STACKS OF p-ADIC SHTUKAS AND SPATIAL KIMBERLITES.
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ABSTRACT. The main purpose of this article is to show that the special Newton
polygon map from the stack of p-adic shtukas to the stack of G-bundles on the
Fargues—Fontaine curve is representable in diamonds and sufficiently nice for
cohomological considerations (i.e. fdcs). The second purpose is to show that the
Fp—ﬁbers of the special Newton polygon map behave like formal schemes, and
in particular, satisfy henselianity properties with respect to their reduced locus.
These two goals achieved in this article are two of the crucial ingredients used
in our collaboration with Hamman, Ivanov, Lourenco and Zou to construct the
equivalence that compares the schematic and analytic local Langlands categories
of Zhu and of Fargues—Scholze. To achieve these goals, we introduce and study
spatial kimberlites, which is a better behaved variant of the theory previously
developed by the author.

CONTENTS

Introduction

Notation

Theory of kimberlites

Spatial Kimberlites

Examples of spatial kimberlites

The Henselian property for proper spatial kimberlites
The stack of shtukas.

References

1. INTRODUCTION

Since their introduction by Drinfeld, moduli spaces of shtukas have played a
prominent role in our understanding of the Langlands program for characteristic p
global fields [Dri77, Laf02, Laf18]. Shtukas themselves seem to also be intimately
related to Grothendieck’s vision of motives, and to some extent this is how they
were discovered. Indeed, the concept of a Drinfeld module [Dri74|, which is a
precursor to the concept of a shtuka, stems from Drinfeld’s desire to construct an
analogue of the modular curve, which in the Langlands program we like to think of
as the moduli space of motives attached to elliptic curves. Although we are far from
realizing Grothendieck’s vision of motives, and we have not learned how to make
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2 I. GLEASON

mathematical sense of classifying spaces of motives, Shimura varieties and stacks
of shtukas are avatars of these sought-after classifying spaces, and to date they
keep guiding our investigations in the Langlands program. It is through this line
of reasoning, by sequences of analogies, and by relying on the deep developments in
p-adic Hodge theory and perfectoid geometry that Scholze arrived to the definition
of the stack of p-adic shtukas that we will denote by

Shtg

in this article.

Vaguely speaking, p-adic Hodge theory aims to understand the theory of p-
adic motives, and although the community already recognized and was guided by
strong analogies between Drinfeld shtukas and the structures appearing in p-adic
Hodge theory, it was only after the introduction of perfectoid spaces and Scholze’s
reinterpretation of the tilting correspondence that one could write down Shtg in
exactly the same footing as Drinfeld’s shtukas which is one of the main aims of
[SW20].1

Although Scholze’s definition of Shtg as the classifying space of p-adic motives
is far from the final one, and our understanding of p-adic Hodge theory keeps
improving over the years, the author of this article believes that, for the purposes
of studying the (-adic étale cohomology of such a stack (in the case ¢ # p), the
version that appears in [SW20)] is already the correct geometric object to study.

1.1. Why do we study D, (Shtg)? The study of the étale cohomology of local
Shimura varieties and their relation to the local Langlands correspondence has a
rich tradition. It started with Drinfeld’s work [Dri76] which studied the so-called
Drinfeld’s upper half-space Q%. Drinfeld conjectured that its cohomology realized
all supercuspidal representations of GL,4(F); this conjecture was later made precise
by Carayol [Car90] who formulated it in terms of an action by the product group
Wg x D* x GL4(F) whose description realized simultaneously the local Langlands
and Jacquet—Langlands correspondences. Kottwitz, following pioneering works of
Carayol, Faltings, Genestier, and Harris, formulated a conjecture [Rap95, Con-
jecture 5.1] which has become a landmark in the area. In their book [RZ96],
Rapoport-Zink construct and study in a systematic way a family of spaces that
are now known as Rapoport—Zink spaces. One of the main reasons that motivated
Rapoport and Zink to undertake this task was to construct the geometric spaces
that the Kottwitz’ conjecture talked about. Rapoport—Zink spaces are moduli
spaces of p-divisible groups with additional structures, their theory is very rich

IStrictly speaking, in [SW20], the definition of Shtg appears only indirectly. Indeed, although
the introduction of §23 seems to prepare the reader to understand the definition of Shtg the
only definition provided is [SW20, Definition 23.1.1] for reasons that are unknown to us. To the
author’s best knowledge, the first time the v-stack Shtg appeared in the literature treated as a
geometric object is in [GIZ25, Zha23] although several many previous references already study
the functor of points of this stack.
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and their study has been a very active area of research in arithmetic geometry
since their introduction to this day.

About a decade ago, the theory went through a very serious transformation
following Scholze’s introduction of perfectoid spaces [Schl12], Fargues-Fontaine’s
reformulation of p-adic Hodge theory through the curve [FF18], and Scholze-
Weinstein’s perfectoid Dieudonné theory [SW13|. These developments motivated
Rapoport and Viehmann to write [RV14]| where they point towards a first for-
mulation of local Shimura varieties detached from its connection to p-divisible
groups. Shortly after, in his Berkeley lectures [SW20], Scholze introduces p-adic
shtukas and explains a general construction of local Shimura varieties by reinter-
preting them as moduli spaces of p-adic shtukas (a.k.a p-adic motives). The final
transformative input came with Fargues’ reinterpretation of the local Langlands
correspondence as “geometric Langlands for the Fargues—Fontaine curve”. Indeed,
in [Farl6] Fargues explains how the Kottwitz conjecture would follow from the
existence of eigensheaves (the geometric Langlands version of eigenforms), objects
that geometric Langlands had been studying for traditional curves. Fargues’ in-
sight materialized in the monumental work of Fargues—Scholze ['S21] in which the
categorical local Langlands conjecture (CLLC) is formulated, and which settles the
modern foundations of the field. In this framework, Fargues and Scholze describe
the cohomology of local Shimura varieties attached to the tuple (G, b, u, K') as com-
puting the b-fiber of the p-Hecke operator applied to the K-compact induction of
the trivial representation [F'521, §1X.3].

In summary, from the modern perspective, we study Dg(Shtg), or more pre-
cisely, the map

01 : Dg(Shtg) — De(Bung)

in order to compute Hecke operators and understand the categorical local Lang-
lands conjecture, something that we had secretly being doing for decades without
being completely aware of it.

In this framework, the stack Shtg (more precisely its bounded version Shtg ,)
“clues” all the integral local Shimura varieties into one map, that we call the special
Newton polygon map and that we denote by

o : Shtg — Bung.

Indeed, given integral local Shimura datum (G, G, b, 1) one has (up to isomorphism)
a unique map b : Spd(F,) — Bung and the F,-fiber

Shtg,, () —— Spd(F,)

| |

Shtg, —— Bung

is the integral local Shimura variety attached to (G, G, b, u).
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Let us add another answer to the question: Why should we try to understand
Dét(Shtg) and @] ?.

In recent years, the geometric Langlands community have advertised the per-
spective that the categorical local Langlands conjecture should follow from a 2-
categorical geometric local Langlands conjecture by a formal procedure (taking a
trace of Frobenius in a higher categorical sense). The tame part of this perspective
has been put forward in the recent work of Zhu [Zhu25.

A priori, the connection between the categorical local Langlands conjecture com-
ing from geometric Langlands and Fargues—Scholze’s formulation are unrelated.
Nevertheless, our main motivations to study

o1 : Dg(Shtg ) = De(Bung)

is because this map provides the bridge that connects the two formulations. Indeed,
in the past few years we have dedicated our work to set foundations to explain
precisely how the local geometric Langlands relates the Fargues—Scholze’s formu-
lation of CLLC. A substantial part of this program is already achieved in [GIZ25],
in our forthcoming collaborative work [GHI"25], and in the present article. We
will continue this line of thought in future works.

1.2. The main result. We fix some notation. Let p and ¢ be prime numbers
with p # ¢. Let A be a Z/{"Z-algebra. Let E be a p-adic local field with ring
of integers Op, uniformizer 7 € Op, and residue field F, = Og/m. Let G be a
parahoric group scheme over Op with reductive generic fiber G. Let p: G,, = G
be a conjugacy class of geometric cocharacters with field of definition F. Let F
denote the completion of the maximal unramified extension of F. Let Shtg, —
Spd O denote the stack of local shtukas with modification bounded by x (see §7).
Let Bung denote the stack of G-bundles on the Fargues-Fontaine curve [FS21,
Definition 1.2.4]. Let b € B(G) be an element of the Kottwitz set. It defines a
G-bundle &, € Bung(Spd Fq). Consider the special Newton polygon map

o : Shtg, — Bung.
We let Shtg#;(b) = Shtghu, XBunc,Sb*'

Theorem 1.1. (Theorem 7.1) The following statements hold.

(1) The map o : Shtg, — Bung is representable in locally spatial diamonds
(more precisely it is fdcs as in [Man22, Definition 5.4|). In particular,

o). Dét<Shtg7u, A) — Dét(Bung, A)

ex1Sts.

(2) The v-stack Shtg,, is an Artin v-stack (see ['S21, Definition IV.1.1]).

(3) The v-sheaf Shtg ,(b) is a locally spatial kimberlite* whose reduced special
fiber is the affine Deligne-Lusztig variety Xg ,,(b) ~ Shtg,,(b)™.

2See §1.3 in the introduction below for an explanation of this term.
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Remark 1.2. Formulating and showing Theorem 1.1.(3) was the author’s original
PhD. thesis goal. A weaker statement was already shown in [Gle24].

Remark 1.3. That the map o : Shtg,, — Bung is fdes (Theorem 1.1.(1)) plays a
decisive role in our collaborative work [GHI'25] in which we define a comparison
functor

W: Shv'(B(G), A) = Dg(Bung, A). (1.1)

Here the left-hand side is the schematic local Langlands category defined and
studied extensively by Zhu [Zhu25], and the right-hand side is the analytic local
Langlands category defined and studied extensively by Fargues and Scholze [F521].
The functor Y is defined as an appropriately functorial colimit of functors of the
form oy precomposed with an analytification functor. Making precise sense of this
colimit is one of the challenges tackled in [GHI"25].

1.3. The methods. We prove Theorem 1.1 by a chain of implications
B) = (1) = (2),

and then we show (3). The implication (1) = (2) follows directly from
[['S21, Proposition IV.1.8.(iii)] and [FS21, Theorem IV.1.19]. The implication
(3) = (1) follows from [Sch17, Lemma 13.5] and the fact that maps of lo-
cally spatial kimberlites are always representable in locally spatial diamonds (see
Proposition 4.13). Most of our work goes into formulating and showing (3) (i.e.
developing a theory of spatial kimberlites).

Kimberlites were introduced by the author in [Gle24] to compute the connected
components of local Shimura varieties and moduli spaces of shtukas [Gle21]|. Kim-
berlites are analogues of formal schemes in Scholze’s theory of diamonds and v-
sheaves [Sch17].

The theory of kimberlites has had measurable success answering questions in the
theory of local and global Shimura varieties [Gle21], [GL24], [AGLR22|, [GLX25],
[PR21], [PR24] [Tak25]. One reason for this, is that many constructions in p-adic
Hodge theory are often better understood when one restricts the test category to be
the category of perfectoid spaces. This naturally gives rise to diamonds, v-sheaves
and v-stacks in the site of perfectoid spaces. Often, some of these v-sheaves are
natural examples of kimberlites.

For many purposes, the theory of kimberlites already developed in [Gle24],
[AGLR22|, |GL24] and |GIZ25] provides sufficient abstract tools. This is the case
specially when one only needs to work with geometric objects that are “m-adic”.

Unfortunately, the theory of kimberlites falls short in answering some founda-
tional questions outside the m-adic case (see Question 3.49). From the point of
view of the theory of local Shimura varieties, Rapoport—Zink spaces and integral
models of moduli spaces of local shtukas, this is problematic since these objects
are only rarely m-adic.
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Spatial kimberlites (Definition 4.4) fix many of the shortcomings of the theory
of kimberlites. For example, we can prove that formal completions of spatial kim-
berlites are again spatial kimberlites (see Proposition 4.12), and that the category
of spatial kimberlites is stable under finite limits (see Proposition 4.16). And as
we have alluded already, every map of spatial kimberlites is automatically repre-
sentable in locally spatial diamonds (see Proposition 4.13). This also shows that
spatial kimberlites are automatically Artin v-sheaves. That the category of spa-
tial kimberlites is stable under such natural constructions plays a decisive role in
showing that each Shtg ,(b) is a locally spatial kimberlite. Indeed, we unfold the
geometry of Shtg ,(b) using these types of natural constructions, and it is impor-
tant to know that in each of the steps the property of being a (locally) spatial
kimberlite is preserved. To unfold the geometry of Shtg,(b) we rely on results
from [FS21], [AGLR22]|, [Gle21], [Gii24], and [GIZ25].

1.4. Spatial kimberlites and cohomology. Although the main goal of the ar-
ticle is to show the existence of the map

01 : Dg(Shtg ,, A) = D (Bung, A),

we also show a theorem which gives sufficient control on this operation, which is
our second main theorem. Intuitively speaking, it shows that spatial kimberlites,
in similarity with formal schemes, are henselian. Let us clarify what we mean by
this.

Let X be a spatial kimberlite and suppose that the reduced locus X™¢ (see
[Gle24, Definition 3.12]) is representable by the perfection of a scheme that is
proper and perfectly finitely presented over SpecF,. We let * = SpecF,. Let
7 : X — x denote the structure map and let 7 : X** — X denote the inclusion
of the analytic locus. Suppose that X*" — x is of tr.deg. < oco. Our result
roughly says that X as above satisfies the two henselian properties along X,
More precisely the result reads as follows.

Theorem 1.4. (Theorem 6.2) Let the notation be as above. For all A € D (X, A)
we have that

mJA ~0~m A

Remark 1.5. Theorem 1.4 combined with Theorem 1.1.(3) is the main cohomo-
logical tool to study the fibers of o,, and provides one of the main computational
techniques used in [GHI"25] to show that the functor Y is an equivalence.

Acknowledgements. This paper was written during stays at Max-Planck-Institut
fiir Mathematik, Universitdt Bonn and the National University of Singapore, we
are thankful for the hospitality of these institutions. The project has received fund-
ing by DFG via the Leibniz-Preis of Peter Scholze, and from NUS PYP funding
scheme. We would like to thank Peter Scholze and Pol van Hoften for conversations
related to this work.
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2. NOTATION

We start by fixing the context. For the rest of the paper we fix a prime p € Z.
We fix a perfect field k£ in characteristic p, sometimes we will explicitly restrict to
the cases I, or Fp. We work in the category of perfectoid spaces over k [Sch17, §3]
endowed with the v-topology [Sch17, Definition 8.1], which we denote by Perf. We
let PSch denote the category of perfect schemes over k endowed with the schematic
v-topology [BS17]. All of our geometric objects will be either small v-stacks on
Perf [Sch17, §12] or small scheme theoretic v-stacks on PSch. We denote these

categories by Perf and PSch respectively. The final objects are Spd(k, k) and
Spec k respectively and all constructions are performed with respect to this base.
We use the symbol * to denote these final objects. From now on we omit k from
the notation.

