — ng“(b)<> with h o e = g, since in this case we get a diagram

Spec A —=— ((Spec A)°)red

| l —

<u =~ re h' <p re
XGH(b) —=— (X5"(b)o)red —— Shtgly_ (b))
Fix g : Spec(A4)® — Shté”oé(b), we construct a commutative diagram

(Spec A)° —L= Shtgls, (b)

[
XgS#(b)o

by interpreting all of the objects involved as v-sheaves in the full subcategory of Perfz whose
objects are product of points Definition 2.8 and by exhibiting a natural transformation that gives
rise to e.

Fix ¢ : Spa (R, R*t) — Spec(A)° a map with Spa (R, RT) a product of points. We construct
below a unique f’ fitting in the following commutative diagram

Spa (R, RT) —— Spec(A)°

J# 3

(XG"(b))> —— Shtgl, (b).

Fix a pseudo-uniformizer w € RT, we let Spa (R, RL) be a second product of points defined
by RY =T];2, R" with pseudo- umforrmzer wg,, = (@')2;. This product of points comes with
a family of closed embeddings ¢; : Spa (R, RT) — Spa(Reo, RL) given in coordinates by the
projections onto the ith-factor. The diagonal Ay : A — [[;2, RT induces A, : Spa(Re, RL) —
Spec(A)® with Ay ot; =t for every i. Since Spa (Roo, RY) is a product of points, by Theorem 2.10,
the map g o A; can be represented by a triple (Tgr_,Pr._, Ar..) with Tr__ trivial. After choosing

x
a trivialization, Ar__ is given by a map Og — B[R*”" g Moreover, since go Ay 0t; = go Ay o for

all ¢ and j, the various A} : Og — B[T";o] 2 B[T o) ll lie in the same G(W (R*))-orbit. Clearly,

G(W(RL)) =112, G(W(RT)). By changing the trivialization, we may assume that r; = r; =:r
and AT = A7 =: \}; for all 1 <14, j < oo. We claim that A% factors through W(R*)[%}

+
Take t € Og and consider s = A\ (t) € B[If - After enlarging 7 if necessary, we may assume

[=re]] for some k. Let

r=n¢€ N In particular, p* - s lies in the p-adic completion of W(RL )]
L, C B[ Lo denote the p-adic completion of W(RT) [[ ]] this is a ring of definition. The argument

above shows that for all i the element ¢;(p* - s) lies in L;. In other words, p* - A3 (t) € ey Li- By
Lemma 2.62 below, this intersection is W(R™) proving the claim.
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Since the triple (Tg_, Pr._, Ar.,) is defined over Spec(W(R™)) and Spec(W(R*)[%]), it defines
a map Spec(Rt) — ng”(b). The composition, Spa (R, R*) — Spec(RT)® — (Xg”(b))o, defines
f'. This finishes the proof of the first statement.

To prove Shté“oé (b) is a specializing v-sheaf Definition 2.29 we need to prove it is formally
separated and v-formalizing. That it is formally separated follows from Lemma 2.55 ([Gle24,
Lemma 3.30]) and Proposition 2.50. That it is v-formalizing is Proposition 2.54. O

Lemma 2.62. Let Spa(R, RT) be affinoid perfectoid. Letw € RT be a choice of pseudo-uniformizer.
[="]

Forn € N let L,, denote the p-adic completion of W(R+)[T]‘ For n > m consider the natural
inclusion Ly, C L,,. Then the natural map induces an isomorphism of rings

W(R') = () L.
€N

Proof. Let Af = (W(RO)[%])/(p”, [@]"). Then L; = lim _ A? and we can interpret the inter-

section as a limit

ﬂ L; = lim lim A” .
(_ n
ieN i€EN neN

We can compute lim _ lim A; instead. Let AS® denote the ring W(R"‘)/(p”, [@]™). We claim
that the set of maps W(R™) — A® induces an identification AS® ~ lim, Al . Indeed,
AL = (W(RNIT)/pTi — [@']) @w(r+) A

and the transition maps ATl — A% are the one obtained from the rule T;1; ~ [w]T;. When
i > n this simplifies to AY, = W(RT)[T}]/(p", [=]™, pT;) and for such i the map A" — A? is the
map with T;.,, +— 0. We see that the only polynomials in A? that have a preimage in A" are
the constant ones. This shows W(R™)/(p", [@]™) ~ m, At Since W(RT) is (p, [w])-adically
complete, W(RT) ~ lim _ lim . Al O

Lemma 2.63. The adjunction map (XgS“(b))<> — Shtaé)é (b) arising from the identification of

Proposition 2.61 is a closed immersion. In particular, (Shtg%é(b), Shté%(b)) is a smelted kimber-
lite as in Definition 2.37. 7

Proof. Recall that ng"(b) is a closed subfunctor of Flg w [Zhul7, § 3.1.1, Lemma 1.22]. Moreover,
by [BS17, Corollary 9.6] we may write

]:gg,W = UnGNSn

as in increasing union of schemes S,, each of which is the perfection of a projective scheme over F,,.

We can write

X5H ) = [J(X5" (1) N Sn)°.
neN
Each of the terms (ng”(b) N S,)° is proper over SdeF‘p7 since they come from a proper per-
fectly finitely presented scheme over F,. Consequently, (ng” b)NS,)° — Shté’é)é (b) is a closed
immersion [AGLR22, Lemma 2.1].

Now, ng”(b) is locally perfectly of finite type [HV20, Theorem 1.2]. For all z € |ng“(b)|,
we fix U, = Spec A with z € U,, and such that A is the perfection of a finite type algebra over
IF‘p. Observe that |U,| is a Noetherian topological space. We claim that there is n € N for which
U, =U,NS,. Indeed, if U, is Noetherian then every Zariski closed subset is an open subset in
the constructible. For a scheme X we consider its constructible topology and denote it by X °"s.
Since US°™ is compact and U™ C Up,en(Uy NSy )™ is a nested open cover, we may find finite
n large enough that already contains Ug°".

By Proposition 2.61 and [Gle24, Proposition 4.14] we have a specialization map

sp : [Shtglo,, (0)] = [XG" (b)].

Let V, = (sp)~1(U,) for x € |Xg§“(b)| and U, as above, this forms an open cover of Shté%é ().
By the last statement of Lemma 2.32 above, to show that Shté“oé (b) is a prekimberlite it suffices

to show that each Vj is a prekimberlite. This reduces us to showing that (V*4)° — V, is a closed
immersion. Now, the adjunction map (U,)® — V, fits in the following diagram
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U 1d U V,

| | !

(Sn N X5H(b)® —— (XG"(b)° — Shté"oé (b).

By Lemma 2.32, the map V, — Shté,”OE(b) is formally adic, so the above diagram is Cartesian.

This shows that US — V,, is a closed immersion.
Let us show the final statement. Proposition 2.61 proves that ShtéfOE (b) is a specializing v-sheaf

and that (Shté”oé (b))red is represented by a scheme. The argument above shows that Shtg%é (b) is
a prekimberlite as in Definition 2.31. Since Shté’éé(b) — Spd(O}) is partially proper, by [Gle24,
Proposition 4.32, Definition 4.30] it is a valuative prekimberlite. Finally, by [SW20, Theorem
23.1.4] Shté‘%(b) is a locally spatial diamond. Consequently, (Shté“oé(b), Shté%(b)) is a smelted
kimberlite as in Definition 2.37. ]

2.5. Tubular neighborhoods and a local model correspondence. Let us fix k£ an alge-
braically closed field in characteristic p endowed with a fix embedding IF'p C k. Fix a pair (D, ®p)
with D a G-torsor over Spec(W(k)) and ®p : ¢*D — D an isomorphism over Spec(W(k)[%]). Fix
T C B C Gg, a maximal torus and a Borel respectively, fix p € X (T). Let E denote the reflex
field of p with Ey C E the maximal unramified extension of Q, in E. We let Ey = E®g, W(k).

We can define “coordinate-free” versions of some moduli spaces that we studied in the previous
sections (Definition 2.39, Definition 2.42, Definition 2.45, Definition 2.51):

Definition 2.64. We consider functors

GrD,ShtD,M%‘fOE ,Sht%fioé : PerfP — Sets
k k

(1) With Grp(R, RY) = {(((R*,1), f), T, ¥)} )~ where ((R*, 1), f) is an untilt of R over Spa(W(k)),
T is a G-torsor over y[fg;) and 1 : 7 — D is an isomorphism defined over y[fg;o) \V(Ert)
that is meromorphic along &g:.

(2) With Shtp(R,R*) = {((R*,¢), f),T,®,A)}/~ where ((R*,1), f) is an untilt of R over
Spa(W(k)), (T, ®) is a shtuka with G-structure as in Definition 2.13, and A : 7 — D is an
isogeny as in Definition 2.17.

(3) We define M%I:LOE and Sht%’f 0 by requiring the same boundedness conditions as in

k k
Remark 2.52. Namely, we require that the following diagrams are Cartesian.

M%fLOEk — Grp X Spd W(k) Spd OEk Sht%ftoék — Shtp X Spd W(k) Spd OEk
Hkgff)é —— Hkg Xgpaz, Spd O, Hkg_ﬂ% —— Hkg Xspaz, Spd Op,
k T By

The functors Grp and Shtp come with canonical sections ¢p : Spec(k)® — Grp and ¢p :

Spec(k)® — Shtp given by (¢*D, ®p) and (D, Pp, Id) respectively. Fixing an isomorphism 7 : D =~
G induces natural isomorphisms

T: GI‘D ~ GI‘g XSdep Sde(k),

and
. <u ~ <p .
T: MD*OE“,C =~ MQVOE XSPdOﬁ: Spd OEk

Analogously, given a g-equivariant isomorphism 7 : D ~ &, over Spec(W(k)[%]) it induces isomor-
phisms
7 : Shtp ~ Shtg(b) Xspd7, Spd W(k)
and
< <
T: Shtf)ftoék o~ Shté’%é (b) XSpd O Spd OE‘k'

Moreover, if we are given a section o : Spec(k)® — Grg (respectively o : Spec(k)® — Shtg (b))
we can find (D, ®p) and an isomorphism 7 : D ~ G over Spec W(k) (respectively @-equivariant
isomorphism over Spec W(k)[%] 7: D — &) making the diagrams below commutative
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Spec(k)® a Spec(k)® g
Grg XSpdz, Sde(k) Shtg(b) Xgpd z, Sde(k‘)

Indeed, by Proposition 2.41, o : Spec(k)® — Grg can be represented by data (G, V) with
U e Q(W(k)[%]), we can then let D = G and ®p be given as &p : p*G ~ G 2, G. Here 7 = Idg.

Similarly, by Proposition 2.61, a map o : Spec(k)® — Shtg(b) can be represented by (G, @, p).
In this case we let D =G and &p = ¢ and 7 = p.