Unless we explicitly say otherwise, we restrict the notation Spa(R, R™) to denote
an affinoid perfectoid space. For more general Huber pairs (A, A™), we will mostly
only consider its associated v-sheaf Spd(A, A™) (see [SW20, Definition 10.1.1]).
When (A, A") is a Huber pair such that AT = A° we write Spd A instead of
Spd(A, A™) to denote the v-sheaf attached to (A, AT).

Let B be a perfect characteristic p topological ring endowed with the I-adic
topology for a finitely generated ideal I C B. We call any v-sheaf of the form
Spd(B, B) an affine formal v-sheaf. Since B = B°, following our convention above,
we will write Spd B instead of Spd(B, B). An important example, is when (R, RT)
is a perfectoid Huber pair. In this case, Spd R™ is an affine formal v-sheaf associ-
ated to the topological ring R*.

Given a perfectoid Huber pair (R, R™) we write R, for (R"/R*°), which we
will consider as a ring endowed with the discrete topology. One can verify that
this is a perfect k-algebra.

3. THEORY OF KIMBERLITES

The purpose of this paper is to introduce and study spatial kimberlites. This
notion refines that of prekimberlites and of kimberlites introduced in [Gle24]. In
this section, we review some of the basic theory of kimberlites. For the sake of
completeness, we also write down some statements that although easy to deduce
are not explicitly stated in [Gle24]. We review prekimberlites, valuative prekim-
berlites, kimberlites and we finish by discussing spatial kimberlites.

3.1. Prekimberlites. Recall that the rule Spec A — Spd(A, A) extends to a fully
faithful functor ¢ : PSch — Perf [SW20, Proposition 18.3.1| [Gle24, §3], and that

this functor extends uniquely to a continuous functor ¢ : PSch — Perf. Moreover,
o admits a right adjoint functor [Gle24, Definition 3.12]

red:ﬁé;f%ﬁS\c?l.
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We let XRed = (Xd)° it comes with a canonical map coming from adjunction
XRed 5 X

Definition 3.1. [Gle24, Definition 3.20] A map X — Y is formally adic if the
following diagram is Cartesian

YRed %

L

XRed X

Definition 3.2. If f : X — Y is a closed immersion of v-sheaves, we say that X
is formally closed if f is formally adic.

Definition 3.3. [Gle24, Definition 3.27] A v-sheaf is formally separated if the
diagonal is a closed immersion and formally adic (i.e. a formally closed immersion).

Here is a key lemma used throughout [Gle24] that unfortunately has an awkward
formulation loc.cit. (see |Gle24, Lemma 3.31]). The slogan is that Spa(R, R*") is
formally dense in Spd(R™).

Lemma 3.4. If Spa(R, R") is a perfectoid space and F C Spd(R") is a formally
closed subsheaf containing Spa(R, R*), then F = Spd(R™).

Proof. Since the map is a closed immersion, it is qcgs and it suffices to show that
it is surjective on geometric points (see [Sch17, Lemma 12.11]). By hypothesis,

F contains the open subset Spa(R, RT) C Spd(R"), so it suffices to show that
FRed — Spd(R%,), but this is the content of |Gle24, Lemma 3.31]. O

Definition 3.5. [Gle24, Definition 4.6] Given a v-sheaf X and amap f : Spa(R, RT) —
X we say that X formalizes f if there exists a dashed arrow completing the com-
mutative diagram below

Spa(R,RT) —— X

l ////
Spd R*.

Any such arrow is called a formalization of f. We say that X is v-formalizing if
for any f as above there is a v-cover ¢ : Spa(R’, R™") — Spa(R, R") such that X
formalizes g o f.

Whenever X is formally separated and f : Spa(R, RT) — X is a map, a formal-
ization of f, if it exists, is unique [Gle24, Proposition 4.9].
Definition 3.6. [Gle24, Definition 4.11] We say that X is specializing if it is
formally separated and v-formalizing.

As shown in [Gle24, Proposition 4.14] if X is a specializing v-sheaf then it has a

continuous specialization map sp : |X| — |X™4|, but not much more can be said
about general specializing v-sheaves.
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Definition 3.7. |Gle24, Definition 4.15] If X is a specializing v-sheaf we say

that it is a prekimberlite if X4 € PSch is representable by a perfect scheme and
XRed X is a closed immersion. We let X2 := X \ X®ed and we call this the
analytic locus of X.

Definition 3.8. Let X be a prekimberlite.

(1) We say that X is an affine prekimberlite if X*¢ is an affine scheme.
(2) We say that X is a pointed prekimberlite if | X™4| has one element.

Proposition 3.9. The categories of prekimberlites and affine prekimberlites are
stable under fiber product and contain x. In particular, these categories are stable
under finite limits.

Proof. Let X, Y and Z be prekimberlites, and let W = X xy Z. By [Gle24, Propo-
sition 4.10], the category of specializing v-sheaves is stable under fiber products.
Moreover, since the reduction functor commutes with limits, it is clear that /red
is a scheme (respectively affine scheme) as long as X*4, Y and Z*d are. We
write W as the base change of the map X x Z — Y x Y along the diagonal of Y.
Since Y is formally separated, the map W — X x Z is formally adic and it suffices
to show that XTed x ZRed s X x Z is a closed immersion, but this is clear since
XRed X and ZRd — 7 are. O

For prekimberlites one can construct a v-sheaf theoretic specialization map (or
Heuer specialization map). Given S € PSch one can construct a v-sheaf S°/°°
[Gle24, Definition 4.23]3, [Heu24, Definition 5.1 by v-sheafifying the formula

SO/OOpre : Sp&(Rj R+) — S(Spec R;Zd)'

As it turns out it is only necessary to sheafify for the analytic topology [Heu24,
Lemma 5.2]. When X is a prekimberlite, we let X% := (X™d)°/°° We have a
v-sheaf theoretic specialization map [Gle24, §4.4|

SPy : X — X1,
that we define as follows.

Definition 3.10. The v-sheaf theoretic specialization map is constructed as fol-
lows. If @« € X(R,R") and « is formalizable we let @ € X(Spd RT) be its
unique formalization. Applying the reduction functor gives @™ € X™(Spec R ,),
which is an element in the presheaf (X*d)(®/°®)ere(R R*). This describes a map
SPx pre : XM — (X redy(e/eo)pre - where the source is the sub-presheaf of formal-
izable maps in X. Now, SPx is the sheafification of SPx .. Unless we need to
clarify which respect to which space we take the Heuer specialization map, we will
omit X from the notation and simply write SP.

3The symbol ¢/ o o suggest the similarity with the o functor up to a quotient by the space of
topological nilpotent elements. In [Gle24] we initially took the minimalistic notation ¢/o instead
of o/ oo.
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Remark 3.11. The reader may notice that the construction of Definition 3.10 can
be applied to any specializing v-sheaf. But the remarks concerning sheafification
with respect to the analytic topology (i.e. [Heu24, Lemma 5.2]) no longer hold in
this generality.

We have the following lemma which although does not mention Definition 3.10
directly, it secretly uses it. It essentially says that for specializing sheaves, being
a prekimberlite is a Zariski local condition.

Lemma 3.12. [Gle21, Lemma 2.32| Let X be a specializing v-sheaf and let Y =
Xred. Suppose that Y is representable by a perfect scheme. Let U C'Y be an open
subset and let V denote the only open subsheaf of X with |V| = sp~(|U|). Then
the following hold.

(1) V is a specializing v-sheaf with V™4 = U.

(2) The map V — X is formally adic.
Moreover, if there is an open cover {U; — Y }ic; such that Vi := spy'(U;) is a
prekimberlite. Then X is a prekimberlite.

It X is a prekimberlite and Z C X red js a locally closed subset we can define a
prekimberlite X, [Gle24, Proposition 4.21] such that Z = (X,7)*® and such that
it fits in the following Cartesian diagram

Sy X

[se l (3.1)

Z<>/oo XH

When Z is constructible, the map X 1z — X is an open immersion [Gle24, Proposi-

tion 4.22], but it is often not formally adic. Intuitively speaking, the rule X — X,
corresponds to taking the completion of X along Z.

Definition 3.13. [Gle24, Definition 4.18, 4.38] The prekimberlite )A(/Z obtained
from diagram (3.1) is called the formal neighborhood of X along Z. The v-sheaf

X/@Z =X*"N )A(/Z is called the tubular neighborhood of X along Z.

If X is a prekimberlite and U — X" is an étale map of separated schemes we
can construct another prekimberlite Xy such that U = (X ;)™ and such that it
fits in the following Cartesian diagram

S x

lSP lSP (32)

Uo/oo xH
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The map is X ju — X is always formally adic and étale. Moreover, [Gle24, Theo-
rem 4.27| intrinsically characterizes all v-sheaves constructed in this way. Indeed,
if Y is a prekimberlite endowed with a formally adic and étale map to X, then
yred — Xred js an étale separated map of schemes and |Gle24, Theorem 4.27]
shows that R
Y ~ X/Yrcd.

One can regard [Gle24, Theorem 4.27| as an analogue of the invariance of the étale
site under nil-thickenings.

Definition 3.14. [Gle24, Definition 4.26] The prekimberlite X su obtained from
diagram (3.2) is called the étale formal neighborhood of X along U.

Remark 3.15. The category of étale formal neighborhoods of [Gle24, Definition
4.26] can be used to define the naive nearby cycles functor |Gle24, Remark 4.29]
studied and successfully applied in [GL.24].

The following statement turned out to be trickier than the author originally
expected. Luckily for us, Kim’s theorem simplifies the situation (see [[Kim24,
Theorem 1.3]).

Proposition 3.16. If X is a prekimberlite and f :' Y — X is a finite étale map
of v-sheaves, then the following statements hold.

(1) Y is a prekimberlite.
(2) f is formally adic.
(3) Y = X)yrea (i.e. Y is an étale formal neighborhood of X ).

Proof. Let Z =Y xx X®  Since by hypothesis X®°d is representable by a
scheme, it follows from [Kim24, Theorem 1.3| that Z is also representable by a
scheme. More precisely, Z = T° for T'— X a finite étale morphism. From [Gle24,
Lemma 3.32|, it follows that f:Y — X is formally adic, and that T = Y™ (this
already takes care of Proposition 3.16.(2)). Since Y — X is separated and X — *
is separated, it follows that Ay : Y — Y x Y is a closed immersion. By [Gle24,
Lemma 3.30], Ay is formally adic. We conclude that Y is formally separated.
Since the adjunction map YR — Y is a closed immersion, and Y™ is a scheme,
to show that Y is a prekimberlite it suffices to show that Y is v-formalizing. Once
we know that Y is a prekimberlite, it follows from [Gle24, Theorem 4.27] that
necessarily Y ~ X Jyred.

Let us show that Y is v-formalizing. We first make some reductions. Let g :
Spa(R, RT) — Y be a map, without loss of generality we may assume that X
formalizes f o g, and that Spa(R, RT) is a product of points since these form a
basis for the v-topology (see |Gle24, Remark 1.3]). It suffices to show that any map
Spa(R,R") — Y xx Spd(R™, R") is formalizable, or in other words, without loss
of generality we may and do assume X = Spd(R*, R"). Since the degree function
of the finite étale map f is locally constant, after decomposing X as a union of open
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and closed subsets, we may reduce to the case that f is of constant degree n for
some n € N. We consider Y] to be the v-sheaf of isomorphism between Y and the
constant sheaf of cardinality n as v-sheaves over X. Then Y; — X is a finite étale
Sp-torsor. Any section X — Y provides an isomorphism Y ~ X x {1,...,n}, and
one can explicitly construct formalizations for Y of such form. In other words, we
have reduced the problem to showing that any S,-torsor over X = Spd(R™, RT)
is trivial.

Since the map Y7 — X is also finite étale, it suffices to show that any finite étale
map towards X admits a section. To ease the notation, we let Y = Y;. We reduce
to the case X = Spd(CT,C*") with C* a valuation ring with algebraically closed
fraction field as follows. Consider Spd(R*[t]], RT[t]) and consider its analytic
locus X := Spd(R*[t], R™[t]) \ V(t,w) where w € R" is a pseudo-uniformizer. It

is not hard to see that X is a qcqs perfectoid space and that the map X 5 Xisa
cohomologically smooth surjection (see [Sch17, §23]) with geometrically connected
fibers. Fix x € my(X), for any U C my(X) that is open and closed and contains
x we have spaces Xy = Spd(Ry, Rf), Yu := Xy xx Y, XU = Xy Xx X and
YU = XU X x Y, obtained by cutting along the appropriate idempotent. Passing
to limits we also have spaces X, = Spd(C,C), Yy, X, and Y,. Here C; is a
valuation ring with algebraically closed non-Archimedean fraction field. Suppose
we know that Y, — X, admits a section. Then Y, — X, admits a section, and
by [Sch17, Lemma 12.17] this section spreads to a section Xy — Yy for some U.
Since the map Xy — Yy is finite étale, its image is an open and closed subset
T C Y. Moreover, if we let h denote the map h : Yy — Yy, then T = h~ Y((T)).
Indeed, the fibers of h are connected and T is already open and closed in Yy. We
may descend T to an open and closed subset T C Yy whose basechange along h is
T. Then T — Xy is an isomorphism, since it becomes one after basechange. We
have shown that as long as Y, — X, admits a section, this section spreads to a
section of Yy — Xy for some open and closed subset U C mo(X), which finishes
our reduction step.

Finally, we show that any finite étale map f : Y — X splits whenever X =
Spd(C*,CT) with C'* a valuation ring with algebraically closed fraction field. We
show that if Y — X is of degree n, then Y has n connected components. Passing
to one such component Yy gives a map Yy — X which is finite étale of degree 1,
so it must be an isomorphism by [Sch17, Lemma 12.5]. Now, we may compute
HO(Y,F,) as H°(X, f.IF;). Moreover, we have an exact triangle

HfF, — fJFy — i, fRF, (3.3)

coming from excision. Here i : X®d — X is the closed immersion coming from
adjunction, j : X*" — X is the open complement of ¢ and the maps f*" : Y** —
X and fRed ; yRed _ XRed gre induced from f : Y — X by basechange and the
fact that (as we saw above) f is formally adic.
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By |GL24, Lemma 4.3|, RT'(X, ji f2F,) vanishes. This shows that Y has as many
connected components as YR, Using Kim’s theorem again (|[Kim24, Theorem

1.3]), we see that YRed ~ XRed 5o f1 " 'n} whenever f has degree n. Since
XRed = Spec (Cf,)?, and Cf, is a valuation ring with algebraically closed fraction
field hence strictly henselian. O

Remark 3.17. One could have avoided using [Kim24, Theorem 1.3] at the expense
of making the argument in Proposition 3.16 substantially longer. This type of
argument boils down to analyzing finite étale maps over v-sheaves of the form
Spd(k™, k™) where k* is a valuation ring endowed with the discrete topology.
This analysis can be approached by similar methods using exact triangles as in
Equation (3.3), and approximation arguments. Before [Kim24, Theorem 1.3] was
available, we had such an approach in mind. Nevertheless, we consider [Kim24,
Theorem 1.3| and its proof method a better way to proceed.

3.2. Valuative prekimberlites. Let us recall the following definition [Schl7,
Definition 18.4].

Definition 3.18. We say that a map X — Y of v-sheaves satisfies the valuative
criterion of partial properness if for any commutative diagram of the form

Spa(R,R°) —— X

| |

Spa(R,RT) —— Y

with Spa(R, R") affinoid perfectoid, there exists a unique map Spa(R, R*) — X
making the diagram above commutative. We say that X — Y is partially proper
if it is separated and satisfies the valuative criterion of partial properness.

The specialization map for prekimberlites, SP : X — X! is always separated.
Indeed, the inclusion X x xyu X C X x X is a separated map and since X is formally
separated A : X — X x X is a closed immersion. Consequently, X — X X yu X
also is.

Definition 3.19. |Gle24, Definition 4.30] We say that a prekimberlite X is val-
uative if SP : X — X is partially proper.

For valuative prekimberlites the topological specialization map,
sp : | X] — [ X7,
is specializing [Gle24, Proposition 4.33]. Moreover, the valuative property is stable
under natural constructions like taking formal neighborhoods or étale formal neigh-

borhoods [Gle24, Proposition 4.34]. We prove some further stability properties of
the valuative property.

Proposition 3.20. Suppose X is a valuative prekimberlite and that Z — X is a
formally adic closed immersion. Then Z is a valuative prekimberlite.
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Proof. By |Gle24, Proposition 4.41.(2)] Z is a prekimberlite. The map Z% — XH
is separated since it is injective. The map Z — XU is partially proper and by
cancellation Z — Z! is partially proper. O

Proposition 3.21. The category of valuative prekimberlites is stable under fiber
product.

Proof. It X = Z Xy Y we can rewrite this as the base change of Z xY — W x W
along W — W x W which is a formally adic closed immersion. By Proposition 3.20,
it suffices to show that Z x Y is valuative. Now the map Z xY — ZH x Y is
partially proper, and the map Z% x Y — ZH x Y'! also is, so their composition is
partially proper as well. Il

A technical subtlety when studying the valuative property of prekimberlites is
that, in most cases, if S is a separated scheme, then S°/°° is far from being a
separated v-sheaf. Nevertheless, they satisfy a weaker form of separatedness.

Definition 3.22. Let X — Y be a map of small v-sheaves.

(1) We say that X — Y is weakly separated if the diagonal A : X — X xy X is
partially proper. When Y = x we simply say that X is a weakly separated
v-sheaf.

(2) We say that X — Y is weakly partially proper if it is weakly separated
and satisfies the valuative criterion of partial properness. When Y = % we
simply say that X is a weakly partially proper v-sheaf.

Remark 3.23. Note that a map X — Y is separated (respectively partially
proper) if and only if it is weakly separated and quasiseparated (respectively weakly
partially proper and quasiseparated).

Proposition 3.24. Let f: X — Y be a map of v-sheaves and g : Z =Y a v-cover
with base change map f : X xy Z — Z. If f satisfies the valuative criterion of
partial properness, then f satisfies the valuative criterion of partial properness. In
particular, if f 18 partially proper, then f is partially proper.

Proof. That separatedness is v-local is the content of [Sch17, Proposition 10.11.(ii)].
So we are immediately reduced to showing the first statement.
Suppose we are given a commutative diagram

Spa(R, R°) —— X
Spa(R,RT) —— Y.

By assumption, there exists a v-cover Spa(Ry, Ry) — Spa(R, R") for which we
can form a commutative diagram of the form
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Spa(Ro, R}) —— X xy Z —— X

| |

Spa(Ro, Ry) > 7 Y.

By hypothesis, we can find a lift Spa(Ry, Rj) — X Xy Z and hence we find a
map Spa(Ry, Ry ) — X. Moreover, by assumption this map is unique. Uniqueness
allows us to descend this to a map of the form Spa(R, R*) — X fitting in the
original commutative diagram. O

Proposition 3.25. Suppose that Z — X is a closed immersion of schemes, then
Z°/°° — X°/°° s a partially proper injection. In particular, if X — Y is a
separated map of schemes, then X°/°° — Y°/°° js weakly separated.

Proof. Proposition 3.24 says that being partially proper is v-local on the target.
If U — X is an open cover of schemes, then U°/°® — X°/°° is also an open cover,
so we may assume that X = Spec A and Z = Spec B. A map Spa(R, R°) — Z°/*°
is the same as a map of rings B — R°, and a map Spa(R, RT) — X/ is the

same as a map of rings A — R ,. But we have an inclusion of rings R4 2 R,

and a surjection of rings A — B. This constructs the unique lift B — R ,. O

Example 3.26. When X = A, then X°/°° is not separated over *. Indeed, let Y’
fit in the following Cartesian diagram

Y —— X x X

| !

X<>/oo X<>/oo X X<>/oo'

Then Y is the formal neighborhood of X x X along the diagonal. This is a partially
proper open subsheaf of X x X, but not a closed subsheaf.

Lemma 3.27. Let A C K be rings with the property that every local ring of Spec A
15 a valuation ring and has non-empty intersection with Spec K, and suppose that
the map Spec K — Spec A is pro-open. Let X — Y be a proper map of schemes,
then the following commutative diagram has a unique solution for the dashed arrow

Spec K o x

l - l

SpecA —— Y.

Proof. Uniqueness follows from separatedness since by hypothesis A C K, and
Spec K is Zariski dense in Spec A. Without losing generality we may assume
Y = Spec A. Let Z C X be the schematic image of f [Sta2l, Tag 01R7]. The
points in |Z| are those points that specialize from a point in f(Spec K) [Sta2l,
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Tag 02JQ)J. For every = € Spec A, we consider the sequence of maps
Spec Frac(A,) — Spec K, — Z, — X, — Spec A,,

obtained from localizing at the local ring of x. It is still true that Z, is the
schematic image of Spec Frac(K,) — X, [Sta2l, Tag 081I|. By the definition of
the scheme theoretic image, for every z € |Z] mapping to =, we get injective maps
of local rings

A, — Oy, . - K, — Frac(A,).

The map A, — Oy, . is necessarily an isomorphism since A, is a valuation ring
and Oz, , C Frac(A,) dominates A,. The inverse of this isomorphism provides
a lift of Spec A, — Z, — X,, and by uniqueness of the lift we know that there
is exactly one point z € |Z,| with image x. This shows that |Z| — |Spec A] is a
homeomorphism inducing isomorphisms of local rings. This suffices to prove that
Z — Spec A is an isomorphism of schemes. O

Proposition 3.28. Suppose that f : X — Y s a perfectly finitely presented proper
map of perfect schemes. Then X°/°° — Y°/°° is weakly partially proper.

Proof. The valuative criterion of partial properness is v-local on the target (see
Proposition 3.24), so we may assume that ¥ = Spec A is affine. Moreover, it
suffices to test the criterion on a basis for the v-topology. Let Spa(R, RT) be
a strictly totally disconnected space. Now, X*/°°(R, R*) = X(Spec R_,) since
Spa(R, RT) splits all open covers. Analogously, Y°/°°(R, R*) = Y (Spec R ;). Fix
a diagram

Spec Ry —— X
7
SpecRty, —— Y

It follows from Lemma 3.27, that one can find a unique solution to the dashed
arrow above. Indeed, the connected components of Spec R are the spectrum of
a valuation ring, Spec RS, C Spec R is pro-open and it meets every connected
component. ]

Weakly separated maps satisfy, almost by definition, the valuative criterion of
separatedness.

Proposition 3.29. Let X — Y be a weakly separated map of small v-sheaves and
consider the commutative diagram
X

Spa(R, R°) ——
Spa(R,RT) —— Y.

-~

-
-
-
-
-
-
-
-
-
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There exist at most one dashed arrow making the diagram commutative.

Proof. Suppose that we have a map (f1, f2) : Spa(R, R™) — X Xy X such that
Spa(R, R°) — X xy X factors through the relative diagonal Ax,y : X — X xy X.
Since the diagonal is partially proper, there is a unique map Spa(R, Rt) — X
extending the map Spa(R, R°) and whose composition with Ax/y gives (fi, f2).
This proves fi; = fs. U

Proposition 3.30. Let f: X =Y, g:Y — Z and q : Y =Y be maps of v-
sheaves. Let h =go f, let f : X — Y the base change of f along q. The following
hold.

rated.

Proof. Recall that being partially proper is stable under base change, composition
and can be verified v-locally on the target.

For the first statement consider the map X — X xy X — X xz X, it suffices
to prove X xy X — X xz X is partially proper, but it comes from base change
of X xz X =Y XxzY alongY =Y Xz Y which is partially proper.

For the second and third statements, note that X — X xy X — Y is the base
change of X — X Xy X — Y along ¢ (see also Proposition 3.24).

For the fourth statement, note that X xy X — X Xz X is injective and in
particular separated. Since X — X Xz X is assumed to be partially proper, by
cancellation then X — X xy X also is. ]

Proposition 3.31. Let the notation be as in Proposition 3.30. The following hold.

(1) If f and g are weakly partially proper, then h is weakly partially proper.

(2) If f is weakly partially proper, then f is weakly partially proper-.

(3) If q is a v-cover and f 1s weakly partially proper, then f is weakly partially
proper.

(4) If h is weakly partially proper and g is weakly separated, then f is weakly
partially proper.

Proof. For the first statement, fix compatible maps t : Spa(R, R") — Z and
Spa(R, R°) — X, we can lift ¢ first to Y and then to X. The second statement
follows from the universal property of base change.

For the third statement we fix compatible maps Spa(R, R°) — X and Spa(R, RT) —
Y. We fix a v-cover Spa(T,T") — Spa(R, R") such that the map Spa(T,T") = Y
lifts to Spa (T, T") — Y and we let Spa(S, S*) = Spa(R, R") X spa(r,r+)Spa(R, RT).
We consider the commutative diagram.
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Spa(R, R°)

N

Spa(S, S°) ——= Spa(T,T°) i 2 > X
> Y

| [
\ /

Spa(S, S*) ——= Spa(T,T™) o
Spa(R, RJr

<<—><

The existence of the dashed arrow labeled e follows from the existence of the
dashed arrow labeled [. Indeed, since X is weakly separated and the two maps
Spa(S, S°) — X agree, then the two maps Spa(S, S*) — X induced by [ also agree
and define descent datum for a map Spa(R, RT) — X.

For the fourth statement, note that Y — Z is by assumption weakly separated
so Y =Y x4 Y is partially proper and in particular weakly partially proper. By
cancellation X — Y must be weakly partially proper. O

In general, being valuative cannot be verified v-locally. That is, there are maps
of prekimberlites f : Y — X such that Y is valuative, f is a v-cover, but X is not
valuative. We have the following special case.

Proposition 3.32. Let f : X — Y be a map of prekimberlites. Suppose that Y
18 valuative and that there is a valuative prekimberlite Z and a v-cover g : Z —'Y
such that W = X x 7Y 1is valuative, then X is valuative.

Proof. We fix a commutative diagram and we try to solve for the dashed arrow

Spa(R, R°) O—X>7 X

| H l (3.4)

Spa(R, R*) —2 x4,

Since Y is valuative we get a unique map oy : Spa(R, R") — Y lifting the natural
map oy : Spa(R R°) — Y. Since Z — Y is surjective we may find a v-cover

. Spa(Ty, Ty) — Spa(R R*) and we can choose a map e}, : Spa(Ty,1y") — Z
hftmg the natural map oy, o ¢; : Spa(Ty, TyF) — Y. We also have, by construction,
amap oy ocj : Spa(Ty, 1Y) — X whose induced map fooxo c1 agrees with go e},
when the latter map is restricted to Spa(Ty,TY) C Spa(T,T;"). This gives a map
Spa(Ty,T7) — W and since W is valuative we also get a map Spa(Ty,T;") — W.
Indeed, the map Spa(Ti,T,") — WH is well-defined since WH = X% x  u YH.
Projecting to X we get a map Spa(7},T,") — X lifting ox o ¢ and compatible
with Spa(T,T;") — X™. By separatedness of X — XM this lift is unique and did
not depend of the choice of e},. This shows that the dashed arrow in the diagram
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Spa(Ty, 1Y) —— X

b
A
-
-
-
-
-
-
P
-

Spa(Ty, TyF) —— X1

can be uniquely lifted. Moreover, if Spa(T5, T;") = Spa(T1, T}") X spa(r, r+)Spa(T1, T71)
we get a commutative diagram

Spa(Ts, T3) —— Spa( Tl, 17) W

Spa(Ty, T,") —= Spa( Tl, ) — Spa(R, RT) —— X1

and since X (R, R") = Eq.(X(T1,T;") = X (1, Ty)), the arrow in the diagram
(3.4) can be uniquely constructed. O

Just as a separated v-sheaf admits a canonical compactification, which is a
canonical way to turn a separated v-sheaf into a partially proper one [Schl7,
Proposition 18.6], an analogous statement holds for weakly separated v-sheaves.
We discuss slight generalizations of some statements proved in [Sch17, §18|.

Definition 3.33. [Sch17, Proposition 18.6] Suppose that Y is a weakly separated
v-sheaf, we let Y be the v-sheafification of the formula

Y (R,RY) =Y (R, R°).
We call Y the canonical compactification of Y.

Remark 3.34. Note that if Y is a separated v-sheaf, then Y agrees with the usual
canonical compactification of [Sch17, §18|.

Proposition 3.35. If Y is a weakly separated v-sheaf and Spa(R, RY) is totally
disconnected, then Y(R,Rt) =Y" (R, R").

Proof. The same proof as in [Sch17, Proposition 18.6] works with the role of [Sch17,
Proposition 10.10] loc. cit. replaced by Proposition 3.29. U

Note that the construction Y — YY" is functorial and commutes with arbitrary
limits of v-sheaves. By Proposition 3.35, the same can be said about Y +— Y.