Since k is algebraically every closed point of (M;%E Xspd 0, SPA O )
a section

red = Ag .k arises from

o : Speck® — Mgf‘% Xspd 0, SPA O
and similarly every closed point of (Shtg“ (b) Xspao, Spd OEk)red = XS% (b) arises from a section
o : Speck® — Sht5"(b) xspa0, Spd O, .

Constructing 7 and (D, ®p) as above and passing to formal neighborhoods of closed points
Definition 2.34 we get identifications

o — o — J——— o —

Shtg“(b) XSpd O Spd OEk Jo ~7 Sht%“ov Mg,l(LDE XSpd O Sde > ~7 M%MO

"Bk Jep Ek/U YEk Jep

This reduces our study of formal neighborhoods at closed points to the study of the spaces
M3 and Sht3"
DOk e DOk e
as we vary the pair (D, ®p). We may think of these spaces as “deformation spaces” of the pair
(D, @p). We have the following conjecture.

Conjecture 2.65. With the notation as above, there exists an isomorphism of v-sheaves

< <
=K ~ Sht="
POk fep PO ep

Remark 2.66. A previous version of this material contained a flawed proof of Conjecture 2.65
which was used as a stepping stone to prove Theorem 2.77. The flaw was found and communicated
to us by Pappas and Rapoport while they were working on [PR24]. Soon after, we found a different
argument to show Theorem 2.77 by exploiting the correspondence described in Theorem 2.69 and
avoiding the use of the difficult Conjecture 2.65. The correspondence described in Theorem 2.69
has been used to great success by Pappas and Rapoport in their works [PR24] and [PR22].

Remark 2.67. During the revision process of this article there has been a lot of progress in proving
Conjecture 2.65 when g is assumed to be minuscule. Notably, [PR22] for the local abelian type
case, [Bar22], [[to23] for hyperspecial case and [Tak24] for the unramified group case.

In what follows we formulate and prove Theorem 2.69 which allows us to bypass Conjecture 2.65.
We first need to set some notation.

Definition 2.68. We define small v-sheaves as follows

L&QD,\@,WM%‘OE ,WD,WSM%{‘OE : Perf}? — Sets.
k k

(1) With L{;{,QD(R, R*) = {(((R%,1), f), g)} where ((R, 1), f) is an isomorphism class of untilts
of R over SpaW(k), g : D — D is an automorphism over Spec(W(R™)) subject to the
following condition. We require that there exists a pseudo-uniformizer @, € R", depending

of g, such that the restriction of g to Spec(W(R™)/[ww,]) is the identity. We define L&/ng
exchanging the role of D for ¢*D.

(2) With m(R, RT) = {((R*,1,)f), T, 0} )~ where ((R*,1), f) is an untilt of R over
SpaW(k), T is a G-torsor over Spec(W(R%1)), ¢» : T — D is an isomorphism over
Spec(W(RJr)[%]) and o : T — ¢*D is an isomorphism over Spec(W(R™)) subject to the fol-
lowing condition. We require that there is exists a pseudo-uniformizer @ € R* depending
on the data for which ®p o o = 1) when the data is restricted to Spec(W(R™)/[w=]).
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(3) With WD(R, RT) ={((R*,1), f), T, ®,\, 0}~ ((R*,¢), f) is an untilt of R over Spa W(k),
T is a G-torsor over Spec(W(RT)), ® : ¢*T — T is an isomorphism over Spec(W(R*)[%}),
A:T — D is an isogeny over y[ﬁ;] and o : T — D is an isomorphism over Spec(W(R™))
subject to the following condition. We require that there exists a pseudo-uniformizer
@ € R depending on the data for which o = X\ when restricted to Spec(BR;]/[w]).

[rs
— —_—

(4) We define WM%f‘OE or WSht%f‘OE by requiring the same boundedness conditions as in

Remark 2.52. Namely, we require that the following diagrams are Cartesian.

WM%{L% —— WGrp xw) Spd Op, WSht%f‘OEk —— WShtp Xspawr) Spd O,
Hké’gék —— Hkg Xgpaz, Spd Oy, Hké“oék —— Hkg Xspaz, Spd O,

Theorem 2.69. Given (D, ®p) and p € X.(Ty,) as above, and with notation as in Definition 2.68
we have a natural identification

WSht3',  ~ WME,
T Eg T ER

and consequently we have a correspondence

—

WShtg,  ~ WMF,
’ k

By

— T

W <n
Sht=H MG
P95y e, PO fep,
—

Moreover, both arrows are L{Vgp-torsors.

Remark 2.70. We emphasize that although the maps WSht%” 0, Sht%“ 0,
B B

Do, are LG -torsors, the natural isomorphism WSht3/, =~ WMZ3/, is not equivari-
"TEE Jep B T B

ant for the L3;G,-action.

/<\
12
a. d MD,O

/cp

Standard arguments using Proposition 2.11 will prove that the objects in Definition 2.68 are
v-sheaves. In what follows, we will systematically suppress the untilt of R over SpaW(k) from

the notation. There are natural maps m — Grp and WV/SRD — Shtp over Spd W(k). After
suppressing the untilt the map can be described as follows. The first one takes a tuple (T,v,0)
and assign (7,1). The second one takes (7,®, A\, 0)) and assigns (T, P, \).

The first map is L{g,gwp—equivariant when we endow m with the action
g* (T, p,0) = (T, ,g00)
and when we endow Grp with the trivial action.

Similarly, the second map is L{g,gp—equivariant when we endow WD with the action
gx (T, 2,\,0)— (T,P,\,goo)
and where we endow S}mith the trivial zﬁti&n. Lemma 2.71 and Lemma 2.72 below explain the
structure of the maps WGrp — Grp and WShtp — Shtp below.
Lemma 2.71. The map m — Grp factors surjectively onto (?r;/cp. Moreover, the map
m — C/};J Jep

/4;}\
s a ngw*p—torsor.

Proof. Observe that if m : Spa(4,A") — m is a map with the source being an affinoid
perfectoid then m formalizes Definition 2.28. Indeed, given (T, ¢, 0) € Y&VG?D(A7 A*)and amap f :
Spa (B, BT) — Spd(A™, A1), we form (f*T, f*¢, f*o) with f*T defined over Spec(W(B™)), f*¢ :
f*T — D defined over Spec(W(B"’)[%]) and f*o : f*T — f*¢*D defined over Spec(W(B™)).
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To prove this triple satisfies the constraints, take w4 € AT such that after restricting the data
to Spec(W(A™)/[wa]) the identity ®p o 0 = 1) holds. Then f(w4) is topologically nilpotent.
In particular, for any pseudo-uniformizer wp € BT that divides f(wa) when one restricts the
appropriate objects to Spec(W(B™)/[wg]) the equation ®p o f*o = f*1) holds as we wanted to
show.

To prove that V\V/G?D — Grp factors through C/%r\D/CD it suffices to show that given Spd(A™, AT) —
m described by a triple (7,4, 0) as above the induced map Spd(A*, AT)red — Grid factors
through the canonical section c¢p : Spec(k)® — Gris®. Let A, = AT/A%. After restricting
(T, 4, 0) to Spec W(AT ) we get @p oo = 1), and Spec(A,)* — Grp is given by (T,1). Now,
one can use o to construct an isomorphism (7,%) ~ (¢*D,®p), so the map factors through
¢p : Spec(k)® — Grp.

To prove W’/G?D — (?r\p Jep 18 surjective it suffices to lift maps valued on product of points.
Let S = Spa(R, RT) be a product of points Definition 2.8. After suppressing the untilt from the
notation, a S-valued point of Grp Jep 18 given by data (7,¢) with 7 defined over Spec(W(R™))
and ¢ : T — D defined over Spec(W(R*)[ﬁ]) such that (7, 1) becomes isomorphic to (¢*D, ®p)
when one restricts the data to W(R" ) and W(R;Led)[l] Indeed, this follows from Theorem 2.10.

The isomorphism oyeq : (T,%) — (9D, ®p) over W(R ) is unique and given by oreq = @' 01
since it has to satisfy the commutative diagram

T
P
Ored D
b
*D.
We define 6 := &5 o1 : T — ¢*D over y  for r sufficiently big (avmdmg V()), clearly

o restricts to opeq. Usmg Lemma 2.21 we ﬁnd O' : T — ¢*D such that ¢ = 6 when restricted
to Spec(B [T;]/[w]) for some pseudo-uniformizer @’ € RT. In particular ®p o o = 1) over

Spec(W(R')/[w']). The data (T,v,0) defines Spa(R,R") — WGrp lifting the original map
Spa (R, R) = Grp /ey -

To prove m X Grp WVGTD ~ L\ngwp X Spd W(k) m, take two sets of data (7;,;,0;) over
Spa (147 A+) with (7-1|y[18:*;0)aw1|y£;)\v(5))
given by ¢! 01, and by the full faithfulness of Theorem 2.7 it extends to Spec(W(A*)). Let

~ (7'2\3}{3;),1/}2|y£;)\v(5)). The isomorphism must be

g=a10; opooyt i "D — o™ D.

By hypothesis, 7,01, ! = ®5' on Spec(W(A™)/[w;]) for suitable choices of ; € A*. Consequently,

(9,T2,%2,02) € [L§V9¢*D Xspaw(k) WGrp](A, AT),

T _—

since the construction is functorial we get a map m X Grp m — LQ‘VQWD Xspdw(k) WGIp.
On the other hand, to (g, T, %, o) we associate the pair of tuples (7,¢,go0) and (7,4, 0). These
constructions are inverses of each other. O

Lemma 2.72. The map W’/SED — Shtp factors surjectively onto S/hE)/CD, Moreover, WD —

—

S/ha)/C,D s a L\J{Vgp-torsor.

Proof. That V\V/SED — Shtp factors surjectively onto Sh/t\p Jep follows closely the argument of
Lemma 2.71, and we omit the details. To prove that mp X Shtp Wp ~ Lgfng X Spd W(k)
WShtp, take two sets of data (7;, ®;, A;, 0;) over Spa (A, A%) with (Ti|ya+r  P1fya+ \v(§)7’\1) ~
[0,00) [0,00)
(7'2\yA+ ,<I>2|yA+ \V(g),>\2). The isomorphism must be the unique lift of \;* o Xy : T2 — 71 to
[0,00) [0,00)

y[’g;). Glueing along the \; and by the fully-faithfulness part of Theorem 2.7 )\fl o Ao extends to
Spec(W(AT)). Moreover, letting

g:gloAIIO)\QOUEIZD—)D
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we have o; 0 A\]* =1Id = Ay 00, ' over Spec(BA /l@a]) for suitable ws € AT. We associate to

[r,00]
the original data the tuple (g, 72, @2, A2, 02) € [L WQD X Spd W(k) VV/SRD](A, AT) giving the left to
right map. One can construct the inverse using the action map as in the proof of Lemma 2.71. [

We can now prove Theorem 2.69.

Proof. (of Theorem 2.69). Let 7 = (p)~1. Observe that 0 : LQ’VQ — LWQ D glven by g — ©*g

is an isomorphism with inverse h — 7*h. Using 6 we can endow WGrD with a ngp action, and

—

the projection  : m — GrD/CD of Lemma 2.71 becomes a L&,QD—torsor.
We construct an isomorphism © : V\V/G?D — VV/SRD, given on (A, AT)-valued points by
(T, Y,0) = (T°T, ®,\, 770).

Here ® : T — 7*T is defined by ® = (7%0) "t o4, and X : 7T — D is constructed as follows.
Consider the following (non-commutative &) diagram,

T —2— ¢*D

l‘l’ * |eo

™7 125D

defined over y[f;{;} for big enough r avoiding V' (£).

By hypothesis, there is @ € A" with ¢p = ®p o o over Spec(W(RT)/[w]). Consequently,
T*0 0 ® = ®p oo over Spec(B[‘gJ;o]/[w]). By Lemma 2.24, we can construct A as the unique
isogeny over y[ﬁ;l lifting 7*o with A\ = 7*¢ over Spec(B i, Oo]/ [w]). The uniqueness of A makes
this construction functorial so that © : m — Wp is well-defined.

The inverse Q = O~ is given on (A4, AT)-valued points by

(T,®,X,0) = (¢"T,00®,0%0).
Direct computations show Q o © = Id, and that © o Q(T,®,\,0) = (T, P, N, 0) for some X with

XN =0 = X over B[é;]/[w}. The uniqueness part of Lemma 2.24 proves A = A’ and © o Q = Id.
One shows directly that both © and  preserve the boundedness conditions so that

o —

e: WM<“ —>WSht7§'fOE
’ k

is also an isomorphism. More precisely, we have a commutative diagram.
— @ —_—
WGrp m—— ~ WShip

\ @ /

Hkg XSde Sde

and the isomorphism © : WMS", ~ WShtS", is obtained from the diagram above by pulling
D,0, D,0,
T ER T ER

back along the closed immersion
Hkg:uoék — Hkg XSpd Zp Spd OEk
O

In what follows we will apply Theorem 2.69 to deduce Theorem 2.77. For this we have to
understand how local behavior (at formal neighborhoods of closed points) glues to describe global
behavior over the rest of our v-sheaf. For this we recall some terminology introduced in [Gle24]
that try to capture finiteness hypothesis on a v-sheaf.

Definition 2.73. We say that a locally spatial diamond X is constructibly Jacobson if the subset
of rank 1 points are dense for the constructible topology of | X|. We refer to them as c¢J-diamonds.

Definition 2.74. Let K = (F, D) be a smelted kimberlite.
(1) We say that K is rich if D is a cJ-diamond, |F*4| is locally Noetherian and spp, : |D| —
| Fred| is surjective.
(2) If K is rich we say it is topologically normal if for every closed point x € |F™4| the tubular
neighborhood IC% is connected.
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(3) We say that a kimberlite F is rich (respecitvely topologically normal) if the pair (F, F2")
is rich (respectively topologically normal).

Theorem 2.75 ([AGLR22|,|GL24]). If C/E is an algebraically closed non-Archimedean field ex-
tension, then Méfé,c is rich and topologically normal kimberlite.

Proof. That (MS” )*" is a cJ-diamond follows from [AGLR22, Corollary 4.7] and [Gle24, Propo-
sition 4.51]. Since (/\/l<“ yred is the perfection of a projective scheme Theorem 2.44, it is locally

Noetherian. To show that M é“oc is rich it suffices to see that the specialization map is surjective,
but this follows from [AGLR22, Proposition 2.34, Proposition 4.14]. Topological normality (or
unibranchness) is [GL24, Theorem 1.3]. O

We now show that moduli spaces of p-adic shtukas are rich and topologically normal as in
Definition 2.74.

Theorem 2.76. The pair K = (Shtg’“o (), Sht;’%( )) is a rich and topologically normal smelted

kimberlite.

<;L

Proof. Lemma 2.63 proves that this pair is a smelted kimberlite. By Theorem 2.75, Mg'~ and

consequently M i are cJ- diamonds, [Gle24, Proposition 4.46.(1)]. In [SW20, Proposmon 23.3.3]

it is proven that the period morphism Sht* ( ) — Mg’ﬂ is étale, so by [Gle24, Proposition

4.46] Shtg%(b) is also a cJ-diamond. By [HV?O Theorem 1.1], we know that X<”(b) is locally
Noetherian. To show that K is rich it suffices to show that the specialization map is surjective.

By [Gle24, Lemma 5.23], we are reduced to showing that for any nonarchimedean field extension
C /W(k)[%] with C algebraically closed, the specialization map of the base change Shté”oC (b) is
surjective on closed points. To show that K is rich it is then enough to prove that for any such
C the p-adic tubular neighborhoods of Shtg”gc (b) are non-empty. Moreover, to show that K
is topologically normal it suffices to show that the tubular neighborhoods are connected. Non-
emptiness and connectedness follow from Theorem 2.69 and Theorem 2.75. Indeed, if k£ = k¢
denotes the residue field of O¢ we may apply Theorem 2.69 to compare

(Shté’gék ()7, Xspa 5, SPAC with (MG, o) 7w Xspa s, SPAC

for some y.
More precisely, we have the following diagram

o <n e
WShthLOEk XSpd O, SpdC o~ WME?OE,C XSpd Og, SpdC
(Shté,“oc (b));@z = (Shtzgjftoc);@@ (MD oc)/cD (Mg oc)

To show that (Shtg“o (b))/@ is non-empty it suffices to know that (M ) /y is non-empty, but
this directly follows from Theorem 2.75. To show that (Shtg Oc ()9 Jo 18 connected it suffices by
Lemma 2.72 to show that WShtﬁ“O . XSpdOy, Spd C is connected. That Mé”o is topologically
normal, means that (./\/l ) is connected for all closed points y. Consequently, (./\/ID“ OC)/@CD is

connected and since

WM%,HOEK XSpd Oék Spd Ek — (M%flov )©

Ey, /cp
is a L@Qp—torsors and the group L;g,gp is connected [PR24, Proposition 3.4.7] we conclude that
the space WSht%“OE XSpd Oy Spd C' is also connected. O
’ K

We finish this section with the proof of one of our main theorem. For the convenience of the
reader we recall the notation. Let G be a parahoric group scheme over Z,, with generic fiber G

over Q,. Let b€ G (@p) be an element and let u : G, — Gg, be a conjugacy class of geometric
cocharacters with reflex field E. Let E be the compositum of £ and @p in C,.

Theorem 2.77. For every nonarchimedean field extension F ofE contained in C, the following
hold.
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(1) There is a continuous specialization map
<
sp : [Shtg b.u.6(z,) XDivy, X SPA F| — [ X" (b)].

This map is a specializing and spectral map of locally spectral topological spaces. It is a
quotient map and Gy(Q))-equivariant.
(2) The specialization map induces a bijection on connected components

sp : 70 (Shtc b,u,6(z,) Xpivy, SPAF) = mo (X5 (b))

Proof. By Theorem 2.76 and Proposition 2.61 (Sht5', (b),Sht5",(b)) is a rich smelted kimberlite
with reduction ng“ (b). This implies by [Gle24, Theorem 4.40] that the specialization map

sp ¢ [Sht,p.6(z,) ¥pivt, SPAF| = |X5# (b)),

is a specializing spectral map of locally spectral spaces. Moreover, by [Gle24, Lemma 4.53] it is
a quotient map. Now, G,(Q,)-equivariance follows from functoriality of the specialization map.
Since Shté’é)F (b) is rich and topologically normal we can apply [Gle24, Proposition 4.55] to show
that the specialization map induces a bijection on connected components. ([l

3. GEOMETRIC CONNECTED COMPONENTS OF MODULI SPACES OF SHTUKAS AT INFINITE LEVEL.
3.1. Moduli spaces of p-adic shtukas at infinite level.

3.1.1. A conjecture of Rapoport and Viehmann. As we mentioned in the introduction, given (G, b, u)
a local Shimura datum [RV14, Definition 5.1] with reflex field F, Rapoport and Viehmann conjec-
tured the existence of a tower Mg of smooth rigid-analytic spaces over E indexed by the compact
open subgroups K C G(Q,) whose cohomology should realize instances of the local Langlands
correspondence [RV14, § 7].

Inspired by the works of de Jong [dJ95b], of Strauch [Str08] and of Chen [Chel4], Rapoport
and Viehmann make a general conjecture describing the geometric connected components of M.
Let M%° denote Mg Xgpa iz SPaCp. Given (G, b, it) alocal Shimura datum, we let (G2P, b2, ;2P)
denote the local Shimura datum induced by the determinant map det : G — G#® = G/G%. In
other words, b*? = det(b) and p*® = det ou. We let Mib’geo denote the tower of rigid spaces over
C, attached to (G*P,b*, ;?P) and indexed by compact open subgroups of L C G**(Q,) [Chel3]
[RV14, § 5.2|.

Conjecture 3.1 ([RV14, Conjecture 4.30]). Assume that GI°* is simply connected. Then there is
a morphism of towers indexed by compact open subgroups K C G(Q,)

geo ab,geo
ME™ = Mgt (o)

compatible with the group action on the towers. Furthermore, whenever (b, ) is HN-irreducible
then this morphism induces bijections

7o (ME°) = mo (M5 ) = G (Q)/ det(K).

Remark 3.2. Since G is a torus, the local Shimura variety M3P is a tower of O-dimensional rigid
ab,geo

spaces over Spa E. Consequently, Maei(x) = g (@,)/ det (1) SPaCp.

The existence of the tower was proven to exist by Scholze and Weinstein [SW13] [SW20, § 24.1]
by letting Mg denote the unique smooth rigid-analytic space representing Shtg; .,k asin § 3.1.6
(see [SW20, Definition 24.1.3]). From this perspective, the functoriality of towers with respect to
the morphism det : G — G*" together with the compatibility with group actions becomes evident.
So the only thing left to prove is that when (G, b, ) is HN-irreducible Definition 3.7 the following
identity holds

o (M) = mo (M50 ). (3.1)

The purpose of this section is to show that Equation (3.1) holds whenever G is an unrami-
fied group over Q, and (G, b, u) is HN-irreducible. This shows that Conjecture 3.1 holds in the
unramified case.