Proposition 3.36. If Y is a weakly separated v-sheaf, then Y is weakly partially
proper and the map Y — Y is initial among maps Y — Z with Z a weakly partially
proper v-sheaf.

Proof. The diagonal Y — Y x Y is injective and consequently separated. For a
weakly separated map to satisfy the valuative criterion of partial properness it
suffices to verify it on a basis for the v-topology. On a totally disconnected space
Spa(R, RT) we have that Y* (R, Rt) = Y(R,R") = Y(R, R°). This allows us to
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verify directly first that Ay and then that Y — * satisfy the left lifting property
of maps with source Spa(R, R°) — Spa(R, R").

Moreover, if Y — Z is a map and Z is weakly partially proper, then we get a
map Y — Z Z. On the other hand, given a map Y — Z we can restrict it to a
map Y — Z. These operations are inverses of each other. U

If Y — Z is a map of v-sheaves that are weakly separated, then ¥ — 7 is
weakly separated, and we can define a relative compactification Y7 -v X 4.
In this case, ¥ — vy — Z is initial among maps ¥ — W — Z with W — Z
weakly partially proper.

Definition 3.37. We say that a weakly separated map of v-sheaves Y — Z is
weakly compactifiable if it can be factored as ¥ — W — Z where W — Z is
weakly partially proper and Y — W is an open immersion.

Remark 3.38. Note that a separated map of v-sheaves is compactifiable if and
only if it is weakly compactifiable.

Proposition 3.39. A weakly separated map of v-sheaves Y — Z is weakly com-
pactifiable if and only if Y — Y7 is an open immersion.

Proof. Let Y — W — Z be a factorization, by the universal property of ¥ — v
we get a map v/ — W which we claim is an injection. Indeed, it suffices
to show Y/Z(R, R°) — W(R, R°) is injective since Y7 S wois weakly par-
tially separated. But the map ?/Z(R, R°) — W(R, R°) identifies with the map
Y (R, R°) — W(R, R°) which is injective. Since Y — W is an open immersion

/7 . . .
Y — Y/ is also an open immersion. U

Proposition 3.40. Let f : X = Y and g : Y — Z be maps of weakly separated
v-sheaves and let h = g o f. The following hold.

(1) If f and g are weakly compactifiable, then h is weakly compactifiable.
(2) If h is weakly compactifiable, then f is weakly compactifiable.

Proof. Consider the following commutative diagram with Cartesian squares
» X/ .Y
\ [ ]
/2 /2
X —Y — 7

LD

X s Y s 7.

If e; and e4 are open immersions, then ez and ey are open immersions. Conversely,
if e5 is an open immersion, then e; is an open immersion since es is an injection. [J
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Corollary 3.41. If f : X — Y is a map of valuative prekimberlites and X4 —
Yred is perfectly finitely presented and separated, then X — Y is compactifiable.

Proof. By Proposition 3.40, it suffices to show that the map f% : X% — YH is
weakly compactifiable. Indeed, fH o SPx would be weakly compactifiable and
since f! o SPx = SPy o f, Proposition 3.40 above shows that f would also be
weakly compactifiable. Since f is already separated, we would conclude that it is
compactifiable.

Now, by Nagata’s theorem [Sta2l, Tag 0F41, 0ATT|, we can find a perfectly
finitely presented compactification X4 C S — Y™d, This induces an open im-
mersion X" — $9/°° and by Proposition 3.28 a weakly partially proper map
Sofee 5 yH, O

3.3. Kimberlites. Now that we have discussed valuative prekimberlites, we dis-
cuss kimberlites.

Definition 3.42. [Gle24, Remark 4.37, Definition 4.35] Let X be a valuative
prekimberlite.

(1) We say that X is an affine kimberlite if X™ is an affine scheme and X"
is a spatial diamond.
(2) We say that X is a kimberlite if for all open affine subschemes, U C X4,

the induced Zariski open formal neighborhood X su is an affine kimberlite.

Proposition 3.43. Let X be a valuative prekimberlite. Suppose that X** is a
quasiseparated* locally spatial diamond and consider the topological specialization
map spyan : | X — | X™4|. The following hold.

(1) X is a kimberlite if and only if sSpyan is quasicompact.

(2) If X is a kimberlite, then the map is spectral and closed.

Proof. The hypothesis say that the pair (X, X®") is a smelted kimberlite as in
[Gle24, Definition 4.35]. By [Gle24, Theorem 4.40], the topological specialization
map is automatically specializing and a spectral map of locally spectral spaces.
Whether sp yan is quasicompact or not can be tested on an open cover of |X™d|.
Fix an open cover of X™4 by affine subschemes

Then |()?/Ui)an| = spxea(U;). If X is a kimberlite, then by hypothesis ()?/Ui)an is
a spatial diamond and consequently quasicompact [Sch17, Proposition 11.18.(i)].
Conversely, if sp yan is quasicompact, then ])A( )™ C | X is a quasicompact and
quasiseparated topological space. By [Sch17, Proposition 11.19.(iii)], ()A(/Ui)an is a

4As shown in Proposition 3.46, the quasiseparatedness is automatic. We leave it as it is to
point out that this is a subtlety implicitly used in our argument.
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spatial diamond as we wanted to show. The second statement is [Gle24, Theorem
4.40]. O

Remark 3.44. That the specialization map is continuous for both the usual and
the constructible topology, is a key technical ingredient in the computation of the
connected components of affine Deligne-Lusztig varieties and moduli spaces of
shtukas [Gle21], [GLX25].

Proposition 3.45. [Gle24, Proposition 4.41.(4)] If X is a kimberlite and Z — X
1s a formally adic closed itmmersion, then Z is also a kimberlite.

Recall that, in the theory of v-sheaves, being quasiseparated is an absolute
notion which disagrees with the relative notion of being quasiseparated over the
final object. In particular, there are plenty of v-sheaves separated over * that are
not quasiseparated in an absolute sense. To wit, * itself is not quasiseparated. By
definition, prekimberlites are separated over x. A consequence of this is that the
analytic locus of a prekimberlite is always quasiseparated.

Proposition 3.46. Let X be a prekimberlite, then X?" is quasiseparated.

Proof. Let Spa(Ry, Rf) — X and Spa(Rs, Ry) — X be two maps with Spa(R;, R}) €
Perf, we must show that

W= Spa<R17 Rf) X xan Spa<R27 R;)

is quasicompact. After replacing R; and Ry by a v-cover we can find formally
adic formalizations Spd R — X and Spd Ry — X, and we may write W as the
analytic locus in V := Spd R} x x Spd R; . Furthermore, we may rewrite ' as the
base change of the map Spd Rf x Spd Ry — X x X along the diagonal map A :
X — X x X. In this way, we get a formally adic closed immersion V' — Spd R} x
Spd Ry where the target is a formal v-sheaf. By Proposition 3.45, V' is a kimberlite
and W = V?" is a spatial diamond. In particular, it is quasicompact. U

We have the following stability property.

Proposition 3.47. [Gle24, Proposition 4.42| If X is a kimberlite and Y — X 1is
an €étale formal neighborhood, then'Y is a kimberlite.

We also have the following useful lemma which was implicitly proved in [AGLR22,
Proposition 2.34]. We recall the proof for the convenience of the reader, since the
setup is slightly different.

Lemma 3.48. Let X be an affine kimberlite. Let Z C X*4 denote the closed
subscheme with |Z| = sp(X®). Suppose that f : Spa(R, R") — X®" is a v-cover
and that X formalizes f. Then |Spd RE | — |Z°| is surjective. In particular,
Spd R}, — Z° is a v-cover.

Proof. Let X™ = Spec A and let 2z € |Z°| C |X®d| = |Spd(A4, A)|. To 2 we can
attach a support ideal p, and a specialization ideal q, with p, C q, C A and with
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p.,q, € Z |Gle24, Definition 2.4]. There is a perfect valuation ring V', and a map
Spec V' — Z whose special point maps to q, and whose generic point maps to p,.
Moreover, z is in the image of the induced map |Spec V| — | Z°|.

Since |Z| = sp(X?®*) there is a formalizable geometric point Spa(C,CT) — X"
such that the closed point of Spec C:f ; maps to p, under the map (Spd CT)™d —
Xred " Since the closed point of Spec Ct, maps to the same point as the generic
point of Spec V', we can compose the valuations to obtain a valuation ring C;;d?v C
Crtq and a map Spec C, , — Spec A such that Spec CLy \,/p. — Spec A factors
through Spec V' and gives an extension of valuation rings with (Spec C\;red)(Pz) =
Spec CL,. Let Cff C CT denote the unique valuation subring containing C°° and
such that (C})rea = Cy,q- We obtain a commutative diagram

Spa(C,C™) > Xon y X
| s
Spa(C, Cf)) >y XH

By valuativity of X, this lifts to a map Spa(C,Cy) — X*. Replacing (C,C™)
by a v-cover we may assume that the map factors through a map Spa(C, Cy) —
Spa(R, R*). The formalization Spd C}; — X induces a map Spec Cy/, 4 — Z that
factors (and surjects onto) Spec V. In particular, z is in the image of | Spd Cy/ 4| —
|Spd R ,| — |X|. Which shows that | Spd R | — |Z°| is surjective. The final
statement follows from |Gle24, Lemma 2.26] combined with [Sch17, Lemma 12.11].

l

The theory of kimberlites developed in [Gle24], [GL24], [AGLR22| and |GIZ25] is
sufficient for many purposes. Nevertheless, it falls short in answering the following
natural foundational questions.” Spatial kimberlites resolve these issues.
Question 3.49. Let X be and Y be kimberlites.

(1) Is X — * representable in locally spatial diamonds?
(2) Is X XY a kimberlite?
(3) Is X pro-étale locally formalizing?

(4) If S C X is constructible, is )?/5 a kimberlite?

Our motivation to define spatial kimberlites is to deduce Question 3.49, partic-
ularly Question 3.49.(4), from the stronger axioms.

4. SPATIAL KIMBERLITES

Definition 4.1. We say that an affine kimberlite X is spatial if the following
conditions hold.

®We have not found a proof or a counterexample to the statements in Question 3.49. We
suspect that in all the cases a counterexample should exist.
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(1) X formalizes geometric points.
(2) There is a qegs formally adic v-cover f : Y — X, where Y is an affine
formal v-sheaf (i.e. Y = Spd B for B an [-adic ring).

The following proposition explains the relevance of the axiom of Definition 4.1.(1).

Proposition 4.2. Let X be a prekimberlite that formalizes geometric points. If
S = Spa(R, R") is a strictly totally disconnected perfectoid space and f : S — X
1s a map, then X formalizes f.

Proof. Since strictly totally disconnected perfectoid spaces split open covers, we
may assume that X is an affine prekimberlite. Consider the graph morphism
S — X x Spd(R*). Let 8" := Spa(R', R"") — S be a v-cover that formalizes over
X and let F denote the sheaf theoretic image of the map Spd(R'*) — X xSpd R™.
We may choose S’ to also be strictly totally disconnected. We wish to prove that
the projection map F — Spd(R") is an isomorphism. Consider the following
commutative diagram:

S —— Spd R —— X x Spd Rt —— Spd R'*

l l | | (4.1)

S > F » X x Spd Rt —— Spd R*

Since the map Spd R’ — Spd R* is surjective, the map F — Spd R™ is also sur-
jective. We now prove it is also injective. First, the map Spd Rt x X — Spd R*
is quasiseparated since X — x is separated and since F C X x Spd R*, then F
is also gs over Spd RT. Moreover the map Spd Rt — Spd R" is qcqs which
implies that F is qcgs over Spd RT. By [Schl7, Lemma 12.5], we can check
bijectivity of F — Spd R* on geometric points. Any geometric point factors
through a connected component of Spd R*. Let z € mo(Spd R*). Then F, is the
sheaf-theoretic image of the map Spd R." — X x Spd C; all over Spd C. Here
Spd Rt = Spd R Xgpar+ Spd C;F. This gives rise to the following commuta-
tive diagram which is simply the basechange of (4.1) along the closed immersion
Spd C — Spd R}

Spa(R., R\) —— Spd Rlif —— X x Spd Ry —— Spd R/}"

| ! | L u

Spa(Cy, Cf) > Fu » X x SpdC;f —— Spd CF

By hypothesis, the second projection map X x Spd CJ — Spd C has a unique
section Spd Cif — X x Spd C compatible with the graph map Spd C, — X x
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Spd C, induced by f. This section induces a formalization
Spd Rt — Spd Cf — X x Spd C;f

of the map Spa(R.,, R,") — X xSpaC; . Since formalizations over X x Spd C;'" are
unique, we conclude that the map F, — X x Spd C,f factors through the section
Spd C;f — X xSpd C;f. This proves that F, — Spd Cf is injective and surjective,
consequently it induces a bijection of geometric points. O

Proposition 4.3. Suppose that X is an affine spatial kimberlite and U C X9 is
an affine open subset, then X,y is an affine spatial kimberlite.

Proof. By assumption, X /v — X is a formally adic open immersion. Consequently,
a map SpdC*t — X factors through )?/U if and only if Spa(C,C™T) does. In
particular, X v formalizes geometric points. If Spd B — X is a qcgs formally adic
v-cover, then )?/U X x Spd B is again an affine formal v-sheaf and )A(/U X xSpd B —

X Ju is again a qcgs formally adic v-cover. O

Definition 4.4. Let X be a kimberlite.

(1) We say that X is a locally spatial kimberlite if for all affine open neigh-
borhoods U C | X™4| the associated open formal neighborhood X /U is an
affine spatial kimberlite.

(2) We say that X is a spatial kimberlite if it is a locally spatial kimberlite and
| X™ed] is qegs.

It follows from Proposition 4.3 that affine spatial kimberlites are spatial kim-
berlites. Proposition 4.5 below shows that we can check being spatial on an affine
open cover. In particular, spatial kimberlites that are affine prekimberlites coincide
with affine spatial kimberlites.

Proposition 4.5. Suppose that X is an affine prekimberlite, and that there is an
affine open cover [ [, Ui — X" such that each X v, s an affine spatial kimberlite,
then X is an affine spatial kimberlite.

Proof. That X formalizes geometric points is clear since geometric points factor
through Xy, for some 7 € I and formalize over it. Since X red s affine we may

assume that [ is finite. By [Gle24, Theorem 4.27], the map [}, )?/U,- — X isa
qcgs formagy adic v-cover. By hypothesis, there are formally adic qcqs v-covers
Spd B; — Xy, with each Spd B; an affine formal v-sheaf. Then []}" , Spd B; — X
is a qcgs formally adic v-cover and the source is still an affine formal v-sheaf. [

4.1. Being spatial is étale local.

Proposition 4.6. Let f : X — Y be a map of prekimberlites. The following hold:

(1) If f is formally adic étale and Y is a locally spatial kimberlite, then X is a
locally spatial kimberlite.
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(2) If f is a formally adic étale cover and X is a locally spatial kimberlite, then
Y is a locally spatial kimberlite.