The sketch of the proof is as follows. Since by definition (M%°)® = Sht&’ , «, it suffices by
[Sch17, Lemma 15.6] to compute the connected components of the latter. In turn, it is more
convenient to work with the infinite level moduli space of shtukas Sht%e’%ﬁ 100" Our main result in
this section Theorem 3.19 computes mo(Shtgy , o) as a right G(Q,) x Gy(Qj) x Wp-set whenever
G is a unramified group and (G, b, 1) is HN-irreducible. We use Theorem 3.12 as a stepping stone
which is already enough to show Conjecture 3.1 (see Corollary 3.13). The proof of Theorem 3.12 is
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heavily inspired by the arguments in [Chel4] except that we avoid the use of de Jong’s fundamental
group and we also crucially use Theorem 2.77 instead of de Jong’s theorem on normality.

For future reference, the first few subsections review the geometry of moduli spaces of p-adic
shtukas at infinite level.

3.1.2. Divisors and G-bundles on the Fargues—Fontaine curve. We start by recalling how to discuss
the Weil group action. For S € Perf we let Xvr g denote the relative Fargues—Fontaine curve over
S [FS21, Definition I1.1.15]. Given S € Perf and S* an untilt of S we obtain a closed Cartier divisor
S* — Xpps [SW20, Definition 5.3.2], [F'S21, Proposition I11.1.18]. Given two vector bundles &
and &; defined over Xpp s and an untilt St of S, we refer to isomorphisms

a 51 —-—=> (‘:2
defined over Xgp g\ S* and meromorphic along S* [SW20, Definition 5.3.5] as modifications. We
let
Div@p : Perf%i — Sets
denote the moduli space of degree 1 divisors on the relative Fargues—Fontaine curve [FS21, Defini-

tion II.!19]. Recall that we have an identity Spd @p = Spd Q, x Spd Fp. Here the projection map
to SpdF, is given by the formula

((Sﬁ,i),f) — [fb oi 8 — SpdF,).

Here, when S* = Spa(Rf, R#), f” denotes the unique map f° : (S*)" — SpdF, inducing the
following commutative diagram

0o (Rﬁ-,+)b
§F —— Vo)
f
lW(fb)

Spa W (F,)[;]-

Recall that the ring map ¢ : Qp — Qp induces an isomorphism Spd(¢) : Spd Qp — Spd @p which
we denote by . One can verify that

Y = Idspd Qp X FI‘ObSpd Hj-p

as automorphisms of Spd Q, x Spd pr. We let 7 = Frobgpld@ op : Spd Qp — Spd Qp, then
P

7 = Frobgy o, X ldgyar,
is an automorphism of Spd @p over Spd ]Fp. This gives a right action of 7% on Spd @p which we
can make more explicit. It is
SpdQ, x 7% — Spd Q,
with formula
((S%,0), f) x5 — ((Sﬁ,Frobf; o1),p° o f).
We observe that the projection map TSpdF,, Spd Qp — Spd Fp takes the shape
ﬂ-SdeP(((Sﬁa Z)a f) * TS) = TrSpd]Fp((Sﬁv FI‘Obg ° Z)v 908 © f) =
(p* o f)* 0i ™ o Frobg® = (Frobg, gz, © f)oi o Frobg® = f oi L.
Let deg : Wg, — Z be the degree map with deg(w) = s if w acts by ¢* on @p. We can endow
Spd C, with a “modified” right action that respects the structure map to SpdF,, it is
SpdC, x Wg, — SpdC,

with formula

((S%,4), ) xw > ((S*, Frob%®™) o 4), Spa(w) o f). (3.2)
We note that the modified action agrees with the standard action from Section 1 when we restrict
to the inertia subgroup Ir C Wg. Let 7 : SpaC, — SpaQ, be the natural map induced from the
inclusion Qp C C,. We can compute the projection map TSpdF, - SpdC,, — Spd IF’p to be given by
the formula -

((S%,4), f) = [(rof)’ 0i™ : S — SpdF,].

With this formula we can compute

Wspd]ﬁp(((sﬁ,i), fxw) = 7rspdfgp((5ﬁ,Frob‘;eg(w)oi)7 Spa(w)of) = (roSpa(w)of)"oi_loFrobgdeg(w) -

(gag;g(w) orof)oito Frobgdeg(w) = Frobg;i(];;) o(rof)foito Frobg des(w) (rof)Poil.
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This computation shows concretely that the action defined above respects the structure map
SpdC, — SpdF,.
We have identifications

Divap = [Spd @p/TZ] = [Spd C,/Wo,].

This construction is the same as [FS21, § IV.7].

More generally, let E C C,, be a finite field extension of @, with absolute Galois group I'e C T'g,
and Weil group Wy = I'g N Wq,. Let Qps € E denote the maximal unramified extension.
We let E C C, denote the compositum E - (@p, the natural map F ®q,. Qp — C, induces an
isomorphism onto E. We let g E — E be the automorphism conjugate to Id ®¢°. This induces
an automorphism ¢ : SpdE’ — Spd E’, and we have a commutative diagram

SpdE’ e, SpdE‘

| |

SpdF, £ SpdF,

We let 75 = Frob;;d PEIJo8 then 75 is an automorphism of Spd E over Spd IF‘p. If Div}g : Perf%; —

Sets denotes the space of degree 1 divisors on the relative Fargues—Fontaine curve attached to F
then

Divy, = [Spd E/7Z] = [Spd C,/Wg].
There is a natural map Divy — Divé@p7 if we have D € Divp(S) we will denote by Dg, its
image in Divbp(S’). Note that a degree 1 divisor D € Div(lQp(S) gives rise to a perfectoid space D"
that is isomorphic to S, but D is not an untilt of S since the data D C Xy g does not specify
an isomorphism between D’ and S. Similarly, fix Dq, € DivbP(S), this is a perfectoid space
over SpaQ,. The set of Dp € Divy(S) mapping to Dg, under the map Divp(S) — Divbp(S)
correspond to the different ways of endowing Dg, with the structure of an adic space over Spa E.

3.1.3. The group Gy(Q,). Recall that G denotes a connected reductive group over Q,. Recall
that given b € G(Qp) one can define another reductive group Gj (or J in the notation of [Kot97,
§3.3]) over SpecQ, that satisfies the following property. If we denote by V; the isocrystal with
G-structure attached to b, then G, satisfies

G (Qp) = Aut(V3).

Fargues—Scholze consider a more geometric version of G,. When V is an isocrystal with G-
structure and S € Perf[-gp one can construct a G-bundle over Xgp s that we denote £y g as in
[FFS21, § II1.2.1]. When V =V}, and if S is clear from the context we simply write &, for &y, .
Following [FS21, § ITL5.1], we let G, denote the functor

Gy : Perf%z — Groups

given by the formula
Gb(S) = AUtXFF,S (51,)

There is a v-surjective map of groups Gy — Gp(Qyp), and if éif denotes the kernel then Gj, = é,l,] X

Gp(Qp) [FS21, Proposition II1.5.1]|. The inclusion G,(Q)) C G, is the subgroup of automorphisms
of & that come from an automorphism of V; [FS21, § IIL.5.1, Proposition I11.4.7]. Whenever b
is basic the identity Gy, = G»(Q,) holds and when b = 1 we have an identification Gy = G. In

particular, Gy = G(Q,) [FS21, § IIL.4, Proposition II1.4.2].

3.1.4. Definition of ShtgGe’%’H’oo. We fix (G, b, 1) a p-adic shtuka datum over Q, [RV14, Definition
5.1], [SW20, Definition 23.1.1]. That is, G is a connected reductive group over Q, b is an element
of the Kottwitz set B(G) [Kot97], and p is a conjugacy class of geometric cocharacters p € {G,, —
Gg,}/ ~. From now on £/Q, will denote the reflex field of y i.e. the smallest Galois extension of
Q, for which I'g preserves the conjugacy class p.

Let S = SpaC with C an algebraically closed field. Let Dg € DivE(S) and let o : £ --» &
be a modification of G-bundles defined over Xpr s \ Dg,. In what follows we will explain what
it means for o to be bounded by u. The completion of Xfp s along Dg, gives rise to a discrete

valuation ring BBQ with fraction field Bp, and residue field Cp [SW20, Definition 12.4.3] [F'S21,

P

§ VLI.1]. The ring BBQP is non-canonically isomorphic to Cp[€], and the choice of an untilt of C*
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of C projecting to Dg, induces an isomorphism BEM ~ BJR(Cﬁ) where the latter is the de-Rham
Qp

period ring of Fontaine (see [SW20, Definition 12.4.3]).
By Beauville-Laszlo glueing [SW20, Lemma 5.2.9], the modification « gives rise to a well-defined
element of

ap € G(B, )\G(Bb,,)/G(Bp, ) = G(Cp[ED\G(Cp(€)/G(CplE])-

After fixing a choice T' C B C G, of T' a maximal torus and B a Borel, it follows from the Cartan
decomposition that

XH(T) ~ G(C[ED\G(Cp(€)/G(CplED)

where X} (T) is the set of dominant cocharacters. Since we started with data Dp € Div(S),
Cp comes equipped with E-structure. Since Cp is algebraically closed we can find an E-linear
embedding ¢ : Q, — Cp. The conjugacy class t(u) € {G,, — Gc,}/ ~ gives rise to a unique
element o € X;F(T) belonging to this conjugacy class. Moreover, since E is the reflex field of
the formation of py does not depend on ¢. We say that « is bounded by p if ap < pg in the Bruhat
order [SW20, Definition 19.2.]. More generally, if S € Perf, Dy € Divy(S) and a : & --» &
is modification, then we say that « is bounded by p if for every geometric point of § — S the
induced modification a;z : £1 5 --» &5 is bounded by p. Our main object of study in this section
is Sht&) ,, o Which is defined as follows (see [SW20, § 23.2]).

Definition 3.3. We consider the moduli space of p-adic shtukas at infinite level of type (G, b, i),
as a functor
ShtG .00 : Perfe” — Sets,
p

that is given by the formula
Sht b,pu,00 () = {(Dps @)}
where Dy € DivE(S) and a is a modification of G-bundles

Qo 511 -—3 Sb
over Xpp s\ Dg, meromorphic along Dg, that is bounded by p. We let
Shtgc,%,u,oo := Shta b0 X Div, Spd C,,.

3.1.5. Definining the three actions. Let us make the right action of G(Qp) x G4(Qp) x Wg on

Sht%c,%’um explicit. An S-point of Sht%c,%’um is given by data (((S%,1), f),a) with ((S%,4), f) an

untilt over SpaC, and « : & --» & a modification over Xpp g \ S* meromorphic along S* and
bounded by p. There is an evident left action map

Gu(S) x ShtE®  (§) — Sht&  (S)

G,b,p,00 G,b,p,00
with formula
gb*((suvi)?f)’a) ((Sﬁ&i)af)vgboa)
which we can restrict along the inclusion G,(Q,)(S) C G(S) and turn it into a right action with
formula
((S%,4), f), @) % go = ((S%,4), f), 9, ' 0 ).

There is an evident right action map

SIEE 1,00 (9) X G(Qp)(S) = ShtET, o (S)

with formula
((Sﬂa 7’)’ f),Ol) * g1 ((Sﬁ7z)7 f)a Qo gl)
Finally, the right action
ShE .00 (S) X Wi (S) = SWET |, oo ()
is the one obtained from Equation (3.2).
From the explicit formula, we see that the actions of G(Qy), G(S) and Wg commute so we can
gather them to define an action of G(Q,) x Gy, (Qp) x W on Shtgy |, . Since G(Qp) x Gy(Qp) x Wk
is a locally profinite group we have an identification of topological spaces

[ShtEh 00 X G(@p) X Go(Qp) X Wi = [ShtE, |, | X G(Qp) x G(Qp) x W

and the action map

|Shté?3),y,oo| X G(QP) X Gb(QZD) X WE - |Sht%e§),y,oo|

is continuous since the association of a topological space to a small v-sheaf is functorial [Sch17,
Proposition 12.7].
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Remark 3.4. One can see from the definition of Sht%ez, 100> and the definition of the right group
action by G(Q,) x G,(Q,) x Wg that this construction is functorial in the triple (G, b, ). More
precisely, let f: G — H be a map of reductive groups, let by = f(b), let py = fopandlet F C E
denote the reflex field of py. We have canonical group maps

G(Qp) x Gp(Qp) x W — H(Qp) X Hpy (Qp) X W

In this way, pre-composition endows Shti,cf;H’HH,oo with a right action by G(Q,) x G»(Q,) x Wg.
Moreover, the canonical map

geo geo
ShtG b oo = SUEE by s oo

obtained by sending a G-torsor to its associated H-torsor is equivariant for the G(Q)) x G»(Qp) X
Wg-action that we just defined.

3.1.6. Moduli spaces of p-adic shtukas at finite level. For future reference we record here the relation
between Shté“oé (b) (defined and studied in Section 2) and Shtg"; , . Definition 3.3. We also set
some notation.

For any compact open subgroup K C G(Q,) we let

Shtgﬁb#y[( = ShtG,b,,u,oo/K and Shtga,cg’mkv = Shtgicé’%oo/K

This notation is justified by [SW20, Definition 23.1.1, Proposition 23.3.1]. For field extensions
ECF CC, we let

Sht¢: 50 = ShtG by i Xpivy, Spd F.
We will use the following limit formulas (see [SW20, § 23.3])

ShtEy oo = UM ShtG 00 and Shtéy o0 = lim Shtdy, o
ECFCC, KCG(Qp)

Recall that throughout the text G denotes a parahoric model of G. When K = G(Z,) we will
crucially use the following identities which can be deduced from [SW20, Proposition 23.3.1]

ShtG,b,u,6(z,) XDivy, Spd E = Shté,“oé (b) Xspdo, Spd E

and
<
Shtg,b,mg(zp) = Shté,uOE (b) XSpd O, Spd F.

3.1.7. The period morphism. Recall the Grothendieck—Messing period map [SW20, §23.3]

<
TGM * ShtG,b,,u,,oo — GrafLDiv};
defined over Div},. Here we use Beauville-Laszlo glueing to identify Gré%ivl with the moduli
? E

space classifying tuples
S {(Dg,&,a)}/~
where D € DiVlE(S ), € is a G-bundle on the relative Fargues—Fontaine curve Xpp s and
a:E--+&
is a modification. For (Dg,a) € Shtg p, .00 (S) as in Definition 3.3 the formula for 7am(Dg, @) is
meMm(DE, ) = (Dg, &1, ).

Its image is an open subset Gré“ﬁ?\}adm C Gré“DiVl [SW20, Theorem 22.6.2] and the map
El E ’ E

<p.b—ad
TGM : ShtG,b,u,oo — GrE}fLDivg m (3.3)

is a G(Qp)-torsor [SW20, § 23.2, Theorem 22.5.2] for the pro-étale topology. For a given tuple

(Dg,&,a) € Gré”ﬁ?;ﬁdm(s ) one can describe the fiber 75y (S) as the moduli space of isomorphisms
? E

T:& = €.

Remark 3.5. Recall that any pro-étale G(Q,)-torsor over SpdC, is trivial. Indeed, by [Schl7,
Lemma 10.13] the torsor is representable by a perfectoid space and since Spd C,, is strictly totally
disconnected, by [Sch17, Corollary 7.22] SpdC,, splits every pro-étale cover. In particular, if
ECFC C, is a p-complete field extension every G(Q,)-torsor for the v-topology over Spd F' comes
via descent datum for the quasi-pro-étale cover SpdC,, — Spd F'. Standard arguments relating
Galois theory to the theory of descent will show that the groupoid of G(Q))-torsors over Spd F' is

equivalent to the groupoid of continuous group homomorphisms p : I'r — G(Q,). Furthermore,
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given a continuous group map p : I'r — G(Q,) with associated G(Q))-torsor F, we have a G(Q))-

equivariant identification |F,| ~ G(Q,)/p(I'r). In particular, for any = € |F,| the stabilizer of
in G(Qp), G» € G(Qp), is conjugate to the image of p.

Recall the category of crystalline Galois representations [Fon82, § 5.1].

Proposition 3.6. Fiz a field extension [F : E] < 0o and a crystalline representation with G-
structure p : Tr — G(Qp). Let Deris(p) = (Dy, ®,,Fily, ) denote the filtered isocrystal with
G-structure associated to p. Assume that the isocrystal with G-structure (D,,®,) is isomorphic
to (Vo, ®y), and that the filtration type of Filg, is p. Then there exists a map f, : SpdF —
Gréfg‘j}j dm such that

TGM Sht(;i),moQ X GpSnb—adm Spd F — Spd F

G,Dile

is isomorphic to the G(Q,)-torsor corresponding to p under the equivalence of Remark 3.5.

Proof. This boils down to [FF18, Proposition 10.5.3, 10.5.6, Lemme 10.5.4], let us elaborate. The
reference attaches to any filtered isocrystal (D, ®,Fil%) a modification of vector bundles over
XFF’C; along oo,

&(D,®,Fil%) --» E(D, ®).
The vector bundle £(D, @, Fil},) comes equipped with T'g-action. Moreover, as [FF18, Proposition
10.5.6] explains, whenever (D, ®, Fil}.) is a weakly admissible filtered isocrystal the vector bundle
E(D, @, Fil},) is semi-stable of slope 0 and the rule

(D, @, Fily) = H(Xpp s, £(D, @, Fil}:))

together with its ' p-action agrees with Fontaine’s functor V.,is. Finally, as [FF18, Lemme 10.5.4]
explains, the type of the modification agrees with the type of the filtration Fil}.. Passage to objects
with G-structure is formal since the relevant construction are ®-exact.

Starting with p : Tp — G(Q,), we consider (D,, ®,, Fil. ,) := Deris(p) as a filtered isocrystal
with G-structure. After fixing an isomorphism (D,, ®,) =~ (V4, ®;) of isocrystals with G-structure,
we may transfer the weakly admissible filtration Fil}’ ponD, ®g, F to a weakly admissible filtration

Fil% ,, on V4 ®g, - By the above, we get a modification
E(Vp, @, Fil , 1)) —=» &,
of G-bundles over Xrr c, where &(V4, @y, Fil}, , ;) is isomorphic to the trivial G-torsor over Xrpco -

This is precisely a Spd C,-point of Gré”ﬁ?‘;ﬂdm. The T g-action on &(Vj, Py, Fil}p ») descends this

to a Spd F-point. The G(Q,)-torsor over Spd F' is the moduli space of trivializations of the form

T 5]1 i) E(VE,, (I)ba Fﬂ;",p,b)'

Since HO(XFF’C;, E(D, ®,Fil}, , ) = Viris © Deris(p) = p the G(Qp)-torsor over Spd F is isomorphic
to the one associated to p. ]

3.2. Geometric connected components in the G = G*¢ case. Recall that a connected
reductive group over Q, is said to be an unramified group if it is quasi-split and it splits over
an unramified extension of Q,. Equivalently, G is unramified if and only if G admits a reductive
integral model over Z, [Pra20, Proposition 4.2, 4.3].

For the rest of this section, we let our fixed group G be an unramified group over Spec@Q,,. We
fix data T C B C G with B C G a Borel subgroup and T' C B a maximally split maximal torus
defined over Q,. We let A C T" denote the maximal split subtorus.

3.2.1. The set B(G,u) and HN-irreducibility. Recall that Rep denotes the Tannakian category
of algebraic representations of G' on finite @, vector spaces. Recall that the category of isocrystals
ISOC]FP is a semi-simple Tannakian category and that one can naturally endow it with a Q-grading
given by the slope decomposition [Kot97, § 2.1, 3.2], [SR72, §3.3, Théoréme 3.3.2]. Consequently,
any isocrystal with G-structure
Vi : Repg — Isocg,
gives rise to a slope morphism
vy D — G@p
where D denotes the pro-torus with character group Q. We let V;}"m denote the unique dominant

cocharacter factoring through T and conjugate to v,. Then Vgom is defined over Q, and factors
through A C T (see [Shi09, § 4] [Kot84, (1.1.3.1)]. This construction defines a map

VoM s B(G) = X (A)g
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dom
b— vy

which is usually referred to as the Newton map.

Recall Borovoi’s algebraic fundamental group 71 (G) [Bor89] [RR96, § 1.13] which can be defined
as the quotient of X, (T') by the co-root lattice. This group comes equipped with I'g, action and
Kottwitz constructs a map

el B(G) — Wl(G)er

that is usually referred to as the Kottwitz map [Kot85] [RR96, Theorem 1.15].
An important result of Kottwitz [Kot97, § 4.13] states that the map of sets

(WP, kg) : B(G) = XF(A)g x m1(G)ry,

is injective. Now, if we are given a conjugacy class of cocharacters u € {G,, — G}/ ~, its reflex
field E is necessarily an unramified extension of QQ, since we are assuming that G splits over
an unramified extension. There is a unique dominant cocharacter pg € X} (T) conjugate to p.
Moreover, since B and T' are defined over Q,, I'g, acts on X (T') and we can construct an element

i€ XH(A)g = XH(T)™
by averaging over the Galois orbit Gal(E/Q,) - 1o. More precisely,

_ 1
TS 2,
P yeGal(E/Qy)
We can now recall Kottwitz’ definition of the set B(G, 1) C B(G) for unramified groups G [Kot97,
§ 6.
Definition 3.7. Fix notation A C T C B C G as above.

(1) The set B(G, ) consists of those conjugacy classes b € B(G) for which kg(b) = p in
m1(G)ry, and for which 1 — viom ¢ XF(A)g is a non-negative Q-linear combination of
positive co-roots.

(2) Wesay that b € B(G, ) is Hodge—Newton irreducible with respect to y if all the coefficients
o — V}‘f"m € X (A)g as Q-linear combination of simple coroots are strictly positive.