Proof. The valuative property is stable under formal étale neighborhoods and can
be checked after an étale formal v-cover, so we may assume X and Y are valuative.
For the first statement, by Proposition 4.5 we can assume X is an affine prekim-
berlite and that the map X — Y factors through V' = Y,y for yred C yred

an affine open subset. By |Gle24, Proposition 4.42.(2)], X = EA//Xred is a kim-
berlite. Let Spd(Ct) — V be the formalization of a geometric point, and let
P = Spd(C*) xy X. By [Gle24, Corollary 4.28|, P is of the form [],_; Spd(C;")
where C;" = C*[1] for some element ¢ € C*. This shows that X formalizes geo-
metric points, since V' does. Let W := Spd( ) — V be a qcgs formally adic
v-cover and let W = W "Xy X. The map W — W is formally adic étale and by
[Gle24, Corollary 4.28], W is an affine formal v-sheaf. Moreover, W — X is again
a qcgs formally adic v-cover, which shows that X is an affine spatial kimberlite.

Conversely, assume that f is a formally adic étale cover and that X is lo/c\ally
spatial. Replacing Y by an affine neighborhood and X by an affine cover [[,_; X u,,
and then choosing finite subset of it, we may assume without losing generality that
X is an affine spatial kimberlite and that Y is an affine prekimberlite.

Now, Y?" is a spatial diamond since it is quasi-separated and X?" — Y*" is an
étale cover whose source is a spatial diamond. This shows that Y is a kimberlite.
Moreover, since X™4 — Y™ is a qcqs étale map, by [Gle24, Lemma 4.25] X — Y
is also qcgs. We let F — X be a qcgs formally adic v-cover where the F is an
affine formal v-sheaves. Then F — Y is a qcgs formally adic v-cover with source
a formal v-sheaf. Moreover, any map SpaC — Y lifts to a map SpaC — X and
formalizes over X, consequently it formalizes over Y. This finishes the proof that
Y is an affine spatial kimberlite. O

4.2. The thick-reduced decomposition. One can verify from the definition
that for every scheme S € PSch the v-sheaf S° is a spatial kimberlite, but it
has empty analytic locus. We can call this type of spatial kimberlite reduced,
they typically arise from the reduction functor adjunction. The following is the
complementary notion and the more relevant object to study in the theory of
kimberlites.

Definition 4.7. We say that a spatial kimberlite X is thick if the specialization
map sp : | X — | X™d| is surjective.

As we show below every spatial kimberlite can be decomposed on a thick spatial
kimberlite and a reduced spatial kimberlite. We make some preparations, the
following lemma is completely analogous to [CS24, Lemma 2.2.3].

Lemma 4.8. Let Y = Spd B an affine formal v-sheaf. Then there are a col-
lection of perfect valuation rings {V;};es, endowed with the discrete topology, a
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collection of algebraically closed non-Archimedean fields {C;};cs, together with
open bounded valuation subrings {C’;r C Cj}jes,, and a gegs formally adic v-cover
Spd([1;c,, C;) 1T1Spd([1;cs, Vi) — Spd B. Moreover, if the specialization map

jeJ1 "I
sp : Y — Spec Bieq 15 surjective already Spd(] ] Cf) — Spd B is a v-cover.

JEJ2

Proof. Let I C B be the ideal that defines the topology on B and let {iy, ..., i,,p} C
I be a set of generators. For every point x € Spd B we can find a geomet-
ric point Spa(C,,C;f) — Spd B. This gives a map of rings (without topology)
B — [[,Cf. We claim that [[, C) is [-adically complete as a ring. Indeed,
(IL, CH)/I" =T1,(Ct/1m) since I is finitely generated. Moreover, products com-
mute with limits and each C; is I-adically complete, the claim follows.

We endow R* := [], C; with the I-adic topology, then by [Gle24, Lemma 2.23]
the map Spd R — Spd B is a qcgs formally adic v-cover since by construction
|Spd R*| — |Spd B] is surjective. We can separate the product in two factors
R* = R x R} where R{ corresponds to the factors where I = 0 and Rj corre-
sponds to the factors where at least one of the generators i; is a non-zero divisor

in C;. Then R =[], Vj and Ry =[], C;
Now, for the second statement observe that (Spd RT)™ = (Spd Rj )™ and that
the map Spd Rj — Spd B is formally adic and qcgs. By Lemma 3.48 the map

| Spd R5 | — | Spd B| is surjective, which implies it is a v-cover. O

Lemma 4.9. If X is a thick spatial kimberlite, then there is a universally open
quasi-pro-étale map f : Spa(R, RT) — X®* such that Spa(R,RT) is a strictly
totally disconnected space and f is formalizable. Moreover, the formalization
Spd R — X is a gcgs v-cover.

Proof. We may assume X is an affine spatial kimberlite. Let Spd B — X be
a formally adic qcgs v-cover. By Lemma 4.8, we may assume that Spd B =
Spd R [[Spd Ry with Spa(R;, R{) a product of points.

Since X" is a spatial diamond, there is a universally open quasi-pro-étale v-
cover [ :Spa(R, RT) — X" (see [Sch17, Proposition 11.24]). By Proposition 4.2,
f is formalizable. We claim that Spd R{ — X factors through a map Spd R —
Spd R*. It suffices to prove that this happens on analytic loci by uniqueness of
formalizations. Consider W = Spa(R, RT) X xan Spa(Ry, R{), it suffices to find
a section to the map W — Spa(R;, R), but this is a quasi-pro-étale cover and
Spa(R;, RY) is extremally disconnected so it admits a section.

Now, Spd R — Spd B is formally adic and consequently qcgs. This gives that
Spd R — X is qcqgs and since |Spd Rf| — |X| is surjective by Lemma 3.48 it is
also a v-cover. This shows that Spd Rt — X is also a v-cover. O

Definition 4.10. Let X be a spatial kimberlite. We let X*® C X denote the
smallest subsheaf with the property that if Y is a thick spatial kimberlite and
f:Y — X is a formally adic map then f factors through X*.
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Proposition 4.11. Let X be a spatial kimberlite. Then X" — X is a spatial kim-
berlite and the map X™ — X is a formally adic closed immersion. In particular,

XRATT XM — X is a v-cover and X is obtained from XBd and X by glueing
along their intersection.

Proof. Let Z denote sp(X®*) C X™4. Tt follows from Lemma 4.9 that if Spa(R, R*) —
X2 is a formalizable v-cover, then the formalization Spd RT — X formally
adic, qcgs and X is its sheaf-theoretic image. Taking reduction, we get a di-
agram Spd R, — XM xy XRed — XRed' and the sheaf theoretic image of
Spd R, — X®ed is Z° so Xth X x XRed Z°. This implies that X** is a prekim-
berlite, that X — X is qcgs, formally adic and that (X'*)d = Z. To prove
XM — X is closed we may apply the valuative criterion [Sch17, Proposition 18.3].
But [(X'™)| = |X®| U |Z°| and the maps X®™ — X and Z° — X are partially
proper.

By Proposition 3.20, X is a valuative prekimberlite and since (Xh)an = Xan
it is also a kimberlite. Since X formalizes geometric points and X' C X is
formally adic and closed X" also does. Since Spd Rt — X™ is a qcqs formally
adic surjection, X" is spatial. This finishes showing the first claim.

Now, the map X ] X*" — X is qcqgs and surjective, so it is a v-cover. In any
topos, if Y — X is a surjective map, then

X =co.eq(R 5 Y)

where R =Y xx Y. Since X" and X®ed are closed immersions, X N XRed ig
also a closed immersion, and R precisely defines data glueing X' to X®ed along
Xth N XRed‘ O

4.3. Being spatial is stable under formal neighborhoods. The following
statement was our main motivation to define spatial kimberlites.

Proposition 4.12. Let X be an affine spatial kimberlite and Z C X™4 a con-
structible Zariski closed subset, then X,z is an affine spatial kimberlite.

Proof. Let S = XRed, By [Gle24, Proposition 4.21, 4. 34] X/Z is an affine valuative

prekimberlite, with (X /Z)red Z. We now prove (X /7)™ is a spatial v-sheaf (see
[Sch17, Definition 12.12]). By Proposition 3.46, it is quasiseparated. Consider the
cover ST] X*™ — X of Proposition 4.11, using Lemma 4.9 we can refine it to a
v-cover W = ST[Spd R — X, more precisely we get a qcgs formally adic v-cover
f: W — X such that W3 — X2 is universally open. Let Zy := f~1(Z) C Wred
and let Sy = WEed C W. By [Gle24, Proposition 4. 20}, we get a qcgs formally adic

v-cover W/ZW -~ X /7. By |Gle24, Proposition 4.19], W72 is a spatial diamond.

Since (W/Zw)an is gqegs and surjective over (X/Z)an, then (X/Z)an is also qcqs. We
now prove every point of (X,;)* has a basis of open neighborhoods that are qc



STACKS OF p-ADIC SHTUKAS AND SPATIAL KIMBERLITES. 29

over ()?/Z)a“ This is clear for z € X*" N ()A(/Z) since this is an open subset of a
spatial diamond (see [Gle24, Proposition 4.22]).

Let z € SN (X/Z)an, and let U C (X/Z)an an open subset containing z. Since
SN (X /7) = 5 /7 is a kimberlite (even a formal v- Sheaf) there is an open subset
V C U containing = such that V' 1 S is qc over (S/2)™. Let iy = f~H(V) C
W Observe that Vi N Sy is qc over SW /Zw- We may find a qc open subset
VW CVw C /ng such that Vjj, N Sy = Viy N Sy, Indeed, since /VI?/E’%‘ is a spatial
diamond and Vjy is an open subset we may cover Vj; by a union of open qc open
subsets. From this, a priori infinite, family we may find finitely many opens whose
restriction to Sy, covers Vi N Sy. Let V' C V denote the sheaf theoretic image

of Vi, = V, we claim V' is qc open subsheaf containing = and contained in U.
Containment in U follows from

VI = f(Vivl) € F(IVwl) = VI € U],

so it suffices to prove that the image of |V}j,| — |V/| is open. Indeed, V{;, — ()A(/Z)an
is the composition of quasicompact maps, so it surjects onto its topological image.
Since |V| has the quotient topology along the map |Viy| — |V, it suffices to prove
that £~ (F(1Viy 1)) € Viv is open.

Observe that by construction, Sy N Vi, = Sy N f~Hf(IViy]) = Sw N Viy. In
particular, if z € Sy N f1(f(]V4y])) there is an open subset containing x and
contained in f~!(f(|Vi}|)), namely V{},. On the other hand, W N f~1(f(|Viy])) =
Y f(W™NVi,)), and since the map f : W™ — X® is universally open, f(V{}, N
W) C V N X is an open subset. Consequently, W N f~1(f(|V{y])) is also
open. This finishes showing that |V'| C |V is open.

Now, since V' is covered by Vjj, it is qc, and gives rise to a qc neighborhood of x
contained in U. Since U was arbitrary, we have shown tAhat there is a basis of qcqs
open neighborhoods of x. This finishes showing that (X,7)* is a spatial v-sheaf.

By [Sch17, Theorem 12.18], to prove that X 22 Jz 1s a spatial diamond it suffices to
find for every x € Xan iz & quasi-pro-étale map ¢, : Spa(C,,C) — /Z mapping to
x. Over X* N X this is possible since X" is by hypothesis a spatial diamond.
On the other hand over SNX 77 this is possible since Gan 77 Is a spatial diamond and
the map Sa“ — X 7“ is a closed immersion, hence quasi-pro-étale. This finishes

the proof that X Xz is an affine kimberlite. Now, it is an affine spatial kimberlite
since the map W/Z — X /z 1s an adic qcgs v-cover and W/Z is an affine formal
v-sheaf. Moreover, by hypothesis, geometric points of X sz formalize in X and by

[Gle24, Proposition 4.20] any such formalization factors through X /z 50 that X /7
also formalizes geometric points. U

4.4. Spatial kimberlites vs. spatial diamonds.
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Proposition 4.13. Let X be an affine kimberlite that formalizes geometric points,
then X is spatial if and only if X — * s representable in locally spatial diamonds.

Proof. We prove the first claim. Suppose that X is an affine spatial kimberlite.
Let U = Spa(R, R") be a strictly totally disconnected perfectoid space, by [Sch17,
Proposition 11.24, Remark 11.25] it suffices to show that X x U is a locally spatial
diamond. Let S = (Spec R")® and consider W := X x S. We claim that W is
an affine spatial kimberlite. By Proposition 3.21, W is an affine valuative prekim-
berlite. Observe that the projection map 7 : W — X is formally adic so that
Wan = p=1(Xa) = X x §. Since S — x is representable in spatial diamonds,
W2 is again a spatial diamond. This shows that W is a kimberlite.

Let Spd B — X be a qcqgs formally adic v-cover with B a ring in characteristic
p and I C B an ideal of definition. Then Spd B x S — X x S is a qcqgs formally
adic v-cover, and Spd B x S is an affine formal v-sheaf corresponding to the [-adic
completion of R* ®g, B. Now, W formalizes geometric points since X and S do,
this finishes proving that W is an affine spatial kimberlite.

Let w € R™ be a pseudo-uniformizer. This defines a constructible Zariski closed
subset Z C Spec R* of Sred and Zy, C Xred x Sred = Xred » Spec RY of W\red. By
Proposition 4.12, Wz, is an affine spatial kimberlite, and in particular WZ" is a

spatial diamond. But X x U is the open locus in Vv\ggv where w # 0, and any open
subsheaf of a spatial diamond is a locally spatial diamond.

Conversely, assume that X is an affine kimberlite that formalizes geometric
points, and that X — x is representable in locally spatial diamonds. Let Spa(R, R*) —
X be a universally open quasi-proétale cover by a strictly totally disconnected
space, and let W = Spd R* [ X®d. We have a map f : W — X, by Propo-
sition 4.2, we claim that W — X is a formally adic qcgs v-cover. Now, (X x
Spd F,[[t])* is a spatial diamond. Indeed, X® x SpdF,[t] is a locally spatial
diamond since Spd F,[[t] — * is representable in locally spatial diamonds and X"
is by hypothesis a spatial diamond, and similarly X x SpdF,((¢)) is also a locally
spatial diamonds. Moreover, these two open subsheaves cover (X x SpdF,[t])*".
Moreover, (X x SpdF,[t])*" is quasiseparated by Proposition 3.46. Consequently,
the map f : [(W x Spd F,[t])*[ — (X x SpdFp[t])™] is a surjective and spec-
tral map of locally spectral spaces, each of which is quasiseparated. Further,
|(W x SpdF,[t])*| is quasicompact, so |(X x SpdF,[t])**| is also quasicompact.
It follows from [Sch17, Proposition 11.19.(iii)|, that (X x SpdF,[[t])*" is a spatial
diamond.

The argument also shows that f is a qcgs v-cover. Indeed, we have a Cartesian
diagram

(W x Spd F,[[t])™ — (X x Spd F,[¢])™

| |

|14 ! > X,
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and g is a qcgs v-cover since it is a map of spatial diamonds that surjective on topo-
logical spaces. Since X x SpdF,((¢)) — X and factors through (X x SpdF,[¢])*",
it follows from [Sch17, Proposition 10.11] that the map W — X is also qcgs and
a v-cover. U

Corollary 4.14. Any map of locally spatial kimberlites, X — Y, is representable
i locally spatial diamonds.

Proof. The claim is local on the source and target so we may assume X and Y are
affine spatial kimberlites. Since the maps X,Y — % are representable in locally
spatial diamonds, the claim easily follows from [Sch17, Corollary 11.29]. O

Proposition 4.15. Suppose that f : Z — X is a formally adic closed immersion
of v-sheaves and that X is an affine spatial kimberlite, then Z is an affine spatial
kimberlite.

Proof. By [Gle24, Proposition 4.41.(4)|, Z is an affine kimberlite. Let us show
that Z formalizes geometric points. Let Spa(C,C%) — Z be a geometric point,
since X is spatial the induced geometric point formalizes to a map Spd C* — X.
The base change Spd C" x x Z is a formally closed subsheaf of Spd C'* containing
Spa(C,C™), so it must agree with Spd C* (see Lemma 3.4). By Proposition 4.13,
it suffices to prove that Z — x is representable in locally spatial diamonds, but
Z — X is (see [Sch17, Proposition 11.20]) and X — # also is. This shows that
Z — x is representable in locally spatial diamonds. U

Proposition 4.16. The category of spatial kimberlites (respectively locally spatial
kimberlites, respectively affine spatial kimberlites), is stable under fiber products
and contains .

Proof. We only show the case of affine spatial kimberlites since the other claims
easily follow from this one. Suppose that X, Y and Z are affine spatial kimberlites,
and W = X xy Z. We may write W as the base change of the map X xZ — Y xY
by the diagonal Y — Y x Y. By Proposition 4.15, it suffices to prove that X x Z
is a spatial kimberlite. Let Spd Bx — X and Spd Bz — Z be qcgs formally adic
V-Ccovers.

By Proposition 3.21, X x Z is a valuative prekimberlite and

(X X Z2)" = (X" x Z)U (X x Z°).

Also, by Proposition 4.13, X — % and Z — * are representable in locally spatial
diamonds and since X" and Z*" are spatial diamonds, then (X x Z)*" is a gs
locally spatial diamond. Moreover, since (Spd Bx x Spd Bz)* — (X x Z)* is a
v-cover and the source is qc we conclude that (X x Z)* is a spatial diamond and
that X x Z is a kimberlite. Furthermore, the map (Spd Bx x Spd Bz) — (X x Z)
is a qcgs formally adic v-cover, and Spd Bx x Spd By is an affine formal v-sheaf.
Finally, it formalizes geometric points since X and Z both do. U
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4.5. Quasicompact = formally adic.

Proposition 4.17. Let f : X — Y be a map of spatial kimberlites. Then f is
formally adic if and only if it is quasicompact.

Proof. The properties of being formally adic and of being quasicompact are local on
the source and target as long as we use qcqs formally adic v-covers. In particular,
we may assume that X and Y are affine formal v-sheaves (i.e. X = Spd B and
that Y = Spd A). By [Gle24, Lemma 2.23|, if the map X — Y is formally adic,
then it is quasicompact.

Suppose that X — Y is quasicompact and let Z = X xy YR this is an
affine spatial kimberlite by Proposition 4.16. Suppose there is z € Z*" of rank
1. The subsheaf of points that factor through z is a spatial diamond since X" is
a spatial diamond, and it can be covered by a geometric point Spa(C,O¢) — z.
We can formalize this to a map Spd Oc — Z which is quasicompact since it is
formally adic. By assumption, the composition Spd O — Z — YRed 5 « is again
quasicompact. But Spd Oz — * is not quasicompact. The contradiction shows
that Z°™ = (), so f is formally adic. O

We will need the following lemma when we discuss examples of spatial kimber-
lites.

Lemma 4.18. Let X be a spatial kimberlite, let Y be a kimberlite and let f : X —
Y be a formally adic map. The following hold:

(1) If f is a v-cover, then it is qcgs.
(2) If |f] is surjective and Y x SpdTF,[[t] is a kimberlite, then f is a formally
adic cover.

Proof. Observe that f is automatically quasiseparated since both v-sheaves are
separated over x. Assume first that f is v-surjective. Now, quasi compactness can
be checked v-locally, so it suffices to prove that X xy X — X is quasicompact.
Since X xy X is the base change of X x X — Y x Y along the diagonal map
Ay, by Proposition 4.15 and Proposition 4.16, we can conclude that X xy X is
a spatial kimberlite. Moreover, the map X x X — Y x Y is formally adic, since
X — Y is. This implies that X xy X — Y is formally adic, and consequently
X Xy X — X is also formally adic. We can now apply Proposition 4.17 to show
that X xy X — X is quasicompact. This finishes the proof of the first claim.
For the second claim, we consider the map X x SpdF,[[t] — Y x SpdF,[¢].
By hypothesis, it is formally adic and surjective at the level of topological spaces.
We get a map (X x Spd F,[t])*™ — (Y x SpdF,[[t])* of spatial diamonds that is
surjective at the level of topological spaces, so it is v-surjective. Now, it follows
that the map X x Spd[F,((¢)) — Y is v-surjective and since it factors through f,
then f is also v-surjective. (l
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5. EXAMPLES OF SPATIAL KIMBERLITES

For this section we let E be a local field with O C FE its ring of integers,
m € Op a uniformizer and k& = [, be its residue field. We let E denote the -
adic completion of the maximal unramified extension of E. We fix G a parahoric
group scheme over Spec O with reductive generic fiber G over E. We also fix
u: G, — G5 a conjugacy class of geometric cocharacters with reflex field F'. For
any perfect ring A in characteristic p we let W(A) denote the ring of Og-Witt
vectors. More precisely, if £ is of characteristic 0, then WA = W(A) ®z, Og,
where W(A) denotes the p-typical Witt vectors, and if E is of characteristic p
then WA = A®F40E = A[[?TH

If S = Spa(R,R"), we let Ajs(RT) denote W(R™) endowed with the (7, [w])-
adic topology, where w denotes a(ny) pseudo-uniformizer of R*. We let Vs be the
locus in Spa A, (R") where [w] # 0 for some pseudo-uniformizer w € R*, and
Ys be the locus in Spa Ay, (RT) where 7 - [@] # 0. These are sous-perfectoid adic
spaces |F'S21, Proposition I11.1.1].

5.1. Positive absolute Banach Colmez spaces. Recall that given a A > 0 one
can consider the absolute Banach—Colmez space BC(O())) as a v-sheaf [FS21, §
I1.2.2]. Moreover, BC(O()) has a unique non-analytic point 0 : * — BC(O(A)) and

BC(O(N)) \ {0} is a spatial diamond. We will show that the v-sheaves BC(O(\)) \
{0} are spatial kimberlites.

Theorem 5.1. Let D be an isocrystal with Ep = Preq.,O(N)™, the following
hold: B

(1) BC(D) is a locally spatial kimberlite with
BC(D)Rd = Be(O™) = E™.
(2) If mg = 0 then BC(D) is a pointed spatial kimberlite.

Remark 5.2. It is natural to ask if negative Banach—Colmez spaces are also spatial
kimberlites. The answer is no since these spaces are not v-locally formal. Indeed,
their unique non-analytic point has a meromorphic limit rather than a formal limit.

Proof. Since BC(®reqs,O(N)™) = BC(O™) X []\eq., BC(O(N)) we can deduce
the first statement from the second and from [F'S21, Proposition I1.2.5.(ii)|. More-
over, by Proposition 4.16 we may reduce to the case where my = 1 for a chosen \
and my = 0 otherwise. From now on D has the form D = O()) for some A > 0
and with A =  with n and m relatively prime. Let us prove BC(D) is formally
separated. The argument for separatedness can be found in [F'S21, Proposition
11.2.16]. By |G1725, Corollary 3.20], BC(O(X))™ = % and the adjunction map is
the inclusion of the origin. The diagonal A : BC(O()\)) — BC(O(X))? is formally
adic since only the origin maps to the origin. This finishes showing that BC(O(\))
is formally separated.
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To prove that BC(D) is v-locally formal we make some preparations. Recall
that for any affinoid perfectoid S = Spa(R, R™) and a choice of pseudo-uniformizer
w € RT, we can consider the ring Bﬁ,oo] =I(Ys 1,00, O0). Welet RE, = (R /)Pt
and RS, = (R°/w)Pet.

Lemma 5.3. Let S = Spa(R, R™). The following diagram of rings is Cartesian:

BS

[17%

! !

B o) — W(I5a)[7]

I W(RL)[:]

™

Proof. We do this in steps. Observe that the following diagram is Cartesian,
W(RH)T]/(m - T = [@],7") —— W(R)[T]/(m - T,7")

| |

W(R)[T]/ (7 - T = [w], 7") —— W(RL)[T]/(7 - T,7").

Indeed, in general whenever

|

Qé—n
O—w

—

is a Cartesian diagram of rings with C' — D surjective and I C A is an ideal such
that A/I — C/I is injective, then

A/I —— BJI

U

C/I — D/I

is also Cartesian.

To wit, take [c] € C/I and [b] € B/I mapping to the same element in D/I.
We have that ¢ — (a1d; + ... a,d,) = b in D and we can lift each d; to elements
¢; so that replacing ¢ by ¢ — (a1¢; + ... a,c,) we can arrange that ¢ = b in D
without changing the class [¢] € C/I. In particular, we can lift to an element
a € A inducing an element [a] € A/I mapping to [b] and to [¢]. This proves that
A/l — C/I xpr B/I is surjective. Since by assumption A/I — C/I is injective
we can say the same about the map to A/I — C/I xp/; B/I so that it is an
isomorphism.

Now, passing to limits as n — oo and using that limits commute with Cartesian
diagrams we get the following Cartesian diagram:
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W(ERNT)/ (7w T = [@]) —— W(R )T)/(m-T)

| |

W(R)(T)/(m- T = [w]) —— W(R)(T)/(x-T)

The diagram in the statement is constructed from the one above by inverting m,
and it remains Cartesian. Indeed, we can realize the localization by 7 as a filtered
colimit along transition morphisms given by multiplication by 7. Since filtered
colimits commute with finite limits the remaining diagram is still Cartesian. [

We now prove that BC(D) formalizes every map coming from an affinoid per-
fectoid (R, R"). In particular, it is v-formalizing. Let S = Spa(R, R") and let
So = Spa(R, R°). Recall that restriction along the map Y, 11,00) = Ys,,[1,00] induces
a fully-faithful functor of categories of y-equivariant vector bundles (see [PR21,
Proposition 2.1.4]). Using [GIZ25, Theorem 3.17| we can reinterpret the full-
faithfulness result we just mentioned to prove that the inclusion map Spa(R, R°) —
Spd(R°, R°) induces a group isomorphism

BC(D)(Spd(R°)) — BC(D)(Spa(R, R°)).

Indeed, Yspa(re) = Ysy,(0,00) a8 in [GIZ25, Remark 3.14]. Since the slope is positive,
the Banach—Colmez space is defined as a space of global sections. An element o €

BC(D)(Spd(R°, R°)) can be interpreted as an element in a € (Bﬁ‘joo])m which is

appropriately g-equivariant and where m = rank(€p). Furthermore, this induces a
map Spd(R2y, Ro.y) — BC(D) which is necessarily the 0 map, this shows that o =
0in W(R:)™. By Lemma 5.3, o € Bﬁ,oo} which produces a map Spd(R*, Rt) —
BC(D) appealing again to [GIZ25, Theorem 3.17] and [GIZ25, Remark 3.14].

As of now, we have proved that BC(O())) is a pointed prekimberlite that for-
malizes points. By [FS21, Proposition 11.2.16], it is a valuative prekimberlite.
Indeed, the Heuer specialization map gets identified with the structure morphism
BC(D) — * which is partially proper. By [FS21, Proposition I1.3.7.(1)] BC(D)*" is
a spatial diamond, which proves that BC(D) is a kimberlite. By Proposition 4.13,
BC(D) is spatial whenever BC(D) — * is representable in locally spatial diamonds.
This is follows from [F'S21, Proposition I1.2.16]. O

Recall that G denotes a reductive group over E. Let B(G) denote Kottwitz’ set
and let b € B(G). Recall that for every S = Spa R € Perfg  the element b defines
a G-bundle &, over the relative Fargues—Fontaine curve Xgpp. This gives rise to a
v-sheaf over Spd T, parametrizing the automorphisms of &,. It is denoted by Gy
Moreover, we can write G, = éfo x Gp(E), as in [F'S21, Proposition I11.5.1].

Theorem 5.4. Let the notation be as above, the following hold.

(1) G, is a locally spatial kimberlite.
(2) G7° is a pointed spatial kimberlite.
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Proof. Let p : G — GL,, be a fully faithful embedding. We claim that CNJb — ép(b)
is a formally adic closed immersion. Let S = Spa(R, R*) € Perfs . We have a
closed immersion of reductive group schemes Autyg .. (&) — Autxg . (Eyp)) over
Xgpp. Furthermore, Autx, . (Eyp) is a Zariski closed subset of V(End?), where
V(End?) denotes the total space of the endomorphism vector bundle End? :=
Endy, .. (Eowy))? Let Ig C Oy(ena2) be the ideal sheaf defining Autyg . (&) as a
closed subscheme of V(End?).
Any a € ép(b)(R, R™) corresponds to a section

Fa : XS,FF — AutXS,FF <5ﬂ(b))7

and I';'(Zs) defines a Zariski closed subset of Xgpp. By [FS21, Lemma IV.4.23],
this defines a Zariski closed subset in Spa(R, R") representing the subsheaf of
points whose composition with « factor through Autx,, (). This proves that

Gy — BC(Endy, . (Exr)?) is a closed immersion.
We can identify the map G,(F) — G, with the reduction adjunction élf{e‘i — Gy
by [G1Z25, Theorem 7.14]. On the other hand G(E), is the moduli space of graded

automorphisms of &, (see [F'S21, Proposition 111.4.7]). Since p : G — GL,, is fully
faithful, being graded can be verified in Aut(E,@)). But BC(End(E,y)) ! also

parametrizes graded endomorphisms. This proves that G, — BC(End(E,w))?)

is formally adic. By Proposition 4.15 and Theorem 5.1, éb is a locally spatial
kimberlite. On the other hand, Gy = G7° x Gy(E) sheaf theoretically (without

group structure), and éf,ed = Gp(F) which implies that (éf Oyred = SpecF,, so it
is a pointed spatial kimberlite, by Proposition 4.16. O

5.2. Beilinson—Drinfled affine Grassmanians. In our work [AGLR22| with
Anschiitz, Lourengo and Richarz the notion of flat m-adic kimberlite was introduced
for v-sheaves with a structure map X — Spd O and O the ring of integers of a local
field [AGLR22, Definition 2.30]. This notion is a precursor of the notion of thick
spatial kimberlites used in this article (see Definition 4.7). For the convenience of
the reader, we spell down Proposition 5.6 below to facilitate comparability with
the statements written in [AGLR22|.