(3) We say that the p-adic shtuka datum (G, b, u) is HN-irreducible if b € B(G, p) and b is
HN-irreducible with respect to p. If the group G is clear from the context we also say that

the pair (b, u) is HN-irreducible when the triple (G, b, u) is HN-irreducible.

3.2.2. The G(Q,) action in the G = G*° case. Recall that G is an unramified reductive group
over Q,. From now we required that G is a hyperspecial parahoric model of G over Z, i.e. G is
a smooth affine group over Z, whose generic fiber is G and whose special fiber is also connected
reductive. We fix a p-adic shtuka datum (G,b,u) and assume that it is HN-irreducible as in
Definition 3.7. We let G9¢*, G*¢ and G*" denote respectively the derived subgroup of G, the
simply connected cover of G°" and the maximal abelian quotient of G. All of these algebraic
groups also have hyperspecial parahoric models that we denote by G4¢*, G%¢ and G*>. We let

det : G — G?" and det : G — G?P

denote the natural quotient maps. Following [Chel3] we call them determinant maps.
Let (G2, 52", 142P) denote the shtuka datum with b* = det(b), u*® = det ou. By functoriality,
Remark 3.4, we obtain morphism of spaces
ab
det : Sht§r5 , . — Sht¥:s and det : Shtz', _(b) — Shty;

b
Gab pab ab oo Gab,0 4 (ba )

Until further notice, we assume that the derived subgroup of G is simply connected i.e. that
Gder = G%°. We will need the following input from the study of connected components of affine

Deligne-Lusztig varieties [CKV15], [HZ20], [Niel8] for unramified groups.

Proposition 3.8. Suppose that G = G*¢ and that (b, 1) is HN-irreducible. Then the natural
map

det : mo(XE" (b)) — mo(X2en (b))

1s bijective.

Proof. One can verify that a pair (b, ) is HN-irreducible if and only if for every Q,-simple factor
G; of G* with projection map 7; : G — G; the pair (b;, u;) := (m;(b),7; o p) is HN-irreducible.
Indeed, the coefficient of pdo™ — Vgom associated to a positive root can be computed on the Q,-
simple factors of the adjoint quotient (see proof of [CKV15, Corollary 4.1.16]). Moreover, it also
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follows directly from the definitions that the formation of affine Deligne-Lusztig varieties open
products of groups i.e. if G =Gy X Ga, b = (b1,b2) and p = (u1, u2) then,

X5"(b) = X5 (by) x X5 (ba).

From [CKV15, Corollary 2.4.3] and with the notation wg, used as in loc. cit. we get a commutative
diagram with Cartesian squares

(X5 (B)) —— mo(XGh" (b)) —=— mo(X5 (1) x - X mo(X5"" (b))

ch J{‘Ucad lwci

b, (G)' % —— cpaa poam (G —=— ¢, 1, m1(G1)' % X -+ X €y, 40, T (G) %

The vertical right hand map is a bijection by [CKV 15, Theorem 1.1], [HZ20, Theorem 8.1], [Niel8,
Theorem 1.1] which implies the vertical left hand map is also a bijection. The result follows from
showing that in the commutative diagram below the bottom horizontal arrow and the vertical right
hand arrow are both bijective.

To(X5(b) —— mo(XL (b))

lwc lwcab

Co,uT1 (G)F@p T Clap,pap M1 (Gab)n@p

Since G is simply connected we have a I'g -equivariant identification 7 (G) — m1(G*) so the

bottom map is easily seen to be a bijection. Moreover, the adjoint quotient of G*" is {e} and
[CKV15, Corollary 2.4.3] says that

ab

Wwean 7o (X G (b)) = ¢

is an isomorphism in this case. O

abstab 11 (Gab ) Fap

ab —
Remark 3.9. Since Xgab (b*) C Flgan y is 0-dimensional and a disjoint union of copies of SpecF,,

ab
we can reformulate Proposition 3.8 as saying that the map X gg“(b) - X 5ab (b*") has geometrically
connected fibers.

Lemma 3.10. The space Sht%;., is a trivial G**(Q,)-torsor over Spd C,,.

Gab7bab”u‘ab7oo

Proof. We clam that when G is abelian (a torus) the structure map produces an identification
[SW20, § 25.1]
a <p,b—adm

~ ] 1
Gt = Divg.

Indeed, the map f : Gré“DiVl — Dile* is proper and one can verify from the definitions and the
’ E

Cartan decomposition that it is bijective on geometric points. By [Sch17, Lemma 12.5], f is an

isomorphism (see also [SW20, Proposition 21.3.1]).

Moreover, Gré%’i;};}dm C GréfLDiv}E is a non-empty open subset. Since |Gréf;)w}E | ~ |Divg] is
. . <p,b—adm __ <u
precisely one point, we must also have GrG’DiV}E = GrGﬁDiv<}5' -
Now, mgm makes Shtéc,%,u,oo into a G(Qp)-torsor over Gréf‘ﬁi;}j m Xpivi, SpAC, = Spd C,. Tt
suffices to show that every G(Q))-torsor is trivial over Spd C,,. But any pro-étale cover of Spd C,
splits [Sch17, Corollary 7.22]. |

We set some notation. Let K = G(Z,), let K¢ = GI¢*(Z,)) and let K** = G(Z,,). An application

of Lang’s theorem shows that K** = det(K). For any m € ShtgGeaOb’bahMabm(Spd C,) we let X,,

denote the geometric fiber defined by the following Cartesian diagram

X, —— SpdC,

! [

geo geo
ShtG,b,;L,oo ’ ShtGab’bab)uabyoo-

Lemma 3.11. Let (G,b, u) and X,, be as above. Then the following statements hold.

(1) G(Qp) acts transitively on ﬂo(Sht%f,%7u7w).

(2) Kder acts transitively on mo(X,) for all m € Sht%.

Gab7bab7 ab7oo(

SpdC,).
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Proof. Let us show the first claim. Observe that since Sht{, , . — Shtg" is a K-torsor,
the group K acts transitively on the fibers of f : mo(Shtgy , ) — mo(Sht& , k). Let 2o €
770(Shtéefl)7 joo) and let zxc € Wo(ShtgGe%’HK). It suffices to find g € G(Q,) such that f(z*g) = 2.
By functoriality of the specialization map, Proposition 2.30, we have the following commutative

diagram

d
o (Sht%;’%,#,oo) <t FO(Sht%efb)bab,uab)oo)

! b

d
0 (Shtga7([))’“7)c) *et> o (Sht%ez?b ’bab huab ’}Cab ) (3'4)

Jﬂo (sp) lﬂo (sp)

(X5 (b)) ——— mo(X%on (6).

By Theorem 2.77 and Proposition 3.8 all the maps in the lower square are bijective, so by using
Remark 3.4 it suffices to find g € G(Q,) with

2P (det(zoo)) * det(g) = det of (o % g) = det(zx).

Recall that G**(Q,,) acts transitively on TO(Shtée:L’bab’#ab,oo) by Lemma 3.10. To find g as above
it suffices to show that the map G(Q,) — G**(Q,) is surjective. But this follows from Kneser’s
theorem [Kne65, Satz 1].

Let us show the second statement, take 2o, Yoo € mo(X,n) and denote by 2k and yx their images
in mo(Sht&", , x)- By hypothesis det(zo) = det(yo) = m, so it follows from the bijectivity of the
lower square in diagram 3.4 that xx = yi. In particular, there is g € I with o * ¢ = yoo- But
then det(7) = det(z) x det(g). By Lemma 3.10, the action of G**(Q,) is simple. This implies

that g € G4*(Q,) N K = K9 as we wanted to show. O

Theorem 3.12. Suppose that G is an unramified group over Q,, that G = G*¢ and that (G, b, 1)
is HN-irreducible. Then the determinant map

det : Shtg p,u,00 — ShtGab’bab7Mab’Oo
has connected geometric fibers.

Proof. By Lemma 3.10, Shtgab pab a0 o0 Xpiyt . SpdC, is isomorphic to G**(Q,) x Spd C,.
R B(uib) —

Consequently, we may prove instead that the determinant map induces a bijection

ﬂo(det) : ﬂo(Sht%i%’H’OO) — //T-O(Shtgeaob,baby#ab,oo)'

Let z € WQ(Sht%?%# ). Given F a finite extension of E we let zp denote the image of 2 on
F
WO(ShtG'?b,;,L,OO)'

Recall Chen’s result on generic crystalline representations for HN-irreducible datum (G, b, )
[Chel4, Théoréme 5.0.6]. A consequence of this theorem is the existence of a finite field extension
[K : E] < oo and a crystalline representation with G-structure &, , : 'x — G(Q,) whose image
contains an open subset of G4°7(Q,). Fix such a representation and let f := few,,, denote one of
the maps associated to &, , under Proposition 3.6 of the form

. <p,b—adm
f:Spd K — GrG,Dile .
Let

Sf = ShtG,b,M,OO X pS<wb—adm Sde

Grsib
,D]VE
denote the fiber 5y (f). Let s € mo(Sy) be an element mapping to zx. In summary, we have

taken a commutative diagram of sets,

* —>x ﬂo(Shtgée’(;yﬂyoo)

kx) l
f
m0(S) —— mo(Sht& 4 p00)-
We let G (respectively G2°* and G9°7) denote the stabilizer of z (respectively of z and of s)
in G4°7(Q,) of its action on 7o(Sht;y ,, o) (vespectively wo(Shtg,b%oo) and 7(Sy)). By G (Q,)-
equivariance, we have inclusions G3¢, G4 C G4°'. Moreover, by Remark 3.5, GI°" is conjugate



44 I. GLEASON

to & (k) N G (Q,) and by Chen’s theorem [Chel4, Théoréme 5.0.6] GI°* is an open subgroup
of G4°7(Q,). This also implies that G$°" is an open subgroup of G4°*(Q,).

By Lemma 3.11.(2), G2 . Kder = G9°7(Q,,) which implies that G$°T - K9 = G9°r(Q,,) as well.
In particular, the projection map K — GI(Q,)/G3 is surjective. Since GI(Q,)/GI" has
the discrete topology and K9 is compact, we get that ng; is closed and of finite index within
Gder(Qp). In particular, it is closed and of finite covolume. We may apply Margulis’s theorem
[Mar91, Chapter II, Theorem 5.1] to conclude that G = G9°7(Q,). Indeed, we just verified
G2 is closed and of finite covolume, and since G is quasi-split (even unramified) all of the
simple factors of GI° are isotropic. Moreover, since G9* = G*¢ all of the simple factors are simply
connected.