Remark 5.5. At the time that [AGLR22| was written, the word kimberlite re-
ferred to a weakened version of what we call kimberlites in this article and in the
latest version of [Gle24|. Indeed, when [AGLR22| was written, the Heuer special-
ization map for specializing v-sheaves had not been introduced and we had not
found the definition of valuative prekimberlite which is the correct thing to con-
sider when one does not require properness. Moreover, we had also subestimated
the importance of requiring the specialization map to be quasicompact. Since the
local models are proper, in the end, one ended up with the same concept. We
clarify this below.
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Proposition 5.6. Let O be a complete discrete valuation ring over Z, with uni-
formaizer m € O. Let F be a prekimberlite with a formally adic map F — Spd O.
Suppose that F*" is a locally spatial diamond. The following statements hold.
(1) If F — Spd O is proper, F is w-flat (as in [AGLR22, Definition 2.31]) and
formalizes geometric points, then F s a thick spatial kimberlite.
(2) If F is a thick spatial kimberlite, then F is m-flat.

Proof. Lets prove the first statement. We have a commutative diagram

F — SpdO

e
FH 5 %

This shows that F — x is partially proper, and since F!! — x is weakly separated,
by Proposition 3.31, F — F is partially proper, so it is a valuative prekimberlite.
Now, F™4 is proper over Spec O/7 and F?" is spatial, by [Gle24, Theorem 4.40)
the map sp : |F2*| — |F™4] is a spectral map of locally spectral spaces, but since
both the target and the source are quasicompact the map is quasicompact. By
Proposition 3.43, F is a kimberlite.

By definition of w-flatness, see [AGLR22, Definition 2.31|, we have a v-cover
[1;c; Spd R;“ﬁ — F where the map Spd Rj’ﬂ — Spd O is formally adic, and
(Rf, Rj’ﬁ) is a perfectoid Huber pair. Since F is quasicompact, only finitely many
i € I are needed and [}, Spd R;r '3 Fisa qcgs formally adic v-cover, so F is
a spatial kimberlite. It is thick since the specialization map is surjective for the
Spd R;r ’ﬁ, and consequently for F. This finishes the proof of the first statement.

For the second statement, assume that F is a thick spatial kimberlite. Let
Spa(R, RT) — F®" be a formalizable v-cover. By Lemma 3.48 and Proposi-
tion 4.17, Spd Rt — F is a formally adic v-cover. Since the map F — SpdO
is assumed to be formally adic, then the map Spd R™ — Spd O is formally adic
and given as the formalization of a map Spa(R*, R**) — Spa C for R* an untilt of
R (possibly in characteristic p). U

Recall that there is a Beilinson—Drinfeld affine Grassmannian
Grg — Spd Op

which is an integral model v-sheaf of Scholze’s Byg-Grassmannian, and that there
is a local model Mg, — Spd Op which is an integral model of the Schubert variety
defined by p [AGLR22, §4].

The following Theorem 5.7 is a translation of the basic kimberlite-theoretic
structural results in [AGLR22].

Theorem 5.7 ([AGLR22]). With notation as above Mg, is a thick spatial kim-
berlite proper and formally adic over Spd Op.
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Proof. This follows directly from Proposition 5.6 and [AGLR22, Proposition 4.14].
O

6. THE HENSELIAN PROPERTY FOR PROPER SPATIAL KIMBERLITES

We finish this section by showing that the condition of being a spatial kimberlite
is useful and relevant to study the étale cohomology of a v-sheaf.

For this section, we let k be a characteristic p algebraically closed field and we
work with v-sheaves over * = Spd(k, k). We fix a coefficient ring A which is a
torsion ring with n - A = 0 for n relatively prime to p. We work with Scholze’s
6-functor formalism [Sch17]. We use derived notation i.e. all of our functors are
derived.

Let X be a spatial kimberlite, let Y = X let Z = X® and denote by
7:Y — X and ¢ : Z — X the complementary open and closed immersions.
We let mx : X — * denote the structure morphism to *, similarly for 7y and
7z. We assume that X* is locally of perfectly finite presentation over Speck,
and that it is perfectly proper over it. We assume that dim.trgmy < oo, and
that sp : |Y| — |X™4] is surjective (i.e. X is a thick spatial kimberlite). With
the assumptions above, we show that X satisfies two Henselian properties along
Z — X.

Lemma 6.1. The map mx s representable in locally spatial diamonds, compacti-
fiable and with dim. trg wx < oo (i.e. wx is fdes). In particular,

Tx,): Dét(X, A) — Dét(*,A)

exists and admits a right adjoint 7. Moreover, Y is a spatial diamond and Y — x
18 partially proper.

Proof. By Proposition 4.13, the map is representable in locally spatial diamonds.
The map SPx : X — X" is partially proper since X is valuative, and the map
X" — «x is weakly partially proper by Proposition 3.28 since X*? is assumed
to be proper over Spec k. Since my factors through these maps it is weakly par-
tially proper, but it is also separated so it is partially proper. By hypothesis
dim. trg Ty < 0o, and since X is locally of finite presentation, we also have that
dim. trgm; < oco. This is enough to conclude that dim.trgmy < oo. The second
claim is [Sch17, Definition 22.18] and [Sch17, Theorem 23.1].

The third claim follows from the definition of spatial kimberlite since Y = X?".
It is also clear that the inclusion Y — X is partially proper. Indeed, any open
subsheaf whose closed complement is representable by a v-sheaf must be partially
proper. U

Theorem 6.2. Let the context be as in the beginning of this section. Let F €
D (Y, A) the following hold:

(1) T(X, 4 F)=0.

(2) Te(X, juF) = 0.
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Remark 6.3. In our work with Lourengo (see [G1.24]), we have already shown
that the functor

F(Y, j!—) : Dét(YV, A) — Dét(*,A>
vanishes (i.e. it is isomorphic to the constant 0 functor).

Proof. The first statement holds much more generally and it is the content of
|GL24, Lemma 4.3| (see Remark 6.3). The second statement is more subtle. We
wish to show that 7x 7. : De(Y, A) — Dg(*, A) is the 0-functor.

Let S = Spdk((t) and s : Spdk((t) — = be the structure map, it is ¢-
cohomologically smooth and s* is conservative. It suffices to show that s*mx 7,
is the O-functor. By smooth and proper base change, it suffices to show that
51 0 jsx = 0 for the natural maps j; : Y x SC X x Sand 75 : X xS — S.

Let T'— Y be a universally open quasi-proétale cover with T'= Spa(R, R™) a
totally disconnected perfectoid space. Fix a @w € R a pseudo-uniformizer. There
is a continuous map

k: |(Spd R x Spd k[[t])*"| — [0, o0]

measuring the relative value of ¢ against w and for every interval I C [0, c0] we
let Uz; denote the open subset associated to the interior of k~'(I). For example,
T x Spd k[[t] = Up,jo,00)- Now, for all I C (0,00) we let U; C Y xS denote the open
subset that is the image of Ur; — Y x S. We note that if I C (0, 00) is compact,
then Uy is a spatial diamond. Moreover, we claim that |Uj, )| U|Z x S| C | X x S|
defines a quasicompact open subset, and that in particular it gives rise to a spatial
diamond that we will denote U, o) € X x S. We prove our claim as follows, we
have a map of spatial diamonds

Urjo,00) = (Spd R* x Spd k[[t])* — (X x Spd k[[t])*
coming from the formally adic map of spatial kimberlites
Spd R* x Spd k[[t] — X x Spd k[t].

In general,

[ Uz 0,00 = [(X x Spd E[t])™|
might not be an open map, but it is still a quotient map. The locus |Uy o0)|U|Z x S|
corresponds precisely to the image of Ur 4] Which is quasicompact. Moreover,
we have that [~ (f(Urja,e)) = Ut el U fHf(Ur,a,00)) Which is open. This
implies that U}, is open.

Let U[a,oo} denote the closure of Uy, o inside of Uy, and let kg oo @ Ujg o) —
U[am] and Ea,oo : U[a,oo} — U(0,0c] denote the open and respectively closed immer-
sions. Analogously, we let k, : Ujg o) — U[am) and k, : U[a,oo) — Ulo,00) denote
the open and respectively closed immersions. We also let j, : Upg,o0) — Ua,o0) and
ja : U[mo) — U[a,oo] denote the open immersion.

For the convenience of the reader we tabulate the maps involved.

(1) Koo : Upao0) = U[a,oo] (open dense immersion, not partially proper).
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(2) oo : U[am] — Ulo,0] (closed immersion).

(3) ﬁa : g[a,m) — U[a,oo) (open dense immersion, not partially proper).
(4) kq : Ulgoo) = Up,o0) (closed immersion).

(5) Za : g[am) — %a,oo] (open dense immersion, partially proper).

(6) Ja : Ulgoo) = Ulac) (0pen dense immersion, partially proper).

(7) Js : Un,oo) = Uln,0] (0pen dense immersion, partially proper).

(8) T : U(O,oo] — 5.

For any A € Dg(X x S, A), we may compute 751 A € D (S, A) by the formula

7Ts,!14 = 1111%)Ws,*ka,oo,*ka,oo,!Aw[a’m] .
Indeed, this follows from the fact that X x S — S is a map of locally spatial
diamond, the fact that the map m, oanoo : U[wo] — S'is proper, and the fact that
the family Ul o) is cofinal among quasicompact open subset of U o) = X x S
[Sch17, Definition 22.13, Definition 22.4].
When A = j,; . B, we may rewrite this as

a,00)

hﬂ 71-s,*ka,oo,*ka,oo,!AA\U[G’OO] = hﬂ 7T-s,*ka,oo,*k:a,oo,!.job,*B\U[

a—0 a—0

g hg WS’*kayooz*-ja,*kalelU[a o)

a—0

& hgfl 7T57*js7*Ea,*ka,!B

|U(l oo
a—0 [:00)
The only subtle step of the computation is to justify that

~ 4

kavoov!jav*BIU[a”oo) ]ay*kjav!BlU[a’oo) ?

but this holds since igskam,! ja,*B\U[a - = 0 where 4, denotes the inclusion

las: 4 XS — U[apo}

and the term j&*ka,!Bw[ : is obtained from applying excision to get the triangle

0 = ZUJ S |/L ka’oo’!ja’*B‘U[ayoo) % ka’OOJja’*BIU[CL OO) —> ja7*ka,!B|U[a oo) '

39y " A,,S
Finally, we can recognize that the expression

hﬂ Ws,*js,*ka,*ka,!Bw[a’oo)

a—0
computes the functors of [FS21, Definition IV.5.2|, which by [F521, Theorem
IV.5.3] vanish. Indeed, Y — x is partially proper, Y is a spatial diamond and
dim. trgmy < oo which are the required hypothesis to apply [FS21, Theorem
IV.5.3]. O
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7. THE STACK OF SHTUKAS.

We finish this section with a more intricate and interesting example. Recall the
stack of G-shtukas, Shtg — Spd O, parametrizing the groupoid of triples

S = Spa(R, R") s {(S!, &, @)},

where S* is an isomorphism class of untilts of S over O, € is a G-torsor over Vg
and

O:p&—=E
is an isomorphism defined away from the divisor S$* < Vg 0,00) that is meromorphic
along this divisor (see [SW20, Definition 5.3.5]). Recall the local Hecke stack
Hkg = [LTG\Grg] — Spd Op (see [F'S21, §6]), and its bounded version Hkg , =
[LTG\Mg,,] = Spd OF, with

Hkg,u - Hkg X8SpdOg Spd OF

the only closed substack whose pullfack to Grg is Mg ,.
Recall that we have a map
Shtg — Hkg

and that we can pullback along the closed immersion
Hkg,,, € Hkg Xspao, Spd OF
to obtained a closed substack
Shtg ,, € Shtg Xspa0, Spd OF.
Shtg , is the moduli stack of pi-bounded local G-shtukas.
Further, recall that we have a map of small v-stacks

o : Shtg — Bung,

that on functor of points, takes a triple (S*, €, ®) to the only G-bundle on Xy g
that agrees, as a g-equivariant G-bundle, with (€, ®) after pullback to Yy .o for
a sufficiently large r that avoids the untilt S* C Ys. Recall that for all b € B(G)
we have a map
&y, - Spd Fp — Bung,
that gives rise to a locally closed substack Buan C Bung. We let
Shtg, , = Shtg,, X Bung Bung;
and
Shtgﬂ(b) = Shtg#i XBung,&, * -
By the definitions and by [[FS21, Proposition V.2.2|, the map

Shtg,,,(b) — Sht,

is a Gy-torsor. Proving the next theorem was our main motivation to introduce
and study spatial kimberlites, and its proof will occupy the rest of the section.
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Theorem 7.1. The following hold.

(1) The map Shtg, — Bung is representable in locally spatial diamonds.
(2) The stack Shtg,, is an Artin v-stack.
(3) The v-sheaf Shtg ,,(b) is a locally spatial kimberlite.

Proof. By [F'S21, Proposition IV.1.8.(iii)|] and [F'S21, Theorem IV.1.19], the first
claim implies the second. Let us prove the first claim, we do this by reducing it to
the third claim. Let WG (respectively W*G) denote the functor classifying pairs

(R, R*) = (R, g)

where R* is an isomorphism class of untilts given by ¢ € W(R*) with R** =
W(RT)/¢ and g € G(W(RM)[¢7]) (respectively g € G(W(RT)). We have a v-
surjective map WG — Grg that is a WTG-torsor [Ans22| [Gle21, Theorem 2.8|.
Let WG, = WG Xar; Mg,. We claim that WG, is a spatial kimberlite. It is
clearly separated, and m-adic. This shows that it is formally separated. We can
pick a formally adic v-cover Spd RT — Mg, over which the W*G-torsor is trivial,
this constructs for us a formally adic v-cover of the form

Spd R* x WG — WG,

This proves that WG, is v-locally formal, so it is a specializing v-sheaf (see Def-
inition 3.6). Also, (WG, )™ is a qcgs scheme, indeed it is a closed subscheme of
the Witt-vector loop group. This shows that WG, is a prekimberlite (see Defini-
tion 3.7). Using Proposition 3.32, one shows that WG, is a valuative prekimberlite
(see Definition 3.19).

Let Spa(R, R") — (Mg,)™ a universally open cover by a strictly totally dis-
connected space. Since Mg, formalizes points, by Proposition 4.2 we get a
map Spd Rt — Mg, which we may interpret as an untilted v-G-torsor over
Spd W(R™) together with a trivialization away from £g:. By the main theorem
of [Gii24], this torsor is classical. Since Spd R* is totally disconnected, it must
be trivial. This shows that the W*G-torsor over Spd R' is trivial. In particu-
lar, Spa(R, RT) x W+G — (WG,)* is a universally open, qcgs and proétale map
whose source is a spatial diamond, so the target is also a spatial diamond [Sch17,
Proposition 11.24]. Moreover, Spd R x WG — WG, is formally adic, qcgs, and
surjective with source a spatial kimberlite. This implies that WG, is a spatial
kimberlite (see Definition 4.4).

Now that we have shown that WG, is a spatial kimberlite, we use this space as
a v-surjective chart for the stack of shtukas. We have an evident map

f: WG, — Shtg,

that takes a G-matrix to the shtuka that such a matrix defines. This map is v-
surjective by [GI1Z25, Corollary 7.12, and by the proof of Theorem 7.13.(3)]. We
claim that f is qcgs.
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Let us give the argument for quasicompactness, with the argument for quasisep-
aratedness being analogous. Given a map Spa(R, RT) — Shtg , with Spa(R, R™)
a product of points, we can lift it to a map N : Spa(R,R"*) — WG, and
F = WG, Xsn, Spa(R, R") consists of those matrices in M € G(W(R°)) such
that

M™'Np(M) € GW(R")[g]) € GW(R)[ET]).

In other words, we have the following Cartesian diagram of sheaves over Spa(R, R™),

F ” WQR
WJ'_’TQR (=)7"N-p(-) , WTQR.
Here WTG(A, AT) = Q(W(A")[%D and WHTG(A, AT) = G(W(A°)). The map

WG — WG is a pro-open immersion along quasicompact transition maps and
consequently quasicompact. Moreover, after fixing Zariski closed immersions G —
GL,, = M,xpn X M,,», we may regard W 1Gr as a Zariski closed subsheaf of the
functor A — M« X My (W(A®)) which is an infinite dimensional compact unit
ball over Spa(R, RT) and consequently quasicompact. This finishes showing that
F is quasicompact over Spa(R, R"), and that the map f : WG, — Shtg, is qcgs
as we wanted to show.

The map WG, — Bung is representable in locally spatial diamonds. Indeed,
if Spa(R, R') is strictly totally disconnected, then by Proposition 4.13 WG, x
Spa(R, R*) is a locally spatial diamond and WG, Xpun, Spa(R, R") coincides
with the pullback of the map

WG, x Spa(R, R") — Bung x Bung
along the diagonal

ABun
Bung — Bung x Bung,

which is representable in locally spatial diamonds, since Bung is an Artin v-stack
(see [F'S521, Definition IV.1.1]).

We want to show that Y = Shtg , Xpun, Spa(R, R") is a locally spatial diamond
for all Spa(R, R") a strictly totally disconnected space. Let T' = my(Spa(R, R™))
as a profinite topological space. We have a continuous map |Y| — T that induces
a map of v-sheaves Y — 1. Moreover, for every t € T, Y xp * coincides with
Shtg , X Bung Spa(Cy, C;") where Spa(Cy, C;7) denotes the residue field at the closed
point of the connected component ¢ € T. Note that we have a v-surjective and
gcgs map

WG, XBung Spa(R, RT) — Shtg ,, Xpung Spa(R, RT)
whose source is a locally spatial diamond. By [Sch17, Lemma 13.5], it suffices to
show that each
Shtg,# X Bung Spa((]t, C:_),
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for t € mo(T), is a locally spatial diamond. Now, we can use Proposition 4.13 to
finish proving that the first statement is implied by the third statement. Indeed,

Shtg.,, X Bung Spa(Ct, C;F) =~ (Shtg ;. XBung*) X Spa(Cy, C;7),

and
Shtg“u(b) = Shtgw XBung * -

Finally, let us prove the third statement. Consider the map (I/Vglrfd)<> —
Bung. Using [G1Z25, Theorem 1.11], this corresponds by adjunction to a map
WGrd — B(G), and for any b € B(G) we get a constructible locally closed subset
(WG,)ied C (WG, (see |Zhu25, Theorem 3.31.(1)]). Let

b L —
Wshtg7u . Wgu/(wgu)zed

denote the formal neighborhood of WG, along (WG,)i*® as in Definition 3.13. This
is the open subsheaf

WSht , € WG, Xpun, Bung,
corresponding to the locus of points x with Newton polygon b, = b and whose
specialization s = sp(z) € ngfd also has Newton polygon by = b. The map
WShth — Shtg , evidently factors through

Shtgu := Shtg XBunGBUDIE;-

Moreover, by Proposition 4.12, WShtg ., 1s a spatial kimberlite. We finish showing
that Shtg ,,(b) is a locally spatial kimberlite through a sequence of lemmas.

Lemma 7.2. The p-conjugation action of W+G on WShtg}u realizes this space as
a WtG-torsor over Shtg#.

Proof. The map
b b
WShtg , — Shtg ,

is clearly W G-equivariant, we now show it is v-surjective.

Given a € Sht;M(R, R") with (R, RT) a product of points, we may find an
isomorphism over Y}, .y with &, and after fixing such isomorphism the G-torsor over
Yjo,00) €xtends canonically to a G-torsor over Spec (W(R™)), which is necessarily
trivial. After fixing a trivialization, the data of the shtuka defines a matrix in
WShtgvM giving rise to the original shtuka. This takes care of the v-surjectivity
part.

To show that the map is a W G-torsor, it suffices to show that if Spa(R, RT) is
a product of points and we are given two matrices,

My, My € WShtg, (R, RY),

that define the same shtuka, then they are W*G-p-conjugate. If R* = [].; Ci,
then G(W(R")) = [[.c; G(W(C;)) so it suffices to do this pointwise. In other
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words, we may assume that RT = C" for a C" a valuation ring with algebraically
closed non-Archimedean field, and that

M, My € WShtg, ,(C,C™).

From Fargues’ theorem (|Farl8, Theorem 1.12|), it follows that M; is ¢-conjugate
to M, by the action of some N € G(W(O¢)). Let k be the residue field of O¢ and
let k* C k be the valuation ring defining C* C O, it suffices to ¢-conjugate the
residue matrices,
N, 05 € (WG, (k).

by the action of some N, € G(W(kT)). We claim that any two elements in
(WG,)ied(k™) whose induced points in (WG,);*d(k) are p-conjugate have to be
p-conjugate already in (WG,)*d(k*). This boils down to the separatedness of
affine Deligne-Lusztig varieties as we explain below. Consider the stacky quotient
of scheme-theoretic v-sheaves

sch . __ (Wg#)lr)ed
Shtg,u,b = W .

This is the scheme-theoretic v-stack of y-bounded Witt vector shtukas whose New-
ton point is constant and equal to b. We want to show that two k'-points

M,, M, € Shtg, (k)

are isomorphic if and only if their induced k-points are isomorphic. We have the
following Cartesian diagram of schematic v-stacks

Xgu(b) ——

| l

Shtsgﬁ};b —— %/Gy(E),

where Xg ,(b) is the affine Delinge-Lusztig variety attached to (b, ;). From this di-
agram, and since Spec k and Spec kT split every pro-étale cover, we obtain quotient
formulas of groupoids

Shtgy, , (k%) = [Xg,u(b) (K7)/Go(E) (k)] = [Xg,u(0) (K1) /Go(E)]

and similarly
Shtg, (k) = [Xg,u(b)(k)/Gy(E)].
But, by separatedness of Xg ,(b), we have a G},( F)-equivariant injection®

Xg,u(0)(kT) = Xg,u(0)(K).
This finishes the proof. O

We will now consider the following diagram with Cartesian squares

6Since ADLV’s are ind-proper this is actually a bijection.
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WShtg () —— Shtg,,(b) —— *

! !

WShtl, , —— Shtf, , —— Bunl, = [+/G)

Lemma 7.3. The space WShtg ,(b) is a locally spatial kimberlite.

Proof. By |Gle21, Lemma 2.31|, and since the map Shtg ,(b) — * is partially
proper, Shtg,(b) is a valuative prekimberlite. Using Proposition 3.32, it is not
hard to see that WShtg ,(b) is valuative, since WShtg ,(b) — Shtg ,(b) is W*G-
torsor. Since (V\/Shtg’u)a“fl is a spatial diamond, we may find a universally open
proétale cover Spa(R, R™) — (VVShtg#)an and by Proposition 4.2 a formalization
Spd Rt — WShtgu. We claim that the map Spd R* — Bunl, factors through *.
First we justify that S = Spa(R, RT) — Bunl, factors through *. Since the map
[%/Gy(E)] — [/G,] is formally smooth (see [FS21, Definition IV.3.1, Proposition

IV.3.5, Proposition 1V.4.24|), it admits étale local sections which are split by S.
Fixing a compact open subgroup K C Gy(E) we get étale maps [x/K] — [x/G]
along which we can also lift to obtain maps S — [*/K]. We can express * =
l'&nKnCK[* /K., as K, varies over the finite index subgroups of K. Since S lifts to

each of the [x/K,] individually, and we can find compatible sections, it also lifts
to the limit. This finishes constructing a factorization S — * — Bun.

As in [GIZ25, Remark 3.15], we can interpret the map Spd R™ — Buan as -
equivariant vector bundle over Yy o o, and constructing a lift to * is equivalent to
constructing a @-equivariant isomorphism with &. Let T' = Spa(R, R°). By the
reasoning above, we have a ¢-equivariant isomorphism defined over Yy (g o), which
extends canonically to an isomorphism over Y7, o« by [PR21, Proposition 2.1.3].

We get the following commutative diagram of scheme theoretic v-sheaves.

2\

Spec Rfed

|

Spec Ry —— B(G), = [x/Gy(E)]

[

Arguing as above, we see that the map Spec R, — [*/G,(F)] factors through

* since Spec R, splits every étale map. This shows that Spec Ry, Xwp(q), * is a
trivial Gy(E)-torsor. Moreover, there is a unique trivialization restricting to the

specified section Spec RY.; — Spec R, Xm(@), *- By Lemma 5.3, our p-equivariant
trivialization extends to Yg g which finishes showing that Spd(R*) — BunZ,
factors through .

As a consequence of the above, we get an identification

Spd R* Xp * = Spd R x Gy,
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which finishes showing that Spd RT x Bunt, * 15 & locally spatial kimberlite, by
applying Proposition 4.16. Since Spd R X Bunt, * = WShtg ,,(b) is a qcgs formally
adic v-cover, and it is universally open proétale on analytic loci, then WShtg ,(b)
is also a locally spatial kimberlite. O

Lemma 7.4. The map WShtg ,(b) — Shtg ,(b) is universally open.

Proof. We prove that « — [«x/W*1G] is universally open, this can be checked v-
locally in the target. In particular, it suffices to check that WG — x is universally
open, or even better, that W*Gr — Spa(R, R") is open. We present WG as
the limit W+Gp = @W*gR/WS”QR, and each

lim W*Gr/W="Gr, — Spa(R, R")

is (-cohomologically smooth and consequently an open mapping (see [Sch17, Propo-
sition 23.11]). The transition maps are qcgs, surjective and open maps of spatial
diamonds, which allow us to conclude that W*Gr — Spa(R, R") is open (see
[Sch17, Lemma 11.22]). O

By |Gle21, Lemma 2.31| and partial properness, Shtg ,(b) is a valuative prekim-
berlite. Let U = Spec A C Shtg ,,(b)™? be an affine open subset we wish to show

that S@b) su is an affine spatial kimberlite. Let U C WShtg,,(b)*? be the pull-

back of U. This is an affine subset of WShtg ,,(b)*? so, by Lemma 7.3, WSECg\M(b)
is a spatial kimberlite. The map

/U

—

WShtg,#(b)/U — Shtg,#(b)/U

is formally adic, v-surjective and qcgs, so if we knew that Shtg ,(b) Ju Was a kim-

berlite, it would follow from the definitions that Shtg ,(b) v isa spatial kimberlite.

Moreover, we already know that Shtg (D) jis a valuative prekimberlite, so it

suffices to show that (Shtg ()
argue.
Consider the map,

/U)a“ is a spatial diamond. This is what we will

—

(WShtg,(b) )™ — (Shtg,.(b) ;)™

it is surjective, qcqs, and a universally open map. Since the source of the map
is a spatial diamond (see Lemma 7.4) and the target is a quasiseparated v-sheaf
(see Proposition 3.46), it follows that the target is a locally spatial v-sheaf (see
[Sch17, Definition 12.12]). To prove that Shtg ,(b)*" is a spatial diamond it suffices
to show, by [Sch17, Theorem 12.18], that every point = € | Shtg ,(b)*"| admits a
quasi-proétale map from a geometric point Spa(C, Ct). We do this in two cases.
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For points over = € |Shtg ,(b)*"| lying over Spd E, we may construct a geo-
metric point over x using the Grothendieck—Messing period map since on this loci
Shtg,,(b) admits an étale map to a Bjz-Grassmannian.

For the analytic points lying over Spd Og/m we argue as follows. Recall from
|GIZ25] that there is a map Shtgy — Bung™. We can stratify Shtg 5 (b) by
the generic Newton polygon stratification (see [G1Z25, Theorem 6.13|) and if = €
| Shtg , 7, (0)™], then its image in Bung® lies in My with b, # b. Since Mj_is a
spatial diamond (see ['S21, Proposition V.3.6]), we can construct a quasi-proétale
map Spa(C,CT) — Bung® lying over the image of z in |[Bung®|. Finally, the
fibers Spa(C, C*)-fibers of the map Shtgz — Bung™ are of the form (Fég™*)° x
Spd(C, C*) (see [GIZ25, Theorem 6.6.(2)]), and since this space is an ind-spatial
diamond, all of the points z € |(F£€3*)° x Spd(C, C")| admit quasi-proétale maps
from a geometric point. This finishes the proof that Shtg ,(b) is a locally spatial
kimberlite and the proof of Theorem 7.1. U
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