Since the argument doesn’t depend on the choice of z the action of G4*(Q,) on TrO(Shtg,b,p,oo)
is trivial. Now, SpdC, = l’mECchp Spd K and we may use [Schl17, Lemma 11.22] to compute
the action map

\Sht%;%%oo‘ X Gder((@p) - |ShtgGC37,M7OO|

as the limit of the action maps
. K d K
1&1 |ShtG',b,;J,,oo| x G er(Qp) — |ShtG,b,u,oo|'
ECKCC,

. . e . K1 K2
Since in the transition maps [Shtg} |, | = [Shtg?, , .| every connected component on the source

surjects onto a connected component on the target, we get that

mo(Sht&y , ) = Lm  mwo(Shté,, o0)-
ECKCC,

This proves that G4°7(Q,) acts trivially on mo(Sht&'y , o). Consequently, the G(Qjp)-action on

o(Shtgy ,, o) factors through G**(Qp). Since the action is transitive by Lemma 3.11, mo(det)

must be bijective. O
Corollary 3.13. Conjecture 3.1 holds whenever G is unramified.

Proof. Tt suffices to show the formula mo(M%°) ~ WQ(MZS{%?)) ~ G*P(Q,)/ det(K) since repre-
sentability and compatibility with group actions was already settled in [SW20]. When G = Gd°r
it follows from Theorem 3.12 that ﬂo(Sht%ez)”,oo) ~ WO(Shtgfb,bab#abm) as G*(Q, )-torsors. We
also have that

mo(Shtgy , k) = mo(ShtEy , o/ K) =~ mo(ShtE, , )/ K =~ mo(ShtE , )/ det (K)

G,b,p,00 G,b, 1,00
and
70(ShEES, o e i) = TO(SHEED o /et () 2 mo(SHEES, o )/ et (K).
This gives
WO(Mg‘gﬁg) 2 70 (SBEER, pab b den(rey) = TSRS, 1) = To(ME®)
as we wanted to show. ]

3.2.3. The Gy(Q,) x Wg-action in the GI* = G*¢ case. On this subsection we keep the notation of
the previous one. Namely, G is an unramified reductive group over Q,, (G, b, ) is HN-irreducible,
and G = G*°. We know from Theorem 3.12 that the action of G**(Q,) on To(Sht ) u.00) 18
simple and transitive. In particular, for any element j € Gy(Q,) (respectively v € Wg) and an
element z € mo(Sht§y , ) there is a unique element g; € G*P(Q,) (respectively g, € G**(Q,))
such that

TxqG, j = * g, (respectively =y, v =z % gy).

The rules j — g; and y — g, define group homomorphisms

PG, Gy(Qp) = G**(Qp) and pwy : We — G*(Qy)

that do not depend of the choice of z. The purpose of this subsection is to make pg, and pyw, as
explicit as possible. The basic principle that allows us to compute pg, and pyw, is that the rule

(G b, 1) = mo(ShteFy |, o)

is functorial Remark 3.4.
We first study pg,. Functoriality gives a map G,(Q,) — Gglfb (Qp). Moreover, if we regard
G**(Q,) and G25,(Q,) as the subgroups of elements of g € Gab(@p) with the property g~ '1¢(g) =
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1 and g~ 'b¢(g) = b, then commutativity of G*" readily implies fab 5(Qp) = G*(Q,). Overall, this
gives rise to a map

dety : G(Qp) — G*™(Q,).
Proposition 3.14. With the notation as above, for all j € Gy(Q,) we have that pg,(j) =

(dety(5))

Proof. Functoriality and Theorem 3.12 reduces us to show that for all ¢ € G**(Q,) and z €
Wo(Sht%aob pab. ab.oo) the following identity holds

_ -1
T *kgab g =T *Gz:b g

In turn, by our definition of the right action of G;")‘l?b (§ 3.1.5) this is the same as showing

g *gan, T =Tkgav g

for the natural left action. Since G?" is abelian any modification a : & --» & induces an
isomorphism

G*™(Q,) = Aut(&1) — Aut(Epen) = G35, (Q,) with g > aogoa™
and this isomorphism does not depend on the choice of a. For such an «, if follows immediately
that

T *Gab § = [a ogo 04_1] KAut(Eyan) T
I o . c
By considering, £; and & as trivial po-modules with G#P-structure over y(op one can show that the

identification between Aut(&y) and Aut(é’b) produced by any o as above agrees with the standard
one (as subgroups of Gab((@p) Gab(B , ))) O

We now compute py,,. We learned the following line of reasoning from [RZ96, Lemma 1.22],
which in turn is an elaboration of an argument in [Kot92, § 12]. Let E C Q, denote a finite
field extension of Q, which is a subfield of Q,. Let {Torig,} denote the category of tori defined
over Q,. Recall the functor X,(—) : {Torig,} — Sets given by the set of group homomorphisms
Gm — Ty . Consider the subfunctor X E(—) C X.(—) given by the subset of maps that are
already deﬁned over E. This functor is co-representable by Resg/q, Gy and comes equipped with
a universal cocharacter iy, € XZ(Resp /@, Gm). In other words, given a torus T' € {Torig, } and
po € XE(T) there is a unique map Nmfo : Resg/q, Gm — T of algebraic groups over Q, such
that Nmy,, © puniv = o in X« (7). Representability of XF(—) can be obtained by recalling that
the functor X, (—) defines an equivalence between the category {Torig,} and the category of free
finite rank abelian groups endowed with I'g,-action. The functor XE(—) corresponds to taking
I'g-fixed points of X, (—) which is co-represented by

Ind;gp Z ~ X.(Resg,q, Gm).
The universal cocharacter is obtained from the unit of the adjunction
Z— ReSFQP Ind % 7 ~7Z[lg,/Ts)
It can be expressed on @p—pomts as follows
fruniv : Q) = (Qp ®g, E)* = ( H Q)"
:E—Qp

with fiuniv(€) = (e, 1,...,1) where the first entry denotes the identity embedding E C Q, coming
from the fact that we took E to be a subfield of @p and the other entries correspond to the various
embeddings ¢ after ordering them. We call the maps of tori obtained in this way norm maps in
analogy with the classical norm map form Galois theory

ngp cE* — Q;

e T1

LZE*)QP

with formula

which can be regarded as the Q,-points of
Nmﬂ@m : Resg/q, Gm — G,

Suppose now that u € {G,, — G@p} / ~ is a conjugacy class of cocharacters with field of
definition E. Since the group G is abelian, the conjugacy class p®* € {G,, — G(a@b }/ ~ defines
P
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a unique element ;*® € X, (G*"). Moreover, u** € XF(G*) C X, (G?P), and gives rise to a norm
map

Nmf : Resg/q, Gm — G2,
Recall the reciprocity character from local class field theory

Artg : Wi — E*.

More precisely, denote by E2P the maximal abelian extension of E. Let recg : E* — Gal(E2"/E)
the local reciprocity map (norm residue symbol) of local class field theory. This map induces an
isomorphism onto the image of the natural map Wg — Gal(E*?/E), and Artg is the unique map
making the following diagram commute.

Wg
AIV \

EX er Gal(E**/E)

Proposition 3.15. With the notation as above for ally € Wg we have that pw,, () = [Nmf oArtg(7)].

Proof. Remark 3.4 and Theorem 3.12 reduces us to show the statement in the case G = G?P.
Since the map p : G,, — G2 is defined over E it factors as p = NmﬁJ Olbuniv- By functoriality,
we can reduce to the case G = Resg/q, G and p = pluniy. In this case, we should show that
pwy = Artg. The same argument as in [PR24, Proposition 3.1.4] proves this case. The argument
loc. cit. identifies

Sht&>°

(ResE/@p G s Huniv ,Duniv,00)

with the limit of a Rapoport—Zink tower of EL-type using [SW20, Corollary 24.3.5] and uses [Chel3]
to describe the action explicitly.

Alternatively, we can argue as follows. Recall that since G = Resg/q, G is a torus, B(G, pruniv)
is a singleton since it is determined by the image of pyniv in m (G)r = X« (G)r [Kot97, § 7.6, (7.6.2)].
Representatives b € G(Q,) = E* of the element of B(G), ftuniv) correspond to uniformizers in E.
Moreover, the groupoid of G-bundles over Xgp s is equivalent to the groupoid of line bundles over
Xvr E,s the relative Fargues-Fontaine curve with respect to E (instead of Q) [F'S21, Definition
I1.1.15]. Let us pick a uniformizer 7 € E, this gives rise to a line bundle O,(1). We have a
commutative diagram

, Huniv
Sht(ResE/@p Gnmll‘univyb‘fnoo) GrG,DiV}E

! -

BC(Og (1)) \ {0} —=— Div

and an identification BC(Og(1)) \ {0}/EX ~ Div}, as in [FS21, Corollary 2.4]. It is proven in
[F'S21, § I11.2.1] that the EX-torsor above is the one associated to rational Tate module of G the
Lubin-Tate formal group of E. This is the unique 1-dimensional formal Og-group over O for
which the two O actions on the Lie algebra coincide. The relation of local class field theory with
Lubin—Tate theory shows that py, = Artg [LTG5]. O

3.3. The general case.

3.3.1. z-extensions. In this section we assume that G is an unramified reductive group over Q,
and that (G, b, 1) is HN-irreducible, but we no longer assume that G = G*¢. We study this case
using Theorem 3.12, Proposition 3.14, Proposition 3.15 and z-extensions techniques. Recall the
following definition used extensively by Kottwitz [Kot82, § 1].

Definition 3.16. Let f : G’ — G a map of connected reductive groups, let Z = Ker f. We say
that f is a z-extension if the following hold.
(1) f is surjective and Z is central in G'.
(2) Z is isomorphic to a product of tori of the form Resp, g, G, for some finite extensions
Fi g Qp-
(3) G’ has simply connected derived subgroup.

By [Kot82, Lemma 1.1] whenever G is an unramified group over Q, that splits over Q,s, there
exists a z-extension G’ — G with Z isomorphic to a product of tori of the form Resg,. /q, Gm-
In particular, G’ chosen in this way is unramified as well. Recall from [Kot97, § 6.5] that for any
reductive group G and cocharacter y the natural morphism B(G) — B(G®) induces a bijection
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B(G, u) ~ B(G*, ;*Y). From here one can deduce the following statement which we will use later
on.

Lemma 3.17. Fixr ACT C B C G as in Section 3.2.1. Assume that Qps is a splitting field for
G. Let po € X}H(T), b € B(G,p), and fix f : G' — G a z-extension with Z = Ker(f) isomorphic
to [Ti—, Resq,. /0, Gm. Let T' = f~Y(T) denote the mazimal torus of G' projecting onto T. Then
the following hold.
(1) For any choice of p' € X.(T')" lifting p there is a unique lift b’ € B(G') lifting b with
b e B(G',u).
(2) For b and u' as in the previous claim (b, ) is HN-irreducible if and only if (b',u') is
HN-irreducible.
(3) If E is the field of definition of p with Q, C E C Qs then there is a lift ¢/ € X.(T')"
with field of definition E.

Proof. The first claim follows directly from the identifications B(G, u) = B(G??, u2d) = B(G', i).
The second claim follows from the first claim, from the fact that Z := Ker(f) is central and
from the fact that HN-irreducibility can be checked on the adjoint quotient (see proof of [CKV15,
Corollary 4.1.16]). For the third claim consider the exact sequence of I'g, -modules:

e— X, (Z) = X (T = X (T) = e

One can use Shapiro’s lemma to prove X, (T")'? — X, (T)'® is surjective [Ser02, § 2.3, §2.5
Proposition 10]. Indeed,

H' (T'e, X. (ReSQpS /Qp Gm))

12

H'(T', Z[Tg, /Tq,.])) (3.5)
H' (I, Z[T5/Tq,. ) F%] (3.6)
H'(Tq,.,Z)F] (3.7)
Ho (3.8)
0 (3.9)

1

12

[EQP]

12

Mcont (FQPS ) Z)

R

3.3.2. Ezxtended norm and determinant maps. It is well-known that the image of the natural map
G**(Qp) = G(Qp), which we denote Im G**(Q,,) € G(Qy), agrees with the commutator subgroup
of G(Q,) (see Remark 3.18).

Remark 3.18. For the convenience of the reader, we recall how this works. For a reductive
group G, we let G(Q,)° C G(Q,) denote the subgroup generated by Q,-points contained in the
unipotent radical of the Q,-rational parabolic subgroups of G. If f : G — G is the natural map
then f(G*(Q,)%) = G(Q,)°. It suffices to show that G*¢(Q,)° = G*°(Q,) and that G(Q,)° is the
commutator subgroup of G(Q,). The first statement follows from the affirmative resolution of the
Kneser—Tits problem for non-archimedean fields (see [PR85, § 2]). By [Tit64, Main Theorem| the
commutator group of G(Q,) contains G(Q,)° and by [Tit64, § 1.4] this group is the commutator
subgroup.

We let
G(Qp)o = G(Qp)/ Im G*(Qy)
and denote by
det® : G(Qp) — G(Qp)o

the natural quotient map. Whenever G*¢ = G9°" we have that G(Q,), = G**(Q,) and the map
det® : G(Q,) — G*P(Q,) is simply the evaluation on Q,-points of the algebraic map det : G — G=°
discussed above. Nevertheless, when G¢ # G4 the map det® does not come directly from a map
of algebraic groups. We now explain a different perspective on det®. Let f : G’ — G be a z-
extension such that Z = Ker(f) is a product of tori of the form Resr/q, G with F' unramified

over Q,. By construction, (G’)4°" = G*¢. This allows us to construct the following commutative
diagram of topological groups.

e —— G*(Qp) —— G'(Qp) —det, (G/)ab((@p) — €

| | |

e —— Im(G*(Qy)) —— G(Qy) —2“% G(Q,)e — ¢



48 I. GLEASON

Using Hilbert’s 90 theorem and Shapiro’s lemma one can show that H¢, (Spec Q,, Z) is trivial. As
a consequence, the maps G'(Q,) — G(Q,) and (G')**(Q,) — G(Q,). are surjective.

To construct extended versions det; of det, we use z-extensions, so let us fix for the remainder
of this subsection f : G’ — G and Z as above. We define

detg : Gb((@p) — G(Qp)o

as follows. We have a short exact sequence of the form
e — Z(Qp) = G'(Qp) — G(Qp) — e

By abuse of notation, we let b € G(Q,) denote a representative of b € B(G), we let b € G'(Q,)
denote a lift of b. By definition, G},(R) = {g € G'(R ®q, Q,) | g~ ¢(g) = ¥’} and analogously
for G. Note that different lifts b of b induce the same group Gj, since they differ by an element
of the center of G’. This induces a sequence of algebraic groups

e—Z— Gy — Gy —e.

In turn, this induces a sequence

e— Z(Qp) = Gy (Qp) = Gp(Qy) — e

which is again exact since H}, (Spec Q,, Z) is trivial. We can consider the following commutative
diagram

Z(Qp) — G'(Qp) —— G(Qy)

ldet ldet °

Gl (@) 15 (G (Q,) —— G(Qy)o

A

“ A det?

Since the image of Z(Q,) in G(Q,), is trivial, the surjectivity of the map G}, (Q,) — Gu(Q))
induces a unique map

dety : Gp(Qp) — G(Qp)o-

Finally, by [Kot82, Lemma 1.1.(3)], for every pair of z-extensions G — G and G — G we can
find a third z-extension G% and a commutative diagram

p1
Gy — G}

P

Gy —— G.

It follows that the definition of det; does not depend on the z-extension G’ — G chosen above.
The extended versions of norm maps are easier to define. Fix the notation as in Definition 3.7.
Suppose we are given u € {G,, — G}/ ~ with field of definition F and let o € X (T) the unique
dominant representative. Since both B and T are defined over Q,, it follows that p is itself defined
over E. From our considerations in Section 3.2.3 we obtain a commutative diagram of maps of
algebraic groups
Nmfo
ResE/Qp Gy —T —— G

anf) J/
Gab
from which we can obtain a map of topological groups

Nm° : B = T(Qp) = G(Qp) = G(Qy)o.

Since the group G(Q,). is abelian this does not depend on the choice of rational Borel and torus
T C B C G fixed.
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3.3.3. The second main theorem. On this section G is an unramified reductive group over QQ, and
(G, b, 1) is HN-irreducible, but we no longer assume that G = G¢. We let G(Qp)o, dety, Nmf’o
and Artg be as above (§ 3.3.2, 3.2.3). The following is our second main theorem.

Theorem 3.19. Let (G, b, ) be a p-adic shtuka datum such that G an unramified reductive group
over Q, and such that the pair (b, ) is HN-irreducible. Let E denote the reflex field of pu. Then
the following hold.
(1) The right G(Qp) action on mo(Shtgy, , ) is trivial on Tm(G*(Qp)) and the corresponding
G(Qyp)o-action is simply-transitive.

(2) If s € mo(Shtgy , o) and j € Gy(Qy) then

§%G, J = 5 *a(g,). dety (571)

(3) If s € mo(Shtgy , o) and v € Wg then

SH*Wp Y = 8 *%G(Q,)s [Nmf’o o Artg(v)].

Proof. Let f : G' — G be a z-extension as in Lemma 3.17. Let Z denote the kernel of f. By
Lemma 3.17, we may find a HN-irreducible triple (G', ', ') with u = fou’, f(b') = b and such
that p/ has the same reflex field as p. We claim that

geo _ geo
Sht&S . . = Sht&?,,

! ,00 X G(QP)

Indeed, this is the content of [PR24, Proposition 3.1.1, 3.1.2]. Fix an element ' € mo(Sht&", /)
with image = € mo(Shtgy , . ). It follows from Theorem 3.12 that

Sht8° ~ Shtgce &'(Qy) G ~ (2P G'(Qy) G
To(Shtcy .00) = To(ShtGry v oo X G(Qp)) = (G)™(Qp) X G(Qp)

as right G(Qp)-sets. We can further write this as

ab G'(Qy) (G (@) G*(Qp)
(G)*™(Qp) x G(Qp) ~e x GQp) ~e x  G(Qp) ~G(Qp)o
This finishes the proof of the first statement.
Given j € Gy(Qp) we may find a lift to an element j' € G} (Q,) § 3.3.2. Then by Proposition 3.14
and functoriality Remark 3.4

Txa, § = [’ xay §') = F(@" > ety (5'71))).

G'(Qp)
Now, the element dety (5'~1) € (G')*P(Q,) X ’ G(Q,) is precisely dety(j~!) under the natural

’

G'(Qp)
identification (G')**(Q,) x G(Q,) ~ G(Qp).. This finishes the proof of the second statement.
Similarly, given v € Wg it follows from Proposition 3.15 and functoriality

zxwy, v = F(@ *wy 7) = f(@' *(Gnes Nm o Artg(7)).

So it suffices to show that the image of Nmf, o Artp(7y) € (G')**(Q,) maps to Nmf’O oArtg(7y) in
G(Qp)o. Choose T C B C G and let T' = f~Y(T'). Consider the following diagram

geo , geo geo
ShtG/,b’,;L/,oo Sht((G/)ab’b/ab’ﬂ/ab’oo) — Sht(T',b'TuM/T/,OO)

l !

geo geo

Sht G b a0 ShE (7 b 00
Here we have taken the dominant representatives pz and pf of p and p' in XF(T) and XF(T")
respectively. After passing to connected components and fixing elements 2" € mo(Shtg”, . ) and

t' € mo(Sht, ) with a common image in ﬂo(Sht%(CO ) the diagram becomes

(T7,b0s s By 500) G')ab prab p/ab o0)

(G)*(@) —— (G)P(Qp) +— T'(Qy)

| |

G(Qp)o T(Qp).
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We see that Nmf/ o Artg(v) is the image of NmE/T/ o Artg(y) under 77(Q,) — (G')**(Q,). But
the map 77(Q,) — G(Q,). factors through T(Q,). The image of Nmff,T/ oArtg(y) in T(Q,) is

Nme o Artg(y) and the image of this element in G(Q,), is by definition Nmf’O oArtg(y) as we
wanted to show. ]

Remark 3.20. A formulation of Theorem 3.19 appears in the work of Chen as [Chel4, Théoréme
7.0.2]. Chen works directly with Rapoport—Zink spaces as rigid-analytic spaces and at the time
the theory of diamonds had not been developed. In particular, it was not completely established
how to consider spaces at infinite level. Nevertheless, it still made sense to take the colimit of
the top degree cohomology groups with compact support, which by Poincaré duality captures the
behavior of connected components. In rough terms, the result of Chen is related to Theorem 3.19 by
appealing to [SW20, Corollary 24.3.5] and by passing from connected components to cohomology.

Remark 3.21. Theorem 3.19 is optimal for unramified groups in the following sense. One can

prove that the action of G(Q,) on mo(Sht§; , ) only factors through G(Qp)o when (b, 1) is HN-

irreducible. Moreover, we expect that combining the methods of [GI16] and [Han21] with the
methods in the present article one can express the general formula for the G(Q,) x G5(Q,) x Wg

action on 7o(Shtg’y , ) in terms of parabolic induction of mo(Sht37%, ) for HN-irreducible

data (M, bar, par) associated to Levi subgroups M C G appearing in the Hodge-Newton decom-
position of (b, ).

Remark 3.22. During the revision process of this article the author, in a joint work with Lim and
Xu [GLX23], found a method to generalize Theorem 3.12 to groups G that are no longer assumed
to be unramified. On that collaboration, we build on the methods developed on this article to
show the general case. As a corollary, we showed almost all cases of Conjecture 3.1 excluding only
cases where the group has anisotropic semi-simple factors.
